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a b s t r a c t 

A multivariate bullwhip expression for m products with an order-up-to inventory policy is developed. The 

demand models under consideration are differenced stationary vector time series with a Wold represen- 

tation for which general forecasting formulas are available, resulting in a large class of possible models 

(including nonstationary ones). Examples are provided for common demand models and implemented on 

sales data. It is found that the multivariate approach gives rise to mechanisms for understanding and re- 

ducing the bullwhip effect through horizontal information sharing, particularly for the nonstationary de- 

mand case. In the stationary setting, a more nuanced approach to bullwhip reduction can be achieved by 

managing the relationship between cross-correlations and lead-times. A method of determining whether 

a multivariate or univariate approach generates a lower bullwhip effect is proposed. 

© 2017 Elsevier B.V. All rights reserved. 
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1. Introduction 

The bullwhip effect occurs when the variability of orders in-

creases as they travel up a supply chain. This volatility leads to

difficulty in managing inventory and consequently is an undesired,

but often observed, phenomenon ( Lee, Padmanabhan, & Whang,

1997a,b ). We will examine this effect from the perspective of a re-

tailer who employs an order-up-to inventory policy, placing orders

to a supplier based on observed customer demand. 

Sharing demand information across stages of a supply chain –

in effect, vertical information sharing – is a common recommen-

dation for reducing the bullwhip effect when demand is station-

ary ( Chen & Lee, 2009; Gill & Abend, 1997; Lee, So, & Tang, 20 0 0 ).

However, it requires collaboration across firms which may be dif-

ficult to achieve in practice. Challenges include timing of informa-

tion ( Xu, Dong, & Xia, 2015 ), quality of information ( Kwak & Gavir-

neni, 2015; Mishra, Raghunathan, & Yue, 2007 ), and trust across

firms ( Kong, Rajagopalan, & Zhang, 2013; Voigt & Inderfurth, 2012 ).

Moreover, Graves (1999) showed that for ARIMA(0,1,1) demand,

a nonstationary demand model, vertical information sharing does

not reduce the bullwhip effect. 

We propose an alternate, practical solution: horizontal informa-

tion sharing. By harnessing demand information from the sales of
✩ Disclaimer: This report is released to inform interested parties of research and 

to encourage discussion. The views expressed on statistical issues are those of the 

author and not necessarily those of the U.S. Census Bureau. 
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ther products by fitting multivariate demand models – informa-

ion that retailers already have available to them – retailers pos-

ess a bullwhip reduction mechanism which (a) does not rely on

oordinating with other firms, (b) improves demand forecasts, and

c) can be applied to products with nonstationary demand where

ertical information sharing is not beneficial. 

In the supply chain literature, Chen and Blue (2010) provide

mpirical evidence for the utility of multivariate demand models in

anufacturing and Boute, Dejonckheere, Disney, and Van de Velde

2012) do the same in the chocolate industry. Both use VAR(1)

odels. We provide further examples – stationary and nonstation-

ry – in the paper products industry (e.g., paper towels) here. 

To illustrate the concept of horizontal information sharing, we

evelop a multivariate demand framework from the retailer per-

pective and derive a generalized bullwhip measure with three key

omponents. First, we allow for a flexible supply chain structure

ith m series. Our approach can be applied when m products are

ought from a single suppler (i.e., two-stage supply chain); the

ame product is modeled separately for m retail branches; or even

hen m products are purchased from m suppliers with a com-

on lead-time (i.e, m two-stage supply chains). Second, we con-

ider a comprehensive class of demand models: those that can be

epresented, once the data is appropriately differenced, as a mul-

ivariate infinite order moving average. This includes Vector Au-

oregressive (VAR), Vector Moving Average (VMA), seasonal, and

ntegrated (i.e., nonstationary models) demand processes. Finally,

e develop a multivariate bullwhip measure which can be ap-

lied to all of these demand models, stationary and nonstationary

like. 

https://doi.org/10.1016/j.ejor.2017.11.015
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ejor
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2017.11.015&domain=pdf
mailto:cnagaraja@fordham.edu
mailto:tucker.s.mcelroy@census.gov
https://doi.org/10.1016/j.ejor.2017.11.015
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We then use our framework to analyze the complex relation-

hip between multivariate demand and the bullwhip effect. These

echnical insights lead to bullwhip control mechanisms including

uperior demand forecasts and lead-time adjustments. We also

rovide a method to determine whether the univariate or multi-

ariate approach generates a lower bullwhip effect for a given sta-

ionary demand model. 

Our paper is organized as follows. We begin with a literature

eview in Section 2 . In Section 3, we develop our multivariate bull-

hip measure and discuss empirical and parametric estimation. In

ection 4 , we study the technical properties of our measure. We

hen apply it to four standard demand models in Section 5 and to

AR(3) and integrated VAR(5) data from the Dominick’s Database

Kilts Center for Marketing, University of Chicago) in Section 6 .

e conclude with a discussion in Section 7 . Further details re-

arding the data and our R code are provided in the supplemen-

ary files, “Data and demand model summaries” and “multivari-

te_bullwhip_code.R”. 

. Literature review 

Maintaining proper control of inventories is difficult when the

ullwhip effect is present. Consequently, this phenomenon has

een studied mathematically for a variety of settings, with a

emonstration in each case of the impact of the underlying dy-

amics of the demand process, as well as the effect of the lead-

ime horizon ( Disney, Maltz, Wang, & Warburton, 2016; Gaalman,

006; Ma & Wu, 2014 ). Wang and Disney (2016) provide an excel-

ent overview. 

The primary recommendation to reduce the univariate bullwhip

ffect is to share demand information across stages of the supply

hain. This can be thought of as vertical information sharing. Wal-

art’s Retail Link system is an example of such an approach ( Gill

 Abend, 1997 ). Lee et al. (20 0 0) investigate this idea for a two-

tage supply chain with AR(1) demand, whereas Chen, Drezner,

yan, and Simchi-Levi (20 0 0a) consider multi-stage chains as well.

s highlighted in Section 1 , information sharing can be difficult to

mplement in practice and so alternative bullwhip reduction meth-

ds must be explored. Furthermore, Graves (1999) noted that in

he nonstationary case, vertical information sharing is not useful

o control the bullwhip effect. 

A second, more technical, mechanism to manage this phe-

omenon is to improve modeling and estimation methods. Gilbert

2005) provides structure to this discussion by categorizing

hanges in demand forecasts from one inventory review period to

he next: Type 1 corresponds to actual changes in demand; Type

 refers to errors in forecasts. Both can cause the bullwhip effect.

ype 2 is especially damaging as it can needlessly produce this un-

anted phenomenon. 

We can further split Type 2 errors into two categories: choice

f model and choice of forecasting method. Better models lead

o better forecasts, allowing for improved bullwhip effect man-

gement and a reduction in Type 2 issues. Taking a multivariate

pproach, as we do in this paper, helps address the former vari-

ty of Type 2 challenges. For the latter case, Chen et al. (20 0 0a) ;

hen, Ryan, and Simchi-Levi (20 0 0b) ; Zhang (20 04) all find that

he choice of forecasting method can increase the bullwhip ef-

ect magnitude. Zhang ( 2004 , p. 25), however, advocates the use

f minimum mean-squared error forecasts for demand, provided

he demand model is relatively stable over time. We apply Zhang’s

dvice to the multivariate case here. 

Recently, there has been a shift in focus from univariate to mul-

ivariate demand. There are four main themes in the literature:

a) structure of the demand model, (b) the number of products

nd structure of the supply chain, (c) the formula for the bullwhip

easure, and (d) whether a manufacturing or retail perspective is
aken. This last point requires some additional explanation. Retail

ales are of completed products, needing no explicit combination

f raw materials, whereas manufacturing processes require main-

aining inventory levels of component materials to produce the fi-

al products. Therefore, the insights generated from one perspec-

ive are not necessarily applicable to the other. 

Chaharsooghi and Sadeghi (2008) begin work on this topic by

xamining the stationary VAR(1) demand for a two-stage sup-

ly chain with two products. They extend the univariate bull-

hip measure to the multivariate case, discarding the off-diagonal

erms of the variance matrices. Variants on the VAR(1) case in-

lude Zhang and Burke (2011) who incorporate price information

nto their model. They also propose a bullwhip measure that takes

he difference between the quantity ordered covariance matrix and

he demand covariance matrix instead of the ratio. Boute et al.

2012) take a manufacturing perspective and examine a more lim-

ted VAR(1) setting where the covariance matrix of the error term

s diagonal (i.e., correlation across error series is not permitted).

hey focus on the production side of a supply chain and the re-

triction on the error term allows them to frame their insights

n terms of transfer functions (i.e., Granger causality). While they

tudy the two-product case, they note that their work can apply to

 “triadic” structure; that is, one manufacturer with two retailers.

aghunathan, Tang, and Yue (2017) also take the manufacturer’s

erspective and allow for more than two products; however, they

equire the autoregressive coefficient matrix in the VAR(1) model

o have a restrictive, symmetric structure. They examine both the

atio and differencing bullwhip measures and their restrictions

n the demand model allow them to examine the cross-diagonal

erms of the bullwhip matrix and the effect of the number of

roducts modeled simultaneously on the bullwhip magnitude. We

resent a general way to interpret the cross-diagonal terms here. 

Finally, Bray and Mendelson (2015) build on Chen and Lee

2009) , who expressed univariate demand as a martingale model

f forecast evolution using a manufacturing perspective. They skip

pecifying a demand structure – thereby allowing for a wide range

f possibilities – and focus on examining the bullwhip effect based

n demand forecasts only. Therefore, they do not explicitly dis-

uss the impact of demand on the bullwhip effect, which is one

f our goals here. Furthermore, their method generates a bullwhip

ormula which is applicable only to the stationary demand model

ase. 

As noted in the introduction, we take a more general approach

nd place few restrictions on the structure of the demand model,

ncompassing both stationary and nonstationary demand. We find

n our analysis of products in the Dominick’s Database that tak-

ng such an approach is more appropriate for modeling retail de-

and. Our unifying framework also generalizes the “triadic struc-

ure” as defined by Boute et al. (2012) to m products with a range

f possible supply chain settings. Furthermore, we extend Zhang

nd Burke ’s (2011) definition of the bullwhip effect because, as we

ill show, it is flexible enough to integrate both stationary and

onstationary demand and allows us to interpret the off-diagonal

lements of the bullwhip matrix. Finally, as we take a retailer’s

erspective, our insights are focused on understanding the rela-

ionship between multivariate demand and bullwhip magnitude,

hich can then be used to manage the magnitude of the bullwhip

ffect. 

. Methods 

We introduce a general class of demand models and formulas

or calculating the quantity ordered series, which are then used

o derive the multivariate bullwhip measure. We conclude by dis-

ussing estimation methods. 
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3.1. Demand models 

Let { d t } denote a multivariate demand series corresponding to

m products, with demand observed from the retailer’s perspective.

We assume that { d t } can be expressed as a differenced station-

ary vector time series with a causal moving average representa-

tion for which general forecasting formulas are available ( McElroy

& McCracken, 2015 ). This general structure includes VAR models,

co-integrated structural time series models, SARIMA models, etc. 

This broad class of multivariate time series has a degree � dif-

ferencing matrix polynomial δ(B ) = 

∑ � 
j=0 δ j B 

j where the coeffi-

cients δj are matrices, B is the backshift operator (i.e., B j d t = d t− j ),

and δ0 is the m -dimensional identity matrix, denoted as 1 m 

. The

presumption is that det δ, where det denotes the determinant of

a matrix, has some (or all) of its roots on the unit circle of the

complex plane, thereby corresponding to a nonstationary effect in

the data. (We use the δ( B ) notation, in part, so that the multi-

variate bullwhip expression is clearer, as it requires δ
−1 

(B ) ; see

Sections 5.3 –5.5 for examples.) 

The polynomial δ is typically identified by exploratory analysis

together with unit root testing. Its action on the data reduces it to

strict stationarity, and the result ∂d t = δ(B ) d t (i.e., the differenced,

and now stationary, series) can be expressed with a multivariate

infinite order moving average representation: 

∂d t = μ + �(B ) ε t , (1)

which is also referred to as the Wold representation. (See

Lütkephol, 2005 for more details.) (Note that if the demand se-

ries is already stationary without any differencing, you can ignore

δ( B ).) In (1) , the mean vector is μ, �(B ) = 

∑ 

j≥0 � j B 
j is a causal

matrix power series, and { ε t } is a multivariate white noise series

with variance matrix �. In our examples in Section 6 , we will as-

sume that ε t has a multivariate normal distribution. 

Differencing converts the nonstationary series into a stationary

one. However, that step does not imply that the subsequent anal-

ysis is equivalent for both cases. Rather, the bullwhip effect is a

study of the variability in a supply chain, and the concept of vari-

ability is profoundly different for stationary versus nonstationary

series. Consequently, the treatment and interpretation of the bull-

whip measure differ in nontrivial ways. Forecast errors are com-

puted using the (original) nonstationary series ( Section 3.3 ); ad-

justments are made to the bullwhip derivation to incorporate the

evolving variability of nonstationary series ( Section 3.3 ); and, esti-

mation differs as well ( Sections 3.4 and 6 ). These are some exam-

ples of how stationary and nonstationary demand series are han-

dled differently, even though we can express our results using a

general framework. 

3.2. Supply chain 

To describe the supply chain, we adapt the notation from Zhang

(2004) to handle m products sold by a retailer who employs an

order-up-to inventory policy. Each product – if considered sepa-

rately from the others – is assumed to be part of a two-stage

supply chain. This covers a wide range of possible configurations.

Some examples include: m products bought from a single suppler

(i.e., two-stage supply chain); m products bought from j different

suppliers where j ≤ m (see Section 6.1 ); or the same product mod-

eled separately for m retail branches (see Section 6.2 ). 

We assume that the lead-time horizon, L , is fixed and common

to all m products and is defined as the length of time between

placing and receiving an order. In a given inventory review period

t , the sequence of events is as follows: the order made at time

 − L arrives, demand is observed, and a new order is placed for all

m products to be delivered at time t + L . 
Assume that demand { d t } can be represented by the class of

odels outlined in Section 3.1 . This class includes both stationary

nd nonstationary models. Gilbert (2005) uses the order-up-to in-

entory policy for both settings in the univariate case when he de-

ives a bullwhip measure for ARIMA( p , d , q ) models, noting that

he policy is typical for Material Requirements Planning algorithms

p. 306); his argument applies to the multivariate case as well. 

In the multivariate setting, current demand for any one product

s allowed to depend upon its past demand, as well as the past

emand of other products. This history of demand is denoted as

 t and is defined as the σ -algebra generated by { d s ; s ≤ t } (e.g.,

ealized demand from all m products up to and including time t ). 

The quantity ordered of the m products at time t is denoted as

 t . It is equal to the difference between the order-up-to level be-

ween time periods t and t − 1 plus the realized demand at time

 . Let the aggregate demand that accrues during the lead-time pe-

iod, as we wait for the order placed at time t to arrive at time

 + L, be denoted as D 

L 
t = 

∑ L 
s =1 d t+ s . Then, as the inventory posi-

ion includes the safety stock – i.e., a buffer quantity of each prod-

ct – assumed to be the same across all time periods, a simplified

xpression for q t is given by 

 t = D 

L 
t| H t − D 

L 
t−1 | H t−1 

+ d t , (2)

here D 

L 
t| H t denotes the forecasted aggregate demand (based upon

emand history and some model of the demand process). We ob-

erve that q t ∈ H t . That is, q t is measurable with respect to the σ -

lgebra H t , so that, in particular, E [ q t | H t ] = q t (where E [ ·] denotes

xpected value). It is possible that individual orders can be neg-

tive. As in Chen and Lee (2009) , we interpret this to mean the

etailer can return extra stock without penalty. One can also incor-

orate holding, shortage penalty, and ordering costs through calcu-

ating the safety stock level to obtain the optimal base-stock level

see proof of Theorem 1 on p. 550 in Lee et al., 1997a ); however,

hey cancel out in the simplified version of (2) since our focus here

s on the quantity ordered series. 

In this paper, we utilize linear forecasting formulas, so that in

rder to forecast aggregate lead-time demand it is sufficient to

orecast future demand at each time period. If we let d t+ s | H t de-

ote the s -step ahead forecast of demand computed at time t (with

ealized demand up to time t ), then 

 

L 
t| H t = 

L ∑ 

s =1 

d t+ s | H t . (3)

.3. Multivariate bullwhip measure 

The presence of the bullwhip effect indicates that the variability

f the quantity ordered outpaces the variability of demand; hence,

e must be able to write down a relationship of variances to char-

cterize that phenomenon. The expression in (2) is convenient for

ogistics, but an equivalent form written in terms of forecast errors

s more convenient for statistical analysis. It will allow us to more

asily discern the relevant decomposition of variances. 

Let E 

L 
t| H t = D 

L 
t| H t − D 

L 
t be the aggregate demand forecast er-

or. Then, it follows from (3) that D 

L 
t| H t − D 

L 
t−1 | H t−1 

= 

(
E 

L 
t| H t −

 

L 
t−1 | H t−1 

)
+ ( d t+ L − d t ) , and therefore quantity ordered can be

ewritten as: 

 t = 

(
E 

L 
t| H t − E 

L 
t−1 | H t−1 

)
+ d t+ L . (4)

hen the forecasting model is correctly specified, the forecast-

ng formulas are conditional expectations of future values and the

orecast errors are orthogonal (i.e., uncorrelated) to the data used

or prediction. That is, E 

L 
t| H t is orthogonal to all variables in H t .

ince q t ∈ H t , it follows that q t is orthogonal to E 

L 
t| H t , although it

eed not be orthogonal to E 

L 
t−1 | H t−1 

. 
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Our next step is to derive operational formulas for the forecast

rror. For any matrix power series A (B ) = 

∑ 

j≤0 A j B 
j (where B is

he backshift operator and A is a matrix), we utilize the notation

 A (B )] k 
h 

= 

∑ k 
j= h A j B 

j where A j is simply the j th coefficient of A ( B ).

e also assume that the demand model has a differencing opera-

or δ( B ) such that { ∂d t } satisfies (1) . 

The power series δ
−1 

(B ) is explosive, but can be computed to

 finite number of terms. Therefore, any coefficient of δ
−1 

(B ) �(B )

an be determined; see McElroy and McCracken (2015) for more

xplanation. Letting �(B ) = δ
−1 

(B ) �(B ) , the forecast error equa-

ion is 

 t+ s | H t − d t+ s = −[ �(B ) ] 
s −1 
0 �−1 (B ) (∂d t+ s − μ) (5) 

or s ≥ 1. We can rewrite this formula as follows: 

 t+ s | H t − d t+ s = −[ �(B ) ] 
s −1 
0 ε t+ s , (6) 

hich only depends on ε t+1 , . . . , ε t+ s and hence is orthogonal to

 t . Although (5) gives the general formula for forecast error from a

tted model, (6) is only accurate when the model is correctly spec-

fied (and the parameter values are correct as well). We presume

his setting holds here as the treatment of misspecified models in

he bullwhip context (e.g., fitting the wrong demand model) is be-

ond the scope of this paper. 

Using (6) , the forecast errors for aggregate demand are E 

L 
t| H t =∑ L 

s =1 [ �(B ) ] 
s −1 
0 ε t+ s , which we can substitute into the difference

f forecasted aggregate demand to yield (recall �s is the s th coef-

cient of �( B )) 

 

L 
t| H t − E 

L 
t−1 | H t−1 

= −
L ∑ 

s =1 

[ �(B ) ] 
s −1 
0 ( ε t+ s − ε t+ s −1 ) 

= −
L ∑ 

s =1 

[ �(B ) ] 
s −1 
0 ε t+ s + 

L −1 ∑ 

s =0 

[ �(B ) ] 
s −1 
0 ε t+ s 

= −[ �(B ) ] 
L −1 
0 ε t+ L + 

( 

L −1 ∑ 

s =0 

�s 

) 

ε t . (7) 

ow, if we substitute (7) into (4) , we obtain 

 t = d t+ L + 

( 

L −1 ∑ 

s =0 

�s 

) 

ε t − [ �(B ) ] 
L −1 
0 ε t+ L . (8)

Prior literature has focused on the stationary case, where one

ses the ratio between the variances of q t and d t , rather than

 t+ L to compute the bullwhip measure. However, these variances

re identical for stationary processes (i.e., V ar[ d t ] = V ar[ d t+ L ] =
 

s ≥0 �s ��′ 
s ). In the nonstationary case, our analysis demonstrates

hat it is more appropriate to consider d t+ L . 
We can recast the expression for q t by first adding and sub-

racting �L ε t to (8) . Then, noting that [ �(B ) ] 
L 
0 ε t+ L equals d t+ L −

 t+ L | H t−1 
, we can write 

 t = d t+ L | H t−1 
+ 

L ∑ 

s =0 

�s ε t , (9)

here the two summands are orthogonal. Therefore, the variance

f q t equals the sum of the component variances; furthermore,

ecause of the orthogonal decomposition of d t+ L into the sum of

 t+ L | H t−1 
and the forecast error d t+ L − d t+ L | H t−1 

, we have 

 ar[ d t+ L ] = V ar[ d t+ L | H t−1 
] + 

L ∑ 

s =0 

�s ��′ 
s . (10)

sing the fact that the summands of (9) are orthogonal along with

10) , we find 
 ar[ q t ] = V ar[ d t+ L ] + 

L ∑ 

s =0 

�s �
L ∑ 

t=0 

�′ 
t −

L ∑ 

s =0 

�s ��′ 
s . (11)

In the univariate case, it is natural to define the bullwhip mea-

ure B from (11) as the ratio of order variability V ar[ q t ] to the

uture demand variability V ar[ d t+ L ] , with a bullwhip effect being

resent whenever this ratio exceeds unity. We need to generalize

his concept to the multivariate context. Accordingly, the multivari-

te bullwhip is defined as: 

 = V ar[ q t ] − V ar[ d t+ L ] = 

L ∑ 

s =0 

�s �
L ∑ 

t=0 

�′ 
t −

L ∑ 

s =0 

�s ��′ 
s . (12) 

learly B is a matrix, and we reference individual entries jk via B jk .

he diagonal entries are of particular interest, because B kk pertains

o the k th product or retail branch – a positive bullwhip effect is

resent if B kk > 0 . Equivalently, using (11) and (12) , B kk > 0 if and

nly if 

 

L ∑ 

s =0 

�s �
L ∑ 

t=0 

�′ 
t 

) 

kk 

> 

( 

L ∑ 

s =0 

�s ��′ 
s 

) 

kk 

. (13) 

imilarly, a negative bullwhip effect would be present for product k

hen B kk < 0 , requiring the reversal of the inequality sign in (13) . 

Zhang and Burke (2011) developed a bullwhip measure from

he perspective of a supplier handling orders from two retailers

here demand follows a modified VAR(1) model. They also extract

he diagonal elements of the bullwhip matrix. However, their com-

ound bullwhip measure only applies if both demand streams are

or the same product, a constraint we are not requiring here. 

.4. Estimation 

The multivariate bullwhip effect is straightforward to estimate

or stationary models, as V ar[ d t ] = V ar[ d t+ L ] . Only the observed

emand and order quantity series are required; the lead-time and

 demand model are not. The covariance matrices for both series

an be computed directly from the observed values and the differ-

nce between the two is the estimated multivariate bullwhip ef-

ect. This is an empirical estimate of B. 

A second approach is to model the observed demand series and,

hen combined with the lead-time L , estimate the bullwhip effect

sing (12) . This is a parametric estimate of B. The advantage of

uch estimates is that it allows for an understanding of why the

ullwhip effect occurs in a given case – allowing one to construct

 plan to reduce the effect – as opposed to simply knowing that

he effect exists, which is all one can elicit from the empirical ap-

roach. 

For nonstationary demand, however, the variability of the de-

and process changes with time (i.e., V ar[ d t ] � = V ar[ d t+ L ] ). There-

ore, simply computing the covariance matrix of the differenced

emand series and proceeding as in the stationary case is not ap-

ropriate. Furthermore, knowledge of just the demand forecasts is

ot sufficient either as the order quantity series is also nonstation-

ry. ( Graves, 1999 showed this for the ARIMA(0,1,1) case.) Conse-

uently, the parametric approach is the only option for the non-

tationary case because the fitted model parameters are required. 

. Properties of the multivariate bullwhip measure 

Having derived our bullwhip measure, we now turn to explor-

ng its properties, primarily focusing on stationary demand models.

he final section illustrates some of these insights with an exam-

le. 
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4.1. Univariate versus multivariate demand models 

What happens if we use a univariate demand model instead of

a multivariate one? To start, we find that the multivariate bullwhip

effect for the k th product (out of m ) can be larger or smaller than

the corresponding univariate bullwhip effect for product k , and this

behavior occurs in spite of the superior forecast performance of

the multivariate structure. To see why this is true, observe that

(12) can be written as 

B 

(L ) = f (L ) (0) − 1 

2 π

∫ π

−π
f (L ) (λ) dλ, (14)

where L is explicitly denoted above, and f ( L ) is the spectral density

matrix of the VMA( L ) process defined such that its s th coefficient is

�s for 0 ≤ s ≤ L , and with error variance matrix �. The formula for

f ( L ) is f (L ) (λ) = 

∑ L 
s =0 �s e 

−iλs �
∑ L 

t=0 �
′ 
t e 

iλt , from which (14) fol-

lows. If the demand process is stationary with a Wold representa-

tion (1) , then its spectral density matrix is 

f (λ) = 

∞ ∑ 

s =0 

�s e 
−iλs �

∞ ∑ 

t=0 

�′ 
t e 

iλt , (15)

and in such a case f ( L ) is a truncated version of f , in the sense

that the corresponding VMA( L ) process is a truncation to lag L

of the true VMA( ∞ ) demand process. Therefore, it follows that

the asymptotic bullwhip effect given by lim L →∞ 

B 

(L ) is B 

(∞ ) =
f (0) − 1 

2 π

∫ π
−π f (λ) dλ. If the demand process is a VMA( q ) for some

q < ∞ , then the bullwhip effect is identical with its asymptotic

limit reached once L exceeded q (i.e., B 

(L ) = B 

(∞ ) for L ≥ q ). Sim-

ilar results have been found in the univariate case ( Nagaraja, Tha-

vaneswaran, & Appadoo, 2015 ). In contrast, a VAR( p ) demand pro-

cess with a non-truncating Wold representation would not have

this property; B 

(L ) converges to the asymptotic bullwhip effect, but

will never equal it. 

Returning to the general case of a stationary demand process

with spectral density matrix (15) , the spectral density of the k th

component time series of demand is just the k th diagonal of f ,

or f kk . The Wold representation of this univariate time series can

be determined via spectral factorization ( Hannan & Deistler, 1988 ),

whereby a variance σ 2 and a power series ψ(B ) = 

∑ ∞ 

s =0 ψ s B 
s 

are identified, having the following relationship to the given f kk :

f kk (λ) = 

∣∣∑ ∞ 

s =0 ψ s e 
−isλ

∣∣2 
σ 2 . It is known that σ 2 ≥�kk , which indi-

cates that mean squared forecast error is always weakly improved

over a univariate structure by including additional series; the in-

equality is strong when some of the additional demand compo-

nents Granger cause ( Lütkephol, 2005 ) the k th demand compo-

nent. 

The univariate bullwhip effect is computed in an analogous

manner as the multivariate case described above: with the trun-

cated spectral density f (L ) 
kk 

(λ) = 

∣∣∑ L 
s =0 ψ s e 

−isλ
∣∣2 

σ 2 , we have in

analogy with (14) , 

b (L ) = f (L ) 
kk 

(0) − 1 

2 π

∫ π

−π
f (L ) 
kk 

(λ) dλ. (16)

In general this univariate bullwhip for the k th series can differ

from the k th component of the multivariate bullwhip, i.e., b (L ) � =
B 

(L ) 
kk 

, but they are equal asymptotically (as L → ∞ ). This is because

B 

(∞ ) 
kk 

= f kk (0) − 1 
2 π

∫ π
−π f kk (λ) dλ = b (∞ ) . Moreover, note that for a

VMA( q ) demand process where q < ∞ , the univariate and bivariate

bullwhip measures are equal whenever L ≥ q (because for such an

L , the lead L bullwhip has already attained its asymptotic limit). 

The question which still remains is whether to measure the

bullwhip effect with a multivariate model or m (individual) uni-

variate models. Given the range of models and settings consid-

ered here, it is not possible to provide a general heuristic to an-

swer this practical question. However, for any stationary model
hich can be expressed as a VAR( p ) model, there exists an im-

lied univariate model. Specifically, the implied univariate model

or a VAR( p ) model with m series is an ARMA( mp , (m − 1) p) for

ach of those m series. The parameter estimates for these univari-

te models can be calculated directly from the fitted multivariate

ne ( Tsay, 2014 ; Section 2.4.4). By comparing the bullwhip effect

or the multivariate and the implied univariate models, we have

 general technique to choose the approach with the lower bull-

hip effect without having to fit multiple demand models. A sin-

le, multivariate model is sufficient. We provide an example of this

trategy in Section 4.3 . 

.2. Effects of lead-time 

For the univariate setting (stationary and nonstationary), a key

ecommendation for diminishing the bullwhip effect is to reduce L

e.g., Gilbert, 2005 ). However, Luong and Phien (2007) show that

he existence of negative autoregressive parameters can reverse

his advice (see their Table 1a on page 204). An analogous analysis

n the multivariate case would be to study the diagonal elements

f the autoregressive coefficient matrices. We find the univariate

nsights generally apply here. 

Another, more technical, approach is to compare the order of

he demand model with L . Nagaraja et al. (2015) showed that for

nivariate models, setting L below the seasonal lag eliminates the

mpact of the seasonal effect. In the multivariate case, this means

hat the �s terms when s > L do not contribute to the bullwhip

ffect magnitude. 

A special case of this property produces an interesting interpre-

ation of the off-diagonal terms of B. At one extreme, if all cross-

eries terms are zero (i.e., B is a diagonal matrix), then there is

 separate bullwhip effect for each of the m individual products.

odeling m independent products would produce such a matrix.

ow, let us loosen the independence requirement and see what

appens. Instead, say that B can be partitioned into a block diago-

al matrix. (Let b be the number of blocks where b ≤ m ; therefore,

hen b = m, B is diagonal.) Each block, then, has a separate mul-

ivariate bullwhip effect. 

From (12) , we can determine the sufficient conditions under

hich a block diagonal B is generated. Specifically, one must be

ble to express the following matrices using an identical block di-

gonal structure: (a) �s where 0 ≤ s ≤ L and (b) �. (For stationary

odels, we can replace �s with �s .) 

Note from (a) above that the demand model structure alone

oes not define these blocks. For example, the block diagonal

tructure can be violated for lags exceeding L , but still form blocks

n B since those terms do not contribute to the bullwhip effect.

his indicates that products across blocks can be unrelated in

erms of measuring the bullwhip effect, even if they are dependent

n the overall multivariate demand model. This property is similar

o how econometric variables may be partitioned into groups ac-

ording to the criterion of Granger causality ( Lütkephol, 2005 ) –

ut here, the groups are determined by bullwhip variability rather

han forecast variability. 

.3. Example 

To visualize the insights from this section, consider a VAR(1)

emand process with coefficient matrix �1 and where m = 2 . If

e were to use separate models for each product, we can de-

ive the corresponding implied univariate models by computing

(1 m 

− �1 B ) 
−1 

, which can be determined from the adjoint (adj)

nd the determinant (det) of �1 . Setting ϕ( B ) equal to the deter-

inant yields ϕ(B ) = 1 − tr �1 B + det �1 B 
2 , where tr is the trace

f a matrix. The adjoint is adj [ �1 (B ) ] = 

[ 
1 − φ22 B φ12 B 

φ21 B 1 − φ11 B 

] 
.
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Fig. 1. We examine the relationship between the bullwhip effect and lead-time horizon in the VAR(1) demand case, comparing the bullwhip effect for the first product 

using a multivariate demand model (solid line) versus the implied univariate demand model which is an ARMA(2,1) (dotted line). (Note: Both demand models included in 

the plot are stationary.). 
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his equation specifies the autoregressive components of the im-

lied univariate model, an ARMA(2,1), which are extracted from

he VAR(1) parameters. However, we still need to derive the value

f the moving average component ( ψ 1 ) and the variance of the er-

or term, σ 2 . We can do this as as follows. 

The ARMA(2,1) process described above is a 1-dependent pro-

ess, with autocovariances at lags 0 and 1 given by γ (0) = (1 +
2 
22 

) �11 + φ2 
12 

�22 − 2 φ12 φ22 �12 and γ (1) = −φ22 �11 + φ12 �12 .

herefore, the implied spectral density for the first component pro-

ess is f 11 (λ) = γ (0) + 2 γ (1) cos (λ) . Spectral factorization pro-

ides ψ 1 and σ (note: ψ 0 = 1 ) such that (1 + ψ 

2 
1 
) σ 2 = γ (0) and

 1 σ
2 = γ (1) , as these are the formulas for the autocovariances

f an MA(1) with polynomial 1 + ψ 1 B . Although for some special

ases analytical formulas for ψ 1 and σ are explicitly available, typ-

cally solutions are computed using polynomial root-finding algo-

ithms. 

Now, let us set �1 with φ11 = 1 , φ12 = 0 . 3 , φ21 = −0 . 4 , and

22 = 0 . 8 , and � = 1 2 . Then, ϕ(B ) = 1 − 1 . 8 B + 0 . 92 B 2 and the so-

utions are ψ 1 = −0 . 67 and σ 2 = 1 . 194 – which exceeds the corre-

ponding bivariate forecast mean squared error of 1 (e.g., � = 1 2 ),

emonstrating the superior forecast performance of the bivariate

emand model. Next, we compute both B 

(L ) 
11 

from (14) and b ( L ) 

rom (16) for varying L , which we plot in Fig. 1 . 

In this graph, the convergence towards the asymptotic value

 

(∞ ) 
11 

(
and b (∞ ) 

)
is observed at the right of the plot, whereas for

ower values of L there is a discrepancy between the two mea-

ures. Both approaches generate a cyclical effect of lead-time on

he bullwhip effect magnitude. Furthermore, we can see that the

nivariate bullwhip has a greater amplitude to its oscillations, in-

icating a more volatile relationship between b and L compared

o the multivariate measure. Furthermore b also anticipates the bi-

ariate bullwhip slightly. 

In this example, nearly 60% of the lead-times in the graph re-

ult in a less volatile bullwhip measure if the multivariate model

s used; reductions range from 2% to 184% which, over time, can

ield substantial cost savings for the retailer. Consequently, in most

ases for this product, a multivariate model is preferable to a uni-

ariate one. This example also illustrates that the bullwhip can be

egative (and non-monotone), being a case where the inequality

n (13) is reversed, highlighting the complex relationship between

ead-time and effect magnitude. 
. Applications 

To demonstrate the flexibility of our framework, we derive the

omponents to compute (12) for five common multivariate demand

odels: stationary VAR( p ), stationary VMA( q ), integrated VAR( p )

ith first order-differencing, integrated VMA( q ) with first-order

ifferencing, and co-integrated VAR(1). For more details on these

odels, refer to Lütkephol (2005) or Tsay (2014) . 

.1. VAR( p ) demand 

A stationary VAR( p ) demand model is generally written as d t =
0 + 

∑ p 
i =1 

�i d t−i + ε t where �i are the autoregressive parameters.

e can express the model above as a moving average to match the

orm in (1) : d t = μ + 

∑ ∞ 

i =0 �i ε t−i where μ = (1 m 

− ∑ p 
i =1 

�i ) 
−1 �0 ,

0 = 1 m 

, and �i = 

∑ min (i,p) 
j=1 

� j �i − j . The symbol μ can be in-

erpreted as the overall average demand and �i as the innova-

ion weights. As this is a stationary model, there is no differenc-

ng polynomial, δ( B ). Therefore, �s = �s . (Note that conditions are

laced on �i to produce a stationary model.) 

.2. VMA( q ) demand 

We can express a stationary VMA( q ) demand model as d t = μ +
 q 
i =0 

�i ε t−i where �0 = �0 = 1 m 

, �i = �i for 1 ≤ i ≤ q , and �i =
i = 0 for i > q . Certain conditions on � must hold for this model

o be invertible. Since this model is also stationary, �s = �s . 

.3. Integrated VAR( p ) demand 

For this nonstationary process, the demand model is

( d t − d t−1 ) = �0 + 

∑ p 
i =1 

�i ( d t−i − d t−1 −i ) + ε t and can be

xpressed as ( d t − d t−1 ) = μ + 

∑ ∞ 

i =0 �i ε t−i where μ =
(1 m 

− ∑ p 
i =1 

�i ) 
−1 �0 , �0 = 1 m 

, and �i = 

∑ min (i,p) 
j=1 

� j �i − j . The

econd expression for demand is the moving average representa-

ion of the autoregressive process as given in (1) . As before, �i 

ust satisfy certain conditions to produce an invertible model. 

For a first-order difference (i.e., d = 1 ), the coefficients of δ( B )

re δ0 = 1 m 

and δ1 = −1 m 

. Then, the coefficients of δ
−1 

(B ) are
−1 
j = 1 m 

for j ≥ 0. (Note: in the univariate case δ(B ) = 1 − B,

hich corresponds to the polynomial f (x ) = 1 − x ; its inverse is
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1 / (1 − x ) = 

∑ ∞ 

i =0 x 
i . This is simply the multivariate version exten-

sion.) Finally, �s = 

∑ s 
i =0 �i . 

5.4. Integrated VMA( q ) demand 

This nonstationary process is expressed as ( d t − d t−1 ) = μ +∑ q 
i =0 

�i ε t−i where �0 = �0 = 1 m 

and �i = �i for i > 0. Certain

conditions on � must hold for the differenced model to be both

stationary and invertible. We have the same differencing polyno-

mial δ( B ) (and inverse) as in the previous model, since both mod-

els involve first-order differencing. To compute the bullwhip effect,

set �s equal to 
∑ s 

i =0 �i if s < q or to 
∑ q 

i =0 
�i if s ≥ q . 

5.5. Co-integrated VAR(1) demand 

This nonstationary process is written d t = � d t−1 + ε t , where �
has r unit eigenvalues and m − r stable eigenvalues with modu-

lus less than one. Following Gómez ( 2016 , Section 5.7), there ex-

ist m × r dimensional matrices α and β such that � − 1 m 

= α β ′ .
Set ϒ = α β ′ + β (β ′ β) 

−1 
β ′ and U = β⊥ (β ′ 

⊥ β⊥ ) 
−1 

β ′ 
⊥ , where the

columns of β⊥ span the nullspace of β ′ (where β⊥ is the or-

thogonal complement of β). Then, we have the decomposition

1 m 

− � B = (1 m 

− ϒ B ) (1 m 

− U B ) . Here, Y has stable eigenvalues,

but U has eigenvalues that are either zero or one. This means that

δ(B ) = 1 m 

− U B is the differencing operator, and ∂d t = 

∑ ∞ 

i =0 ϒ
i ε t−i 

so that �i = ϒi 
. Moreover, �(B ) = (1 m 

− � B ) −1 
, which has in its

expansion the i th coefficient �i . 

6. Data examples 

In this section, we show empirical evidence of multivariate de-

mand beyond the VAR(1) case with a simulation-based approach.

We use the publicly available Dominick’s Database published by

the Kilts Center for Marketing, The University of Chicago Booth

School for Business . This database contains weekly store-level sales

from Dominick’s Finer Foods from 1989 through 1994 around

Chicago, Illinois in the U.S.A. The “Category Specific Files” contain

data for individual products, identified by UPC, and (a) week of sale

(numbered with no calendar date), (b) description of the product,

(c) store code, and (d) quantity sold. Information regarding orders

placed or lead-time information is available. Details regarding im-

puting missing data, summary statistics, and model fitting can be

found in the supplementary file titled “Data and demand model

summaries.” Bullwhip computation code written in R is provided

in the supplementary file “multivariate_bullwhip_code.R”. 

We focus on two examples: a stationary VAR(3) model and an

integrated VAR(5) model. In choosing these cases, we have selected

products which are low-cost, high use, and nonperishable – prod-

ucts that are most likely to follow an order-up-to-inventory policy.

We assume that there is sufficient safety stock to satisfy observed

demand. This is a strong but necessary assumption since we have

no information about actual inventory levels. We also suppose

that the supplier always fulfills the retailer’s orders completely,

a standard (often implicit) assumption in the bullwhip literature

( Chen, Luo, & Shang, 2017 ). Finally, we assume { ε t } is a normal

multivariate white noise series. 

6.1. Stationary demand 

We consider sales of toilet paper (DOM WHITE BATH TISSUE;

UPC = 3828111217) and paper towels (BOUNTY WHITE/DESIGNER;

UPC = 370 0 063527) at store 112 (Buffalo Grove: 1160 W. Lake Cook

Road, Buffalo Grove, IL 60090). Let { d 1, t } denote the demand series

for toilet paper, and { d 2, t } for paper towels. Fig. 2 shows the pair of

demand series, indicating imputed values. While toilet paper sales

are more volatile than paper towel sales, both products appear to
e stationary, roughly following a similar pattern across time sug-

esting the application of the multivariate approach. 

We fit a VAR(3) model to the observed demand and define

he model in terms of the notation given in (1) , incorporating

he formulas from Section 5.1 . The mean demand, then, is ˆ μ =
6 4 . 6023 units/week 60 . 36 46 units/week ] . To obtain �, we ex-

ress the model in the MA representation by defining ˆ �i : 

ˆ 
1 = 

[
0 . 1941 0 . 0357 

0 . 0597 0 . 2061 

]
, ˆ �2 = 

[
0 . 2079 0 . 1741 

0 . 0616 0 . 1447 

]
, 

ˆ 
3 = 

[
0 . 1357 0 . 0711 

−0 . 0 0 02 0 . 1754 

]
. (17)

inally, the estimate for the covariance matrix is ˆ � = 

[ 
756 117 
117 434 

] 
. 

Since we fit a stationary model, we can compare the empirical

nd parametric bullwhip estimates (see Section 3.4 ). To compute

he parametric estimate, we calculate (12) using the estimates ˆ �i 

nd 

ˆ �. For the empirical estimate, we take a simulation based ap-

roach as order quantities are not included in the database. There-

ore, for this example, we fit a multivariate time series model to

he demand data and simulate the quantity ordered series corre-

ponding to the demand forecasts. (This approach is similar to one

sed in Dejonckheere, et al, 2003 , p. 577.) We can then compute

he difference between the variance of the simulated orders and

he observed demand to obtain our empirical bullwhip estimate. In

ig. 3 , we show the results of our experiment for a range of lead-

imes, L = 1 , . . . , 10 weeks. In both plots, L is on the horizontal axis

nd the relevant diagonal element of B is on the vertical axis. 

The parametric and empirical estimates graphed in Fig. 3 are

lose, in part indicating that the estimated VAR(3) demand model

as a good fit for the data, validating the use of the parametric

pproach. However, the estimates diverge slightly as the lead-time

 increases and the parametric estimate seems to be consistently

igher than the empirical one. We find that the discrepancies be-

ween estimates tend to appear after L > p for VAR( p ) demand

odels, although neither the magnitude (i.e., growing or shrink-

ng B as L increases, given L > p ) nor the direction (i.e., which esti-

ate of B is higher) is consistent across demand models. (If we re-

ax our assumptions on having sufficient safety stock and perfectly

lled orders, this analysis could be expanded to study differences

etween material and information flow bullwhip estimates. Such

n analysis would extend Chen et al. (2017) from AR(1) models to

he general, stationary multivariate demand case. Our empirical es-

imate of B can be connected to their information flow concept.) 

.2. Nonstationary demand 

In this example, we look at one product, JOB SQUAD DECORA-

IVE (UPC 540 0 014190) paper towels, which is sold at two individ-

al Dominick’s stores: Store 112 (1160 W. Lake Cook Road and Buf-

alo Grove, IL 60090) and Store 115 (1300 S. Naper Blvd, Naperville,

L 60540). Here, m = 2 , but are differentiated by facility rather than

roduct. In the database, each product has a code called “nitem,”

he last digit of which indicates whether the item was sent directly

o the store or to a Dominick’s warehouse (0 versus 1). For this

roduct, the last digit is 1, signifying that shipments were deliv-

red to the warehouse first. We assume in this example that these

tores share a common warehouse. 

It is tempting to model a single series here by aggregating de-

and from both branches since we are examining the same prod-

ct. However, given that merchandise must eventually be shipped

eparately to stores, we would still need suitable demand forecasts

or each branch. 

From Fig. 4 A and C, it is clear that the demand in both

tores is nonstationary. However, if we take the first-order
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Fig. 3. Comparing parametric and empirical approaches to estimating the multivariate bullwhip effect for the stationary VAR(3) demand model fit in Example 6.1 . 
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Fig. 4. For the paper towel sales in Example 6.2 (JOB SQUAD DECORATIVE with UPC 540 0 014190), demand is nonstationary in both stores. Plots A and C show the original 

demand series (including imputed values) and plots B and D show the corresponding differenced series for all weeks. 
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n  

1  

s  
difference – as graphed in Fig. 4 B and D – the resulting series is

not. We will fit a VAR(5) model on this differenced series (i.e.,

an integrated VAR(5) model on the original multivariate series).

To start, let { d 1, t } denote sales from store 112 and { d 2, t } from

store 115. Then, ∂d 1 ,t = d 1 ,t − d 1 ,t−1 and ∂d 2 ,t = d 2 ,t − d 2 ,t−1 . The

fitted model can be expressed as in (1) following the steps out-

lined in Section 5.3 , beginning with generating the differencing

polynomial. The mean vector (for the differenced data) is μ =
[ −0 . 3667 units/week − 0 . 2503 units/week ] . To obtain 
 i , let 

ˆ �1 = 

[
−0 . 6122 0 . 0959 

0 . 1533 −0 . 9677 

]
, ˆ �2 = 

[
−0 . 5584 0 . 1820 

0 . 1232 −0 . 8333 

]
, 
ˆ 
3 = 

[
−0 . 4247 0 . 1107 

0 . 0270 −0 . 5056 

]
, ˆ �4 = 

[
−0 . 2731 0 . 2070 

−0 . 0345 −0 . 1849 

]
, 

ˆ 
5 = 

[
−0 . 1901 0 . 0865 

−0 . 0539 −0 . 0733 

]
(18)

ith 

ˆ � = 

[ 
1 , 251 195 

195 308 

] 
. 

In this example, the demand model parameters in (18) show

egative autocorrelation and negative cross-correlation for product

. This results in a positive bullwhip effect in both stores; for in-

tance, when L = 3 , B = 

[ 
2 , 902 . 5 684 . 7 

684 . 7 445 . 2 

] 
. As with the stationary
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xample, the bullwhip effect is present in both stores and increases

ith lead-time L . (All cross-diagonal elements of B are positive and

row with L too.) 

. Discussion 

It has been established that information sharing across supply

hain levels is a means to reduce the bullwhip effect (e.g., Chen

t al., 20 0 0a; Lee et al., 20 0 0 ). This can be thought of as a ver-

ical approach to information sharing. In this paper, we propose

 second form: Our multivariate bullwhip methodology – which in-

orporates sales data across a flexible supply chain structure – can

e interpreted as a horizontal information sharing strategy. A vertical

pproach requires firms to work collaboratively, which can be dif-

cult in practice, whereas a horizontal one does not. Furthermore,

raves (1999) notes that vertical information sharing is not useful

or reducing the bullwhip effect for ARIMA(0,1,1) demand models.

onsequently, our multivariate approach is critical for reducing the

ullwhip effect for nonstationary demand settings . 

Gilbert (2005) calls forecast error a Type 2 source of the bull-

hip effect and it can be reduced with better – possibly multivari-

te – demand models. By expanding the number of related products

odeled simultaneously ( i.e., m > 1), the tradeoff for more complex-

ty can be a lower bullwhip effect. Furthermore, we show empirical

vidence for our multivariate approach with our analysis of the Do-

inick’s Database. 

Our approach produces a single formula for the bullwhip estimate

hich works for both stationary and nonstationary cases . For simple

emand models, which require fewer parameters to be estimated,

e show that the parametric bullwhip estimates are reasonably ac-

urate . The advantage of the parametric estimate over the empirical

ne is the ability to gain insight into the drivers of the bullwhip ef-

ect, which is important for managing its impact, especially when

onstationary demand is observed. 

As in the univariate setting, reducing the lead-time can reduce

he multivariate bullwhip effect . Furthermore, we find that demand

odel terms �s where s > L do not impact the bullwhip effect mag-

itude, a property which can be used to reduce the phenomenon.

here is a special case of this property when, given a lead-time

 , the multivariate bullwhip matrix is block diagonal. This occurs

hen one can express the following matrices using an identical

lock diagonal structure: (a) �s where 0 ≤ s ≤ L and (b) �. With

uch a structure, products between blocks are unrelated. The key

ere is that it is possible that two products operate under sepa-

ate bullwhip effects even if their demand is dependent, provided that

ependence occurs after lag L. These are examples of how the de-

and structure itself can be used by a firm to select a suitable lead-

ime. 

Finally, we provide a technique firms can use to determine

hether the multivariate or univariate model is preferred in the

tationary case: Fit a single demand model – a multivariate one

and then derive the implied univariate model to decide which

ption generates a lower bullwhip effect. This requires only one

odel to be fit, from which optimal ordering decisions can be

ade. 

By considering an extensive range of demand models in this

aper, including nonstationary ones, we have presented a general

ramework for studying the bullwhip phenomenon. Taking such an

pproach allows us to view demand with a more realistic lens: not

s individual processes in isolation, but rather as an interdepen-

ent set of series. From our analysis, we can see that horizontal in-

ormation sharing, through a multivariate demand model, can cast

 new light on understanding and managing the bullwhip phe-

omenon. 
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