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Appendix A Asymptotic Theory of Linear and Quadratic Func-

tionals of the Periodogram

In the main paper it is asserted that @%1902 (I,I) and E% (I) are consistent estimators of Qy, o, (f, f) and
L,,(f). (Actually, if we integrate over all frequencies, the estimators Qy, ,(I,I) and Ly, (I) are also
consistent, but the variability in the former estimator will differ from what is given in Proposition A.2
below.) This Appendix provides asymptotic theory for Ews (I) and @V,W,Q (I,1), based on assumptions
involving summability conditions on the cumulants of the {x;} process. Under Assumption 1 the asymptotic

behavior of the first moments of the linear and quadratic functionals can be established.

Proposition A.1. (Convergence of First Moments) Let @1, @2, @3 be continuous real matriz-valued func-
tions of frequency A\, and let Z% and Q\W,W be defined via (10). Assume that {x:} is strictly stationary with
spectral density f, and satisfies Assumption 1(k) for k =2,3,4. Then as T — oo,

ELyy (1) = Ly, (f) + O(T™)
EQp1p0 (I, 1) = Quy (2 ) + ([l1 F) [[i02 [N + O(T ),
where L and Q are defined via (9).

Remark A.1. Lemma 3.1.1 of Taniguchi and Kakizawa (2000) shows that

~ P ~
Ly (I) — Ly (f) (A1)
in the special case that ¢3(—\)" = 3()\). Proposition A.1 relaxes this condition, establishing convergence of
the first moments for linear functionals, and Proposition A.2 below shows convergence of second moments

(for linear functionals) as well. Together, these propositions establish (A.1), thereby generalizing part (i)
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of Lemma 3.1.1 of Taniguchi and Kakizawa (2000). In addition, Propositions A.1 and A.2 establish first
and second moment convergences for quadratic functionals, which are not considered in Lemma 3.1.1 of
Taniguchi and Kakizawa (2000).

Next, we introduce the notation Ly, (I) and Q,, (I, ) for the estimated functionals centered by their

respective asymptotic means, i.e.,

Ly (I) = Ly, (1) — Ly, (f)
Qs (1.1 = Qo s (1.1) = Quy o (F. ) — ([[i21 1] [[i22 1]

In the next result we utilize the notation [h] for [[¢n f]], [Ri] for [[en f i f1], [kif) for [[on f o fapj 1], and
[hijk] for [[on fgoi fgaj fnpk ﬂ], where h,i,5,k € {1,2,3,4}. Tt can happen that a function ¢ appears in
such a term with its argument reflected and the matrix transposed, i.e, cp(—)\)/, in which case we place
an underscore under the index, e.g., [123] denotes [[p1(A) f(A) @2(—=A) F(A) @s(A) f(N)]]. The tri-spectral

density is denoted by fwith four sub-indices and three frequency arguments, and is defined via

forsr(\, 0,0) = Z Yersr (b1, ha, hg) e~ i A FOhatwha),
hi,ho,h3€Z

We also use the notation

AN FA, =2, w) = 3 AN fksr (A=A w) Bry(w),

0,k,r,s

which is a sort of double-trace of the 4-array. If integration is applied over both A and w, and the whole
divided by 472, we use a ((-)¢)o notation. Finally, a capital letter F for an m-dimensional 4-array ﬁgksr will
denote a m2-dimensional matrix defined as follows: let C' be the m? x 2 matrix of row and column indices
corresponding to the vec of an m x m matrix. Then for 1 < p,n < m?, let (¢, k) = C|p,] and (s,7) = Cn,]
and ﬁpn = ﬁks,«.

Proposition A.2. (Convergence of Second Moments) Let w1, w2, @3, @4 be continuous real matriz-valued
functions of frequency X, and let EW and @¢1,¢2 be defined via (10). Assume that {x:} is strictly stationary
with spectral density f and satisfies Assumption 1(k) for 2 <k < 8. Then as T — oo,

Cov (VT L, (1), VT Ly (1)) = (121} + (121},
+ ({[ler () FOL =X, @) 92(w)]]odo

and

Cov (VT Qoo (1 1), VT Ly (1)) = ([1] 23]} + (1825 + ([123]) + (2] (13

+ ([123D)g + ([132])g + ([123])o + ([2] [13])¢
+ {{g123(A w))o)o



and

Cov

,_\
3
Q)

eron (LD NVT Qo (1,1)) = ((g1234(A @)oo

[

[

[

[134]) + ([1324])

[1234]), + ([3][124]),

[1][3][24]) + ([1][234])o

1342]), + ([132][4]), + ([142][3]), + ([1432]),

4J[2][13]) + ([13][24])o + ([1243]), + ([123][4]),

1423]), + ([143][21), + ([124][3]), + ([1234]),
Jo + ([14][21[3])o + ([14][23]),

+ o+ + + + + + o+ o+

where the functions gias(\,w) and gio34(\,w) depend upon the tri-spectral density, and are given by (C.5)
and (C.4) of the proof.

We here introduce a notation for the limiting covariances: write Vi, |,,, V. for

P1,p2]03>

and V,

the cases of linear-linear, quadratic-linear, and quadratic-quadratic, respectively. These quantities depend on

1,p2]p3,040

the matrix-valued functions ;, as well as the spectral density f(A) and the tri-spectral density f(\, =\, w).
Based on the moment convergence, we can formulate a central limit theorem for vectors of linear and

quadratic functionals.

Theorem A.1. (CLT) Let ¥1,...,Y:, ©1,...,¢s, and ¥1,..., s be continuous real matriz-valued functions
of frequency \. Let L and Q be defined via (10). Assume that {x:} is strictly stationary and satisfies
Assumption 1(k) for k > 2. Then the vector of r linear and s quadratic functionals are jointly asymptotically

normal:

VT [Loy(I), .o Lo, (1), @y s (I, 1), Q. (1, 1)] = N (0, V),

V191|191 e Vﬁlwr V191|<P177/11 T V191|<P.97ws
v Voror 7 Voo Vodenwn 0 Voleaw,
VLP1’¢1|791 - V@lﬂblwr th1,¢1|t,01’¢’1 - V@lﬂblls@sﬂbs
L Vsasﬂl)s\l% - VWS)wslﬂW V¢S7¢s\w1,w1 " sz,wslws,ws ]

This theory is somewhat more general than needed for our particular applications below, but nonetheless
provides a complete framework for understanding how second and fourth cumulant functions impact the

covariances of linear and quadratic functionals of the periodogram.



Appendix B Testing the Spectral Residual

Section 5 treats the goodness-of-fit problem when the model is separable, but here we consider a broader
framework that allows for non-separable models or even nonparametric methods. The drawback is that there
is no accounting for parameter estimation uncertainty. However, in some situations — for example, where
the data process has been modeled with a tapered autocovariance estimator — the data may be whitened
without an explicit parametric model, and the following techniques may be useful. So instead of analyzing
I f@fl directly, we consider the periodogram J of the residual process that results from some whitening
procedure. This approach may be attractive even in scenarios where there is a parametric model, but it is
not separable and involves transformations, fixed regressors, and stochastic effects — such that fy is only a
partial description of the model.

Let J denote the periodogram of the estimated residuals, with § denoting the spectral density of the true
residual process, and consider the testing problem [g|*> — ||<§>0||2 = 0; this quantity is always non-negative,

but equals zero if and only if g corresponds to white noise. Rewriting this functional as

191° = 1@ ]I” = Qid1a@-9) — [@all.

it can be seen that substituting J for § yields a statistic that converges to [g]° + ([[9]]°)y — [[(@)e]] (this
is shown in the proof of Proposition B.1, below). In the case that § = X, corresponding to a white noise
process, the limit reduces to [[E]]Q, which is nonzero except in trivial cases. In order to obtain a statistic that
converges to zero (the null hypothesis value of [g|* — \\<§>0|\2), we propose to subtract the quantity [[(J)OHQ,
which converges to [[E]]2 under the null. These arguments suggest defining a model evaluation functional

Eval(g) and estimator ETXEI(J ) as follows:

Eval(9) = [31” — [@oll” + ([9")o — [[(D)o]]* = Qiaia(@ 9) + ([511")o — [[@o)] — [[@])*
Eval(]) = |7 = [[(1)o]1* = [[(1)e])* = Qiaia (s 1) = (1)1 = (o))

The estimator EK/EI(J ) can be alternatively expressed with the final two terms, [[(J >(2)H and [[(J >0]]2, having
their integral replaced by a sum over Fourier frequencies; this can make calculation easier. However, because
these two terms involve integrals/sums over a linear function of the periodogram, the asymptotic theory is
the same, whether we use integrals or sums (cf. Chen and Deo (2000)). The evaluation estimator converges

in probability to the correct quantity for the testing problem, as shown below.

Proposition B.1. Assume that {x;} is strictly stationary with spectral density f, and satisfies Assumption
1(k) for k =2,3,4. Then as T — oo, EJ\GZ(J) il Eval(g) and

E(J") = O(T™") + [3” + ([[g)]*),- (B.1)

In order to test the null hypothesis, we need a limit theory for the model evaluation estimator. Unlike
the case of the Ljung-Box statistic, based upon a finite number of sample autocovariances, in this case the

limit distribution is normal — this is essentially due to the inclusion of the bias-correction term [[{.J) 0]]2.

Theorem B.1. Assume that {x;} is strictly stationary with spectral density g and satisfies Assumption 1(k)



for k>2. Then as T — oo
VT (EEZ(J) - Eval(’g)) £ N(0,0' W)

Vaol @ Ve lid  Ve,lidid
W= Vz’d\ @0 Vz‘d| id Vid\id,id J
Vididis, Vididid Vidididid
where v = {=2, =2[[(g),]], 1}.
In general, the calculation of the entries of W is daunting due to the presence of the tri-spectrum, but

under the null hypothesis of white noise there is a remarkable simplification to the limiting variance — all

the dependence on the tri-spectrum vanishes.

Corollary B.1. Assume that {x:} is strictly stationary with white noise spectral density g = %, and satisfies
Assumption 1(k) for k> 2. Then as T — o0

VT Bval(J) == N(0,4[[24] + 4 [[22]]%).

Corollary B.1 can be applied by substituting the sample variance matrix of the residual process, i.e.,

S = IA“(O)7 in the expression for the asymptotic variance.



Appendix C Proofs

Proof of Proposition A.1. Without loss of generality, we replace the sample mean in the DFT by the true
mean, because the error in doing so is of lower order. The result for linear functionals is already known in
the special case that p3(—\)" = @3(\) — see result (i) of Lemma 3.1.1 in Taniguchi and Kakizawa (2000),
which can be applied because its condition (B) holds. However, we provide a general proof, beginning
with the linear functional. Note that L, (1) = T~ ((d* ¢3d)),, which by Lemma P5.1 of Brillinger (2001)
approximates the estimator EWS (I) up to Op(T~1). Based on such an approximation, one could work with
the estimator L., (I) instead of Em (I), but as mentioned in the text it is simpler to focus upon the latter.

To that end, we write
T

Here, A; is a Fourier frequency defined as A; = 27j / T — 7. (The subtraction by 7 ensures that we stay
in the interval [—m,7].) Denote entry r,s of ¢ via ¢(r, s; A); each of these components are a function of .
Equation (4.3.15) of Brillinger (2001) — and utilizing Assumption 1(2) — yields

cum(d; (A7), de(\s)) = O(1) + AT\ = N) Fir(A), (C.1)

where AT)(w) equals T if w = 0, but equals zero otherwise. Applying (C.1),
T

EL :TQZZ%MA d; (A;) di(\)]
j=17

T
=T Y D esl kA fi () + O(T ™)
i=1 ok,

= ([les f1)o-

Next, we consider the quadratic case:

Qproo (I 1) = ([[er T o2 I]))g = T2 {(d* o1 d) (d* 02 ).

By Lemma P5.1 of Brillinger (2001) this approximates the estimator @w,w (I,1) with error of order T~ 1.
(Again, we could work with the estimator Q, ,(I,I), but it is simpler to focus on Qsamaz (I,I).) Next, we

write

T
anl,apz I I Z d P2 d)()‘ ) (02)

Then it follows that
T
EQg, ¢, (I,1) Z Z 1(6, k5 Aj) @2(r, 55 07) Bldg (A7) dic(Aj) d (A7) ds ()],
J=1 ek

and we can apply (C.1). The inner expectation of the four DFTs is broken into a sum over all indecomposable
partitions; because the mean of a DFT is zero, we only need to consider three partitions that each involve
two pairs. For two of these partitions, we would obtain A(T) = T, but for the third partition we obtain
AT) = 0; writing the table as {£ kr s}, the substantive partitions are {(£ k) (r s)} and {(¢s)(k7)}. Therefore,



by applying Assumption 1(3) and 1(4), we obtain

T
EQWMM(LI) =7 Z Z 901((,/6;)\3‘)(,02(7“,8;)\]‘)'

j=10,k,rs

{(oW+T7i00) (00) +T 7,(0))

+ (0 +TJi) (0 +T fiur(r)) |
= {[ler ez Mo + ([ler f o2 fDo

as T — oo, where the final line uses the fact that fis Hermitian. O

Proof of Proposition A.2. We provide the proof for the hardest case (the third), noting that similar tech-

niques yield the easier two cases. Applying (C.2) twice, we obtain

Cov (\/Tétphsﬁz (171)7 \/Téipa,iﬁu(la I))

T
=T0 0 3 3 3D el ki A wa(r1,s1i Ay ) walfas kai Ag,) a(r2, 593 Mg, )-

J1,d2=14£1,L2 k1,k2 71,72 51,52

cuin (dZ (>‘j1) dk1 ()\jl) d:1 (/\jl) dsl (/\jl)a dZQ (/\jz) de ()‘jz) d:jz ()‘12) d82 ()‘12 )) .

To compute the cumulant we utilize Theorem 2.3.2 of Brillinger (2001), which indicates that we proceed by
summing over all indecomposable partitions of the table with two rows and four columns, multiplying the
cumulants for sets of random variables (DFTSs) corresponding to each set of a given partition. Hence, any
partitions involving a 1-element set contribute zero, because the cumulant of a single DF'T is its mean, which
is zero. Which partitions are relevant depends on whether the sum over frequencies collapses to a single
summation: if A\;; = £;,, the sum over frequencies collapses to a single summation, and the only partitions
we need consider are those involving four sets of size 2 (proved below); otherwise, if A;, # £, there is a
double summation and the relevant partitions involve one set of size 4 and two sets of size 2 (proved below).
In determining which partitions are relevant, we apply Assumption 1(k) for 2 < k < 8, so that we can focus
on those indecomposable partitions of the table that yield the highest order in T', all other partitions of lesser
order being asymptotically negligible.

Diagonal Case: First suppose that A\;; = £);,. Because no 1l-element sets need be considered, the
maximal number of sets in a partition is four (which must be four 2-element sets) — and we show that some
of these partitions will yield a cumulant O(T*). Any other type of partition would have fewer than three
sets, so that the cumulant would be at most O(7?), and thus can be ignored. First setting \;, = Aj,, we
write the table

dz (Ajl) dkl(/\jl) d::l (>\j1)
d?Z(Ajl) dkz(AJ&) d;k‘g(/\jl)

dsl ()\jl )
dsz ()\jl )
A four 2-element set partition that is indecomposable must have at least one 2-element set with an element
in both of the two rows. There are many of these, but only 20 of them are O(T*): using (C.1), we only need
consider 2-element sets where the sum of the corresponding frequencies is zero, i.e., sets where one element

corresponds to a DFT and the other element to a conjugate DFT. We denote these 20 partitions with the



following notation: the symbols f, b, §, and * will denote membership in a particular 2-element set:

bt b g ] N N
B b x % *x bohox | iK% % b | * % f§ b
bbb tobog o] [ b5 t] [¢ b b ot
b x * [ box x5 ] [ *x x b g * b b ox
bbb on] [t x| [t b b %
bﬁ**_ bﬁ*h_ _*ﬁbh_
bbb oh £ bob o £ b b oy
x # b x ot ox * 40 ox
bbb g £ b of % bbb«
b % * f boh % * b b 4
#bo§ b E b by f b b oy
x % b f hox o« * % § 4

As a result, the covariance of the quadratic forms has an asymptotic contribution from the diagonal case
(Wlth >‘j1 = )‘jz) of

T
Z Z Z Z Z ¥1 fl,kl, 4,02(7"1,51,)\ )@3(52,k2;>\j)@4(7“2,82;)\3‘)'

ki1,k2 71,72 S1,82

1,42
{fMl( 3 Frara ) Forta ) Frasa ) + T O9) Fraia ) Foara ) Tl )

<3
S
e
N
A
Q
=
>
2
3
=
—~
>
.
o
=
)
N
—
>
.
=
ER
N
N
N
A
kv

This converges to

([L][41032])o + ([1][243])¢ + ([1][234])o + ([1][3][24])
+ ([4][132]) + ([1342]), + ([3][142]), + ([1432]),
+([21[4][31]) + ([31][42])o + ([1423]), + ([2][143]),
+ ([4][123])0 + ([1243]), + ([2][134]), + ([1324])

+ ([14)[23])o + ([BI[2][14]) + ([1234]), + ([3][124]),



Next, setting A\;, = —\;, we write the table

dzl(Ajl) dk’l()\jl) d;k*l()‘jl) dsl()\jl)
d52(>\j1) dlt:g(/\jl) dr2(>\j1) d;()‘jl)~

Again, there are 20 relevant partitions:

K £ 4 b g £t b g bbb
bbb * b % x * * b * 0 b x
4 b oy bb gt bbbt bbb
| * b § * Bb x x x* % f b B o* % b
ERE £ b g ox b b %

b x % g b § * nog %

Hence, the covariance of the quadratic forms has an asymptotic contribution from the diagonal case (with

_)\jl = )‘jz) of

T
Z Z Z Z Z ©1 fl,kl, 4,02(7"1751,>\ )@3(52,]412;—)\]‘)@4(7"2782;—/\j)'

2 k1,k2 1,72 81,82
{mh

= =

D) 5 O) Fiars ) Forsa )+ Foom ) Fr s O\ Firka (N7) Frasa (N9)

+ o ) Frs ) FaraaON3) Fraa ) + Ty ON9) Frirs N3 Farka O0g) Frasa (O
+ 570 ) Pk ON3) B ) Fenns ) + F2 0 ) Pk (3 Fries (N5 Frasa (g
F 180 ) Frrss ) Frra ) Feara ) + s ) Frass ON3) Fi s (N5) Frra (N
+ Fe 00, () Fraka () F 1()‘j)fr252()‘j) + 12 0 ) Fraka ) Jr s ) Fersa (N
+ Fue, () Fi 1un:20» 12 O) + T8 0a ) Frears Ng) Forkea(Ag) Frasa (A
+ 576N Frass ) Ferks ) s O9) + F2a (N Frass ) Fiyra N9) £y (O
+ i) Frim (V) f Quﬂsmuﬂ+ﬁmM»ﬁmuﬁﬁmuﬂﬁMQj
+ i) Pk (A7) Foass A1) sy O3) + Firry ) Frako (A7) Fries (Ng) Forsn (g
t P O) Fruss () Foaks N) By O0) + Fi s ) Frae ) Bty () Fura (N



Noting that the argument of 3 and ¢4 is —A;, and using the underscore notation, the above converges to

([11[2431), + ([4][1][23])o + ([1][3][24])o + ([1][234])¢
)o + ([132][4]), + ([142][3]), + ([1432]),

13])o + ([13][24]), + ([1243]), + ([123][4]),
Jo T Jo + ([124][3]), + ([1234]),
4])o + ([14][2][3]) + ([14][23]), -

)
)

This accounts for the entire contribution from the diagonal case.

Off-diagonal Case: Now we suppose that A\;, # A;,, and hence the double sum does not collapse to a
single summation. In this case, of the partitions with four 2-element sets they are all either decomposable
or only contribute terms of order O(T?). This is because such a partition that is indecomposable must have
two sets with an element in each row — see examples in the prior case. (The definition of indecomposable
requires one set to have an element in each row, but as this would only leave three free slots in each row,
we must have at least one other set with this property.) But because \j, # Aj,, (C.1) ensures that the
contribution to the cumulant from such sets is O(1), indicating that the largest possible order from such
a partition is O(T?). Such terms can be ignored, because there exist indecomposable partitions yielding
O(T?) terms in the cumulants: these partitions involve one 4-element set and two 2-element sets. Moreover,
no other partitions need be considered: the only other partitions (that don’t involve 1l-element sets) with
three sets would have two 3-element sets and one 2-element set, but the cumulant of a 3-element set will
never be O(T), according to equation (4.3.15) of Brillinger (2001). This expression states that the m-fold
cumulant of m DFTs can be O(T) so long as the sum of the frequency arguments is zero; there is no way
this can happen when the frequencies take the form \;,, —A;,, Aj,, —Aj,. The expression of equation (4.3.15)

of Brillinger (2001) in the case m = 4 (using Assumption 1) is

4
Cum(dé()‘jl )7 dy, ()‘]é)v dr(Aja)v ds ()‘j4)) = O(l) + A(T) <Z )\ji> f@krs(Aju /\jfu )‘]3) (03)
=1
Using the table

dp, (Njy)  diy (Ngy)  dr (A
diﬂkz (/\j2) de (/\jz) d:2 (/\jQ) ds2 ()‘jz)’

we find that there are 16 indecomposable partitions consisting of one 4-element and two 2-element sets,
such that the contribution is O(T3). The four elements of the 4-element set must be allocated with two
elements in each row, because if three belong to a single row it is impossible for the sum of all frequencies
to equal zero, as required in (C.3). (Also, if all four elements belonged to a single row, the partition would
be decomposable.) Also, once the 4-element set is allocated with two members in each row, each of the

remaining 2-element sets must be contained in a single row (otherwise the sum of frequencies cannot equal

10



zero, and the contribution will be less than O(T3)). There are 16 such partitions, which we list below:

The contribution to the covariance is therefore

T
Do D DD el ki N walrn sz Ay @alfe, kas Ajy) palra, s23 Agy)-

J1#ja=1 £1,€5 k1,kz 71,72 51,52

{ﬁlklem( Aj1s Aji s

+ ﬁlklkm(

+ Fevsrtahs (=N Mgy =) Frams (A1) Fryey (Mga) + Frrsnas (—

+ Frrsukars (=X N Aga) Frams ) Fss i) + Frrsimasa (—

F Frrtaks Ny —Ajs —

+ Frarikars s =N

+ﬁ151£2k2( Ajus Ajis — j2)f£1k1(
(=515 Ajis

+ frlslkg'rg

)‘jl) f’;’;sz ()‘jz) + fT1514252<

The tri-spectral density has the properties that ﬁngT()\, -\ w)

and ﬁksr()\, —\w) = fsrgk (w,—w, A). These are verified as follows:

g8 b b g8 0 b g4 b b A A
ot f B8] 8B b8 |8t 8B |80 f ]
[t b 8] (e bov ] [g b0 b 8] [# b b 4]
8¢ 58] |88 b0 8] (888 0B] [0 # 8]
(bt g b ] [t s b bt ] [bo# ot ob]
Lt ¢ 50 |88 b 8] (088 0B] [0 # 8]
(b b 48| [bobog g ] [b bt | [b b ot o]
t b8 g B0 8] |8t 8B B0 8]

)‘]1 ) /\J17 >‘ ) frlsl( j1) lesz ()‘.7'2) + ﬁlkl"'252(_)\j1 ) )‘7'1’ _)‘.7'2)
iy A
i, A

J1

j2) Eklsl (/\j1) tf;;'kQSQ (Ajz) + ﬁlf’1€282 ()\j17
>‘J2) f@lsl ( j1) fl;kzsg (/\jz) =+ fk17'17‘252 ()\jl ) _)\jl T
i, A

g1
j2) ﬁﬂh (Ajl) J?l;;kg(
Ajz) Eklsl (/\jl) ﬁﬂ’z ()‘j2>
/\jz)

g1y

-2

g1y

iy T

f[ksr()\ )\ w Z Yeksr h17h27h3) ~iA(h1—hz)—iwhs

_)‘ ) fr*lsl ()\jl) f’:QSQ ()‘Jé) + f41k14252(_)‘j1’)‘j1 ; _)‘j2> f:lsl ()\jl) fl;k2r2(

)‘12) ﬁlsl (/\jl) ﬁzkg(
)‘.72) fl;klkl ()‘jl) fk2T2<
J19 )‘J >‘J2) f€1k1 ( jl) ﬁ;sg (/\jz) + f’;1817’282(_/\j1 ) )\jl ) _)‘12) ﬁlkl (/\jl) 'Ekzkz (/\]2)} .

= ﬁkrs(Aa _>\a _w)a ﬂks’l’()\ﬂ _)‘7 0.))

.ﬁksr()H _)‘v w)

ﬁksr(/\v 7)‘7 w) =

hi,ha,h3

Z Yekrs (hl

hi,h2,h3

Z F)/Zkrs(kly k27 k3) eii/\(klikz)+iwk3 = ﬁkrs (>\7 *>‘7 7‘*})
k1,k2,ks

E Yiesr (ha, by, hg) e~ MM —ha)—iwhs
hi,h2,h3

Z 'Yk@sr(kla k2a k;?)) ew\(kl_kﬁ_iwks = ﬁc[sr(_)H /\a OJ)
k1,k2,k3

: ’-Yfk,sr(hl, hg’ h3) efi)‘(hlth)fiwh3
hi,ha,hs

> Vertn(ha = ha, —hg, hy — hy) e” A —ha)miwhs
hi,hz;hs

D7 Yarowlhr, ko, k) €M) = Fp (0, —w, \).
k1,k2,k3

—h3,h2 I’Lg,—hg) —iA(h1—h2)—iwhg
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In the first calculation, this uses

Yeksr (1, ha, hs) = cum{xp, ¢, Thy ks Thy,ss To,r }

= cum{Zn, —hy 0, Tho—hs ks T—hy,rs £0,s } = Vekrs(h1 — h3, ho — h3, —hg3)

and the change of variable k; = hy — hg, ko = ho — hs, and k3 = —h3. The second calculation uses the fact
that cumulant arguments can be permuted, and the change of variable k1 = hg, ks = hy, and k3 = hz. The

third calculation uses

Yeksr(h1, ho, ha) = cum{xn, ¢, Thy ks Thy,s, To,r }

= cUM{Zhy—ho,ss T—ho,rs Thy—ho t> L0k} = Vertk(hs — ha, —ha, h1 — ha)

and the change of variable k1 = hg — ha, ko = —ho, and k3 = hy — ho. We can use these properties to express
every occurence of the tri-spectral density in terms of the frequency arguments (A;,, —Aj,, Aj,) by rearranging
the subscript indices. Then it is possible to greatly simplify the summations, letting " — co. (The double
sum over frequencies will tend to a double integral, not-withstanding the omission of the diagonal portion,
which has measure zero.) Then the limiting contribution to the covariance (where curly braces denote a
matrix argument to the double bracket) simplifies to the double integral (weighted by (27)?) over A and w
of

1234\, w) = [[01 (V) FO, =X, w) @a(@)]] [fe2(N) FV] [lpa(w) Flw)]] (C.4)
+ {1 (N FO, =X, w) {pa(w) Fw) pa(@) ] [[p2(A) FV]]
+ {1 (N FO, =X w) {pa(w) F(w) ps(@) ] [[p2(X) FN]]
+ {1 (V) FO, =X @) @a(@)]] [[o2(N) FN] s (@) F(w)])
+ {10 FO) 02N} FO\, =X w) @s(@)]] [[a(w) F(w)]]
+[[{e1(N) FO) 2N} FO =X, w) {ps(w) F(w) a(w)}]
+[{e1(N) FO) 02N} FO =X, w) {pa(w) F(w) ps(w)}]
+[[{er(N) FO) 02N} FO, =X, w) @a(@)]] [[03(w) F(w)]]
+ {20 FN) 01V} FO =X w) 3 (@)]] [[9a(w) F(w)])
+ [{e2() FO) @1 (N} FO =X, w) {p3(w) F(w) pa(w)}]
+ [{e2() FO) o1 (N} FO =X w) {pa(w) Flw) pa(w)}]
+[[{e2() F) o1V} FO, =X, w) @ (@)]] [[i03(w) F(w)]]
+ [lp2(N) FO, =X @) @s(@)]] o1 (A) FV] [[a(w) F(w)]]
+ [lp2(N) FO\, =X, w) {ps(w) Fw) ea(@) ] [ler(A) FV]]
+ {2 (V) FOX =X w) {pa(w) f(w) e3(@) ] [[er(N) FV]]
+ [[p2(0) FO, =X @) @a(@)]] [l (N) FO] [[s(w) F(w)]].

Similar calculations for the linear and mixed quadratic-linear cases yield terms involving the tri-spectrum as

12



well, and

g123(A w) = [[pr (V) FA, =X, w) 3(w)]] [fe2(A) FV]] (C5)
+ ({1 (V) FO) 2N} F, =\, w) g3 (w)]]
+ [{o2(N) FN) 1N} FOA, =X, w) 3 (w)]]
+ [lp2(N) FO, =X w) s (@)]] [[ea(A) FOV].

O

Proof of Theorem A.1. We apply the method of cumulants to the functionals. The key result that is needed
is that higher-order cumulants of the linear and quadratic functionals tend to zero. We demonstrate this
through quadratic functionals only, the other cases being similar. Suppose we have an m-fold cumulant of
normalized quadratic functionals, each of which takes the form /T @%w (I,I). Generalizing the arguments
of the proof of Proposition A.2, and using Assumption 1, we obtain a factor of order of T=2™ from the 2m
periodograms, T~™ from the discretization of the m integrals, and 7"™/? from the normalizations, for an

T3m=m/2 i the denominator. For the cumulant, we must now consider a table with m rows and 4

overall
columns. We claim that the largest possible order of the sums (over all frequencies) of such cumulants is
O(T?m*1), In the diagonal case, where the m sums really collapse to a single sum — in the manner discussed
in the proof of Proposition A.2 — one obtains the highest order possible for the cumulant by taking an
indecomposable partition with 2m sets of size 2. By (C.1), this would yield O(T?™), which together with
the single summation gives an overall O(T?™*+1). However, of the m summations we might allow some pairs
to collapse to a single summation, and others may not.

Suppose we consider a pair of summations to be distinct, but all the others collapse to a single summation.
Now, the partition involving 2m sets of size 2 will be of lower order, as any 2-element sets straddling distinct
rows corresponding to the two frequencies of the paired summation will no longer satisfy A;, +\;, = 0; there
is at least one such 2-element set (because the partition is indecomposable), so the cumulant order drops to
T?m=1. Moreover, by combining two 2-element sets into a 4-element set, we can obtain a factor of T if (C.3)
is satisfied, although there will be at most 2m — 1 sets in such a partition — ultimately yielding O(T?*™~1).
Because the total number of summations is two, we would obtain an overall O(T?™*!) for this case.

Proceeding by the same argument, distinct summations over frequencies add an overall order of T but also
limit the types of partitions that will yield cumulant terms of order T'; we can always merge two 2-element
sets into a 4-element set when determining the relevant partitions, in moving from a collapsed summation
to a double summation — but this will decrease the size of the partition by one. This is compensated by
having an additional summation — so the largest possible order is T72™*!. Pairing this with the denominator
T3m=m/2 the m-fold cumulant is O(7'~™/2), which tends to zero when m > 2.

Clearly, if we are talking about the m-fold cumulants of the same quadratic functional, this establishes
that it is asymptotically normal. But because the discussion pertains to m-fold cumulants of any collection
of quadratic functionals, joint asymptotic normality also follows from the Cramer-Wold device. Extending

these arguments to joint relations with linear functionals completes the proof. O

Proof of Proposition 1. Because

([ETe(0)]] = 0" A(¢)o and [[ETw(0)] = o’ B(¢) vec[€],
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the objective function for the PTVs can be rewritten as
o' A(¢) o — 20’ B(¢) vec[Q)].

Setting the gradient with respect to o equal to zero and noting that A(¢) is a symmetric matrix yields the
solution A(¢)™" B(¢) vec[Q] for ¢ in terms of ¢, where the symmetrization of A(¢) comes out of the vector
calculus. Plugging this back in for ¢ now yields the concentrated objective function for ¢; accounting for
the minus sign, the minimization is turned to a maximization in (3). Once 5 is obtained, substitution into

the formula for o yields its PTV as well (4). O

Proof of Proposition 2. We can write the criterion function as

I~ fol?> = Z Gir[[0: 0] — 22[[61' (Tgi)oll + ([T
ik=1 i=1
=[[0(G®1,) 07 —2[[0 (g ® I)o]] + ([[I°]])o-

Computing the gradient, we now see that the stated formula (8) for the MOM estimator is a critical point,
and a minimizer, of this criterion. The same proof, with fin place of I, shows that the formula for the PTV

is obtained by replacing f for I in (8). O
Proof of Proposition 3. By our assumptions we can apply Propositions A.1 and A.2. So
(2o = (Qiaall. D) ~ BQiq a1, D) +EQiq (1, 1)
~ ~ ~ ~ ~ 2 _
= (Qid,id(l’ I) —EQiqq(L, 1)) +Qiqid(f: /) + ([[f]] o + O0p(T7H),

where Proposition A.1 has been used in the second line. By Proposition A.2, Var@id 1) = O(T~1), so
that by the Chebyshev Inequality

Qiaiqa( 1) = EQ;q 1q(1, 1) = 0.
Therefore, ([[1%]]), L, <[[]72]]>0 + <[[ﬂ]2>0 Similarly, again by Proposition A.1
(1 Jolho = (L5 (1) = ELp, (1) + Ly, (D) + OT ).
Again by Proposition A.2, VarLy, (I) = O(T~!), so that by the Chebyshev Inequality
Ly, (I) —ELy, (I) 25 0.

Putting these results together, we obtain

2

L= fol” = (1211} — 21T foll)o + Ifol> == (P20 + (LA Do — 2((LF foll)o + Ifol™

Proof of Theorem 1. Write F(8) for FD(fy,I), and F(6) for FD(fy, f). First,

0=VF(@®) =VF(@)+VV'F@®) (0 -0)+ Ry
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by a Taylor series expansion of VE (9) about 6 = @ where Rt depends on -0 quadratically. We proceed
to compute the gradient and Hessian of F (). To make the notation less cumbersome, we abbreviate the

partial derivative operator (,% by 0y,. Hence we find that
0o, F(0) = =2 [[(9, fo (I — fo)),]
00,09, F (0) = —2([(3, 0o, fo (I — f2)),]] + 2 [[(D, fo Do, fo), ).

and the first term has asymptotic mean —2 [[(Jp, fo (f = fo)) o). This we recognize as the derivative of F(6),

which is zero at 6 = 6. Therefore
VE(@®) = —=2[[(Vfo (I = F))o]l,

where the trace operator does not act on the gradient. An application of Theorem A.1, in conjunction with

our other assumptions yields
VT VE(0) = N(0,4V5). (C.6)

Next, the Hessian of ﬁ(@) converges in probability to 2 My, because the first term is actually Op(T~1/2) (by
Proposition A.1). If this matrix is invertible at 6, we conclude that § — = Op(T~'/2) and further that

~ o~

9T = A (90 1= by + on(T ),

So using (C.6), the theorem is proved. O

To prove Theorem 2, we state a preliminary result.

Lemma C.1. Assume that {x;} is strictly stationary with spectral density f and satisfies Assumption 1(k)

for k> 2. For a possibly non-square matriz A that is a function of A,
VT (A (veelI = F))g =5 N (0,2(A (F @ J) A')g + (AN F (A, =X, w) A(w) )o)o) -

Proof of Lemma C.1. To prove the Lemma, for each ¢ let ay be the matrix such that vec(aj) = {es A}
Then for any f

et Avec(f) vec(aq) vec(f) ([ f1]
Avec(f) = { ehAvec(f) b= vec(ah)'vee(f) b ={ [[oaf]]

Now by Theorem A.1 and Proposition A.2 we have the joint CLT

VT (A(vee(I = f)))y = VT as(I = f)

£ w7 (0. {2l el Sy + (VT -A)an(laln} )
It can be shown using algebraic identities that
[[ej fed 1] = vee(a) vee(fal f) = efA f' @ fvec(al,) = A f @ f Aley,
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and hence that <[[ajfa;€ﬂ]>0 is the jkth entry of A(f' ® ']T>O A’. Note that the transpose on the first

appearance of f guarantees that this matrix is symmetric. Furthermore,

[l (VFO, =, w)an(@)]] = ZZ afP () Fosr (N =4 w) o ()
— éi[aﬂ» FrorO =M w)]af™ )
= gvec<a;<x>>’vec (Fror =A@ o (@)
— a0 {{lFoe- O\ =2 w)an (@)}
=S AN) F(\, -\, w) Aw)ex,

pl

where the ordering over p, £ in the second to last equality corresponds to the vec operator, i.e., these are the
indices of the C' matrix given in the definition of F. The final equality follows from another application of

the trace identity, and we obtain the matrix F corresponding to the 4-tensor fpgsr. The result follows. [

Proof of Theorem 2. The result follows from Lemma C.1 upon writing

((g'G™ er) vec(f)),
0 =vecO® = (G 1ea) vec(f))g = (Avec(f))ys

where A =G lg®1,,.. O

Proof of Proposition 4. Noting that |j\2 = [[(J2)o]] = Q\fjllfjl(l71)7 it follows from Proposition A.1 that
Ly Lg
(13) holds; moreover, |j|2 N 19)* + <[[ﬂ]2>0 by Proposition A.2. Because 9 -2 0, it follows from Slutsky’s
Theorem and continuity of ¥y that L)Il()\) £, L;_l()\) for each A. Hence g(\) £, g(A\) for all A, and
) =o

~ ~

similarly it can be shown that J(X\) — J(A
e (J =)ol £, 0 for a matrix function c. As a result, we obtain (D)ol £, [[{9)0]]- Next, write

p(1). Moreover, by Propositions A.1 and A.2 we obtain

~ ~

1717 =171 + [T = DT + Do)l
Do 1) = [1@)o]] + [T = 8)o(T + &oll-

Using the above results, we can then obtain

~

2. P ~ 2
(Do 1] — [[(9)07]]
~2 P~
171 = (91" + {[[g)]*)o-
as T'— oo. Assembling these convergences yields the state result. O

Proof of Theorem 3. We first develop the CLT for the parameter estimates, which are the minimizers of
the log determinant of the forecast error variance matrix $(6). Equivalently, we can minimize [[£(6)]], or

[[{ ie_lf Y0]]- Then by standard Taylor series arguments (see McElroy (2016) for the univariate case)

—0=—HO) (VL5 (= o]l +op(T712).

)
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;17 using the notational conventions discussed in the paper. Therefore,
up to terms op(T~1/2) the parameter error is

The gradient operator applies to f

~ —1

—H() (ngl(f) - ngl(f)) — —H(B) Ly, (D).

)
We can use this result to analyze the difference between J and J:
o~ ~ —g- —1 —g- —1 i —1r —j- —1 i —1s i —17
T T = (w5e) ™ = wye™) ) 1wg(e) T+ wyte ) T (e - wp(en) )
— op(T72) 4+ (0 —0) VU (™) " FUye) "+ Wy(e™) TV () V(66

(6 —0)
= o0p(T™12) =L, (1 HE) Vi) Fuge) ™

—17 ~ —1

— (e ) V) Y HE) Ty (D).

~ ~

Also, J—g=(J—J)+(J—§) and

The first term equals @fjl s-1(I,I) centered by its mean, and hence can be written as @f—l s=1(L,I). The
Ly Ly 9 Lo
second term is O(T~1) by (13). The third, fourth, and fifth terms, up to op(7T~'/?) summands, are

Terms three and four involve parameter estimation error, whereas the fifth term, up to OP(T_l/ 2), is

17,

9)ol]

) Ty (7).

2L (D HE) (V) Fug(e)
— 2G5 ") TV (")

Both summands are the same, because we can apply a transpose within the trace, and change A\ — —A,

which amounts to applying a conjugate transpose. Term three can be expanded, up to terms o p(T‘l/ ), as
—2([(J = D)o@l — 2[[(T ~ Do @ol]
7 . —i L (i T
= QLV/L;I (I) H(H) [[(V‘Dg(e ) f\I/(;(e )
N ey
+2([(9o(Tgle™) " fV'Tg(e")

- 2zb(I)7

17

)0{(9)ol]

ol (@) Ly +(1)

1
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which uses
—1 ~ S —17 ~

[T = @o(@ol] = [[(Tz(e™")

Term four is similar:

= 2([17 = To{[@o — 2([[7 — gTo(([81o
= 2Lg, (D HO) [(T5(e) " Fug(e”)
+ 2[@olll(T5(e™) " V' T5(e")”

—2[[{g)ol] Ly-+ (1)

=0

-1/

)oll[[{9)o]]

>OHH(9) Zvijl (I)

Combining and simplifying, we obtain

Eval(]) — Eval(§) = O(T ") + op(T ™) + Q- ;1 (1, 1)

—1r ~ —1

JollH(0) Ly (I) = 2Ly(1)

+4(@o(Yyle ) VTR -
+A@NI¥5e ) TV Y H @) Ty (D) = 20[@0) T,

—4llGWa(e) T W) @) Ty (D).

By regrouping the summands, we can re-express this (up to terms that are O(T~1) and op(T~'/?)) as

— /

o L), Tyr (1, @ty (1), Ty (1]

15
Now we apply Theorem A.1 to the four-component vector of functionals, multiplying by 7/2; this concludes
the proof. O

Proof of Corollary 1. Because the model is correctly specified, f(\) = \I’g(e*“‘)Z\I!g(e”‘)/ and § = . There-

fore, in the fourth component of the vector v the first two terms cancel out. The third term is
i\/ i\
A[[Z]][[2(Tg(e") VWg(e") ol

and this equals zero because \Ifg(x)/V’ \1/5(3;)_1’ as a Laurent series in z only involves positive powers. (This

uses the assumption that ¥y(0) = 1,, does not depend on 6.) Hence v = [-2,—2[[X]],1,0], and there is
no contribution from parameter uncertainty! Next, taking ¢ = ¥ in the variance expressions of Theorem 3
yields
Vi = 2[[21] + FOL =2 w) b(w)]] dA dw,
Vigllb_Q[[z?’] 2/ / F\, =X, w) b(w)]] dA dw,
Viajpor =2 [Z2]] + po / / FA =X W) 5 ()] dX dw,

18



Visipoip =4 [[EH [=°]) + 4 (=)

(21)? /_ _ /_ B} (NSO =2, w)b(@)]] + [P (A, —A7w)b(w)]]) d\ dw,
Vig%i;\f; [[E J=%) + 4[]
(21)? /_W /_W WFO =X @) f - @]+ [ FO, = A w) f 5 (w)]]) d\ dw,
Vistas oy 1—8[[2}] [122)) + 16 [[S]] [Z%)) + 12 [[5]] + 4[]

[ | (105" 00T 05 @RI + 115 00, -A )b
+Hb(k)f(& N )7 @] + BT, A w)b(@)])) dA des

Next, we claim that the double integral of [[A(A) f(A, =\, w) B(w)]] is equal to that of [[B(w) f(w, —w, A) AN)]],
for any tri-spectrum ]? and matrices A and B. This is proved from the definition of the double bracket,
and utilizing the third property of the tri-spectrum derived in the proof of Proposition A.2, namely that
foksr(N, =\, w) = forer(w, —w, A); two changes of variable in the sums allow us to swap pairs of indices, and

thereby interchange the positions of A and B. Therefore it can be show that
2
vVWo = 4%|b + 4[[2” Viglligl + 8[[2}]Vi§71|b + V,gligl‘iglig 4Vf~ Y 1y — 4[[2”Vi{;17iglligl,
after some cancellations, yields the stated limiting variance. O

Proof of Proposition B.1. First, |J|2 = H<J2>O]] = éldld(J’ J), and so it follows from Proposition A1 that
(B.1) holds. Second, |J|> <25 31> + ([§]]*)e and [[(/)o] — [[(@)o]] by Proposition A.2. Next,

(o] = [[@o’]] + [T — Dol + Doll,

from which it follows again from Proposition A.2 that [[(.J)o’]] L, [[(@)0°]] as T — co. Assembling these

convergences yields the state result. O

Proof of Theorem B.1. Along the lines of the proof of Theorem 3, we begin by expanding ETXE](J) — Eval(g)

into four terms:
Eval(J) — Eval(g) = |J* = [1° = ([[8)")o
= (1 = E1I7)) + (0P - 1517 = (1617,
1107 = 3 (I + Poll = ([ = o ([ + G-

The second term is O(T~!) by (B.1). The third and fourth terms are analyzed along the lines given in the

proof of Theorem 3, only there is no contribution from parameter estimation. So we obtain
Bval()) ~ Bval() = (171° ~ E[1J%)) = 20[(@)o (7 ~ EL)oll 2 [[@o)-[(7 — Bl + OT ) +0p(T712).

In the notation of Theorem A.1, we are studying a linear combination of two linear and one quadratic

functional, each centered by its expectation. Note that by passing (g), into the inner integral, we obtain

19



[{9)o ()oll = L(g),(J). Therefore
VT (Bval(J) - Eval(3) )
= VT (<2L, (1) = 2A@ol) Tig () + Qiajal ) +0r()
L), (7)
fld(J)

= {-2,-2[[(9)o]}, 1} - VT +op(1).

Applying Theorem A.1, the trivariate random vector is asymptotically normal with variance matrix W as
given in the statement of the theorem, and with individual entries computed according to Proposition A.2.

In particular, these are given by

Vgl = 2909 (g /_/_ (@) TN =X, w) (§),]] d dw,

Vidl@o 2([[9(9)0 91D 271- /_ﬂ/_ﬂ A\, =\ w) 1] dX dw,
[\, =X, w)]] dA dw,

Vidjid =

—T —T

v<§>0|id,id=4<n@mn§<a>om1> 4 @0 dl, / | s v rd,

9123,(3), (A w) = 2[[g(X, =\, w) (g >o]] 17 (A)]]HH G =A,w) (@)l
Vidjid,ia = 4@ 5" + /_ /_ 1935 (A w) dA dw,
Traz,id (A w) = 2[[g(A, =X, )] [GV)]] + Hg( ) g =AW,

Vididiidid = 8 (807 (6210 + 16 (@1 [1° M) + 12 (G0 + 4 (%] )

+ (2)2/ / 91234()\,w) d/\dw,
s —m J -7

gra3a(A,w) = 4[[gA, =X, W) [gN] [g(@)]] + 4[[g(A, =X, w) g(@)]} [[g(A)]
+4[[gA) g =AW [g(W)]] +4[[g(N) g(A, =X, w) g(w)]]-

The stated result now follows. O
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Proof of Corollary B.1. Taking g = X = (g), in the variance expressions of Theorem B.1 yields

Vi@ = 2[5 + (2;) / / :uz GO0~ A w) S]] dA deo,

_ 3
Vidi@), = 2=

[G(X, =X, w) Z]] dA dw,

L .
VididZHEQ]]+(27r2/ﬂ /7ﬂ[[g(>\,f)\,w)]] ) dw,

Vg jidid = 4[EN %] +4 (=)

9123 )\ UJ) dX dw

—T -7

125,30, () = 2[GL ~A ) nuznwuw Aw) Sl
Vididia = 415+ 4020 + =[] sumiatvw ande.

glgg,id()ﬁw) =2 Hg()‘? —/\,W)H [[ ]] +2 [[Eg(/\a _/\7“})]]’
Vididiidia = 8 =17 [52)] + 16 [[Z)) [5]) + 12 [[54]) + 4[[52)°

1 ™ s
+ (2)2/ / 91234()\,w) d\ dw,

grasa (A w) = 4 [Z]° [[GO, =X, w)]] + 4 [[Z]] [[GA, — A, w) ]
+4[Zg\ =AW [[E] + 42 g, —Aw) Z).

Now with v' = {—2, —2[[X]], 1}, we find the limiting variance is (after some cancellations)

2
AVigl@, + 812 Vid\@ +4 [[E]] Vid|id — 4V idid — 4[Z Vidd id + Yididjid.id

— 4[[2Y] + 4= hiasa(\, w) dX dw,

-7 —T

hizza(A w) = 4[[E]] [N, A w) ]] A[ENEg, =AWl

Using the fact proved in Corollary 1 that the double integral of [[A f(\, —\,w) B]] is equal to that of
[[B f(w,—w, A) A]], we find that the integral of hia34 is zero, and the result is proved. O
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Appendix D Supplementary Tables

D.1 Bivariate Inflation

We computed the Gaussian divergence (—2 times the log Gaussian likelihood) for both MOM estimates,
unrestricted MLE (i.e., the MLE for the related trends model), and restricted MLE (i.e., the MLE for the
common trends model), resulting in —1680.292, —1702.763, and —1708.075 respectively. Since lower values
are better, we see that the MLE fits of both the related trends and common trends models are better than
that of the MOM fit. (The common trends model is a restriction of the related trends model, but nonlinear
optimization does not find the MLE to correspond to near-full correlation, and hence the common trends
fit has a lower divergence.) Both the MOM and MLE fits of the related trends model provide an adequate
whitening transformation (the portmanteau tests of the residuals fail to reject the null hypothesis of white
noise). We can also directly compare the resulting covariance matrix estimates, expressed in units of millions

in Table D.1.

’ MOM unrestricted MLE | restricted MLE
Xy Core Total Core Total Core Total
Core | 15.660 34.396 | 4.871 6.483 4.912 5.393
Total | 34.396 122.889 | 6.483 11.264 5.393 5.920
>, Core Total Core Total Core Total
Core | 10.781  5.256 | 17.607  25.595 | 18.640 26.295
Total | 5.256  81.805 | 25.595 161.374 | 26.295 170.666

Table D.1: Estimates of 3, (upper rows) and ¥, (lower rows), the trend and irregular covariance matrix
(units of millions), respectively, for bivariate inflation data, based on MOM, unrestricted MLE, and common
trends MLE.

D.2 Four-variate Housing Starts

The model used for housing starts consists generalizes (7) slightly: the irregular component has the same
definition, but the trend is second order and the seasonal {&;} is given as the sum of six atomic processes

9 (1< j<6):

(1 - B)zﬂt =M
=6+ +6P +6Y 1Y +¢%
(1- V3B + 32)5(1) (1)
(1— B+ B¢
(1+ BYg
(14 B+ B¢
(1+\fB+B2)£(5) (5)
(1+ B)e® = (6>,

where the {sgj )} are each independent vector white noise processes. For the reduced span of the last nine

years, we fitted both MOM and MLE (unrestricted), with divergences 959.806 and 923.488 respectively. From
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the standpoint of likelihood, the MOM estimates are inferior to MLE, although both adequately whiten the
data. As for the covariance estimates, there is a fairly close agreement between the MLE and MOM based

on the nine-year span; the MOM covariances based on the full span are also quite close.

’ ‘ 9-year MLE ‘ 9-year MOM ‘ 49-year MOM ‘

Su South ~ West NE MW South ~ West NE MW South ~ West NE MW
South | 0.093  0.042 0.014 0.028 | 0.088  0.040 0.012 0.028 | 0.094 0.038 0.011  0.021
West 0.042 0.024 0.007 0.017 | 0.040 0.021  0.006 0.014 | 0.038 0.024 0.005 0.011
NE 0.014  0.007  0.004  0.006 | 0.012  0.006 0.003 0.005 | 0.011 0.005 0.003 0.004
MW 0.028  0.017 0.006 0.015 | 0.028 0.014 0.005 0.010 | 0.021  0.011  0.004  0.009

B South ~ West NE MW South ~ West NE MW South ~ West NE MW
South | 0.077  0.063  0.012  0.035 0.065 0.074 0.016  0.051 | 0.107 0.087  0.028  0.064
West 0.063  0.064 0.013  0.038 0.074  0.090 0.016  0.057 | 0.087  0.080 0.020 0.048
NE 0.012  0.013 0.006 0.011 0.016  0.016  0.005 0.013 | 0.028 0.020 0.009  0.017
MW 0.035 0.038 0.011  0.033 0.051 0.057  0.013  0.041 | 0.064 0.048 0.017  0.040

25(2) South West NE MW South ‘West NE MW South West NE MW
South | 0.028 -0.002  0.004 0.020 0.015  -0.000 0.011 0.028 0.023 0.014 0.006 0.029
West -0.002  0.011 0.004 0.006 -0.000  0.023 -0.006 -0.001 | 0.014 0.012  -0.001 0.015
NE 0.004 0.004 0.011 0.014 0.011 -0.006  0.012 0.020 0.006  -0.001  0.008 0.011
MW 0.020 0.006 0.014 0.043 0.028  -0.001  0.020 0.051 0.029 0.015 0.011 0.036

25(3) South West, NE MW South West, NE MW South West, NE MW
South | 0.090 0.064 -0.015 0.027 0.051 0.065 -0.001  0.058 0.075  -0.013  0.023 0.041
‘West 0.064 0.055 -0.013  0.022 0.065 0.112 -0.015 0.059 | -0.013 0.032 -0.004 -0.008
NE -0.015 -0.013 0.010 -0.000 | -0.001 -0.015 0.061 0.021 0.023 -0.004 0.020 0.011
MW 0.027 0.022  -0.000 0.020 0.058 0.059 0.021 0.079 0.041  -0.008 0.011 0.023

Y@ South ~ West NE MW South ~ West NE MW South ~ West NE MW
South | 0.174  0.026 -0.035 -0.014 | 0.015  0.007 -0.014 0.014 | 0.042 -0.006 -0.002 -0.007
West 0.026  0.032 -0.004 0.004 | 0.007 0.068 -0.014 0.024 | -0.006 0.002 -0.000 0.001
NE -0.035 -0.004 0.011  0.003 | -0.014 -0.014 0.014 -0.015 | -0.002 -0.000  0.000  0.000
MW -0.014  0.004 0.003  0.009 | 0.014  0.024 -0.015 0.018 | -0.007 0.001  0.000  0.001

(s South ~ West NE MW South ~ West NE MW South ~ West NE MW
South | 0.012 0.013  -0.000 -0.004 0.014 0.025 0.001 0.009 0.009 0.011  -0.002  0.004
West 0.013  0.024 0.000  0.008 | 0.025 0.044 0.002 0.014 | 0.011 0.013 -0.003 0.004
NE -0.000  0.000  0.001  0.001 0.001  0.002  0.000  0.002 | -0.002 -0.003 0.001 -0.003
MW -0.004  0.008  0.001  0.021 0.009  0.014 0.002 0.026 | 0.004 0.004 -0.003 0.011

o) South ~ West NE MW South ~ West NE MW South ~ West NE MW
South | 0.205 0.010 0.003  -0.002 0.111 0.003 0.009 0.043 0.030  -0.006  0.003 0.013
West 0.010  0.036  0.001  0.015 | 0.003  0.003 -0.001 0.000 | -0.006 0.002 0.001 -0.003
NE 0.003  0.001  0.009  0.003 | 0.009 -0.001 0.001 0.004 | 0.003 0.001 0.002 0.001
MW -0.002  0.015  0.003  0.042 | 0.043 0.000 0.004 0.017 | 0.013 -0.003 0.001  0.006

3, South ~ West NE MW South West NE MW South West NE MW
South | 3.783 -0.083 0.127 -0.537 | 10.419 -0.266 0.224 -3.556 | 7.862 0.075 0.155  -0.543
West -0.083  0.901 0.171 0.456 | -0.266  0.685 0.262 0.443 0.075 2.792 0.097  0.286
NE 0.127 0.171 0.347  0.160 0.224 0.262 0.512  -0.048 | 0.155 0.097  0.949 0.165
MW -0.537  0.456 0.160 0.946 | -3.556  0.443 -0.048 2.384 | -0.543  0.286 0.165 1.824

Table D.2: For four-variate Starts data, estimates based on MLE (9-year span), MOM (9-year span), and
MOM (49-year span) of covariance matrices for trend (¥,), first atomic seasonal (X)), second atomic

seasonal (¢ ), third atomic seasonal (3¢ ), fourth atomic seasonal (¥¢w) ), fifth atomic seasonal (X)),
sixth atomic seasonal (¥¢) ), and irregular (3,).
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