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Abstract
We study the integral of the Frobenius norm as a meas-
ure of the discrepancy between two multivariate spectra. 
Such a measure can be used to fit time series models, and 
ensures proximity between model and process at all fre-
quencies of the spectral density—this is more demand-
ing than Kullback–Leibler discrepancy, which is instead 
related to one-step ahead forecasting performance. We 
develop new asymptotic results for linear and quadratic 
functionals of the periodogram, and make two applica-
tions of the integrated Frobenius norm: (i) fitting time 
series models, and (ii) testing whether model residuals 
are white noise. Model fitting results are further special-
ized to the case of structural time series models, wherein 
co-integration rank testing is formally developed. Both 
applications are studied through simulation studies, as 
well as illustrations on inflation and construction data. 
The numerical results show that the proposed estimator 
can fit moderate-  to large-dimensional structural time 
series in real time, an option that is lacking in current 
literature.
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1  |   INTRODUCTION

1.1  |  Overview

When modelling vector time series data, it is of interest to know whether the model fits the data 
well. This problem can be addressed through a criterion function that provides a distance meas-
ure between spectral densities. In the case of univariate time series, Li (2004) gives an overview 
of classical diagnostic tests of goodness-of-fit (gof), while Paparoditis (2000) and Chen and Deo 
(2004) discuss frequency-domain tests of gof. For multivariate time series, Hosking (1980), Li 
and McLeod (1981), and Lütkepohl (2005) discuss time-domain gof tests. There has been less 
literature on frequency-domain model fitting and gof testing; see Akashi et al. (2018) for recent 
work. Our paper proposes a total (i.e. integrated) Frobenius norm of the multivariate spectral 
density as a criterion function for time series, and develops the applications of model fitting and 
gof testing accordingly.

The main contributions of this paper are: (i) a fast method for fitting structural models to mul-
tivariate time series; (ii) a gof test for separable time series models; (iii) new limit theory for linear 
and quadratic functionals of the multivariate periodogram. This work can therefore be seen as 
a development of ideas summarized in Taniguchi and Kakizawa (2000). Taniguchi (1980) pro-
vided theory for nonlinear functionals of the periodogram, and Taniguchi (1981) treated model 
fitting; also see Keenan (1985). Taniguchi (1987) developed the Frobenius norm functional for 
univariate time series, and Chiu (1988) provided asymptotics for a weighted version of such; also 
see Dahlhaus and Wefelmeyer (1996). Paparoditis (2000) proposed gof testing for univariate time 
series based on the Frobenius norm, and Paparoditis (2005) considered the multivariate exten-
sion to a VARMA model. In recent work, Velasco and Lobato (2018) study minimum distance es-
timators based on a Frobenius norm distance for higher order spectra (for univariate time series), 
extending the framework of Anh et al. (2007).

The older literature on model fitting and gof testing generally uses a smoothed periodogram, 
which is a way of removing the impact of parameter uncertainty at the cost of lowering the as-
ymptotic rate of convergence for the test statistic (through introduction of a bandwidth parame-
ter). Some prior literature considers non-quadratic functions of the spectral density, but we focus 
more narrowly on the quadratic functional (through the Frobenius norm) and dispense—like 
Velasco and Lobato (2018)—with smoothing the periodogram; this forces us to obtain new con-
vergence results for quadratic functions (with complicated variance expressions) but the benefit 
is that user-defined bandwidths are not necessary. This is because our gof statistic (for separable 
models, such as VARMA) has a square root rate with a simple variance that does not depend on 
nuisance parameters; the asymptotic variance is superior to that of Paparoditis (2005). For struc-
tural model fitting, our estimates have an analytical formula that makes modelling moderate-
dimensional time series tractable.

1.2  |  Discussion

Conventionally, model fitting and gof testing are handled through the Kullback-Leibler (KL) 
criterion function (see McElroy & Findley, 2015; Taniguchi & Kakizawa, 2000), which provides 
a measure of discrepancy between vector processes via assessing their relative Gaussian entropy; 
this measure is also related to the Gaussian likelihood of a vector time series sample. The KL cri-
terion is related to one-step ahead forecast performance of competing models (at least in the case 
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of separable models, where the innovation covariance is separately parametrized), and therefore 
presents a nuanced assessment of the proximity of two processes. It is entirely possible for two 
competing models to forecast equally well, while having spectra that are completely distinct; see 
McElroy (2016) for the univariate case.

It may be desirable to have a criterion that assesses proximity in a complete way. Instead of 
requiring that certain functionals of competing model spectra be equal (as in the case of KL dis-
crepancy), we may wish to require that the spectra be identically equal at all frequencies. From a 
testing standpoint, a non-zero discrepancy indicates some significant difference between the two 
models’ spectra at some non-negligible set of frequencies. Failure to reject the null hypothesis of 
a discrepancy will indicate that all functionals of the spectra yield identical values, in particular 
implying that forecast performance is identical for all forecast leads. The total Frobenius norm 
provides such a holistic criterion, essentially capturing the notion of equivalency of models. (See 
Rivers & Vuong, 2002; Vuong, 1989 for development of the concept of model equivalency for 
time series.)

To illustrate the potential utility of such a holistic discrepancy paradigm, consider the use of 
such a criterion to fit vector time series models. Because the model fit is required to be close at 
all frequencies in the data—as opposed to focusing upon those frequencies emphasized by one-
step ahead forecast performance, as with the KL criterion—we can expect superior performance 
when the model is misspecified, and when the analysis’ objectives require the autocovariance 
function at many different lags. For example, longer term forecasts will rely on larger lag auto-
covariances (cf. McElroy & Wildi, 2013); we demonstrate below (see discussion after Proposition 
1) that the total Frobenius norm can yield improved performance over KL when the model is 
misspecified.

In the special case of simple multivariate structural time series models, an exact solution to 
the minimization problem posed by the Frobenius norm criterion is available, resulting in the 
rapidly computable method-of-moments (MOM) estimators introduced in McElroy (2017). We 
show these MOM estimators are asymptotically normal with variances that can be easily calcu-
lated. We further demonstrate how rank tests for the spectral density matrix can be conducted, 
thereby providing an assessment of co-integration effects. Such applications, facilitated by the 
new asymptotic theory developed in Appendix A, are an attractive facet of the total Frobenius 
norm framework when working with moderate dimension time series. When models have a 
fairly low dimension, so that there are less than a hundred parameters, maximum likelihood es-
timation (or Bayesian methods) based on a Gaussian likelihood may be feasible computationally, 
and would be preferable to the Frobenius methods when the data is Gaussian. However, when 
the data is non-Gaussian it can be important to assess the model across all frequencies—and not 
merely focus on one-step ahead forecasting performance, as the Gaussian likelihood implies. 
Moreover, for modelling moderate-  or high-dimensional structural time series the Frobenius 
norm approach becomes appealing to the extent that likelihood approaches become impossible.

A second application is model gof testing. Here the relevant spectra are a fitted model’s spec-
tral density and some nonparametric measure of the process’ spectra, such as the periodogram 
or a tapered autocovariance spectral estimator (McElroy & Politis, 2014). Whereas conventional 
diagnostics (e.g. Ljung-Box (LB) statistics; Ljung & Box, 1978) assess residual autocorrelation, the 
total Frobenius norm encompasses these by insisting on complete agreement between sample 
and model autocorrelations at all lags. This is a more stringent criterion, making adequacy of 
model fit harder to earn—this results in adequate models having a broader range of effective ap-
plications, because goodness-of-fit is not restricted to performance at particular autocorrelation 
lags.



476  |      McELROY and ROY

An essentially equivalent formulation of gof testing can be constructed by assessing whether 
the residual spectral density corresponds to white noise, that is, whether or not the residual spec-
trum is model equivalent to a white noise spectrum. See Davis and Jones (1968), Drouiche (2007), 
McElroy and Holan (2009b), and the overview of Kohli and Pourahmadi (2012). This formulation 
of the gof problem through the total Frobenius norm then yields a criterion resembling the LB 
statistic, where the trace of squared autocovariances are examined for their discrepancy from zero. 
However, the advantage of a frequency-domain formulation of the testing problem is that the null 
hypothesis corresponds only to white noise, whereas in time-domain formulations (such as LB) 
any process having zero autocorrelations up to the maximum lag cutoff also satisfies the null (cf. 
the portmanteau of Lütkepohl, 2005). Moreover, the asymptotic distribution theory of portmanteau 
statistics—such as Peña and Rodriguez (2002) or McElroy and Monsell (2014)—require that the 
process’ tri-spectrum is zero; in contrast, our white noise test is valid under quite broad conditions, 
with a simple asymptotic variance that remarkably is independent of the tri-spectrum.

Section 2 provides the basic properties of the new criterion function, with two motivational 
illustrations developed in Section 3. (For the model diagnosis results, new asymptotic theory for 
quadratic functionals of the multivariate periodogram is developed and discussed in Appendix 
A.) Section 4 develops the applications to model fitting, and includes a treatment of rank test-
ing. Model diagnosis via a frequency-domain white noise test is developed in Section 5. Both 
these applications have simulation studies, validating the asymptotic theory in finite samples. 
Asymptotic results for Sections 4 and 5, including a new asymptotic theory for the MOM estima-
tor of structural time series models, are gathered together separately in Section 6. We make two 
empirical applications in Section 7, applying the MOM estimators, white noise tests, and rank 
tests to both bivariate inflation data and four-variate housing starts data. Supplementary material 
includes technical results (Appendices A and B), all proofs (Appendix C) and additional tables 
(Appendix D) pertaining to the empirical applications. The R code and data files needed for the 
simulation studies and data analysis are also available as supplementary material, and can be 
obtained from https://github.com/tucke​rmcel​roy/frobnorm.

2  |   FRAMEWORK

For a complex (possibly non-square) matrix A, the Frobenius norm is defined via ‖A‖ =
√
Tr(AA∗) , 

where * denotes conjugate transpose. We will abbreviate the trace of a matrix by [[A]]. Consider a 
stationary m-dimensional vector time series {xt}, where for each time t we denote the components 
by x�t = [xt,1, …, xt,m]. The process’ autocovariance function is Γ(h) = Cov(xt+h, xt), so that for 
any 1 ≤ j, k ≤ m, Γjk(h) = Cov(xt+h,j, xt,k). When moments of suitable order exist, the autocumu-
lant functions are defined via 

for a1, …, ak ∈ {1, …, m}. Clearly, �a1,a2 (t1) = Γa1,a2 (t1). To establish the theoretical results of this 
paper, we will adopt Assumption 1(k), where k ≥ 2:

Assumption 1(k)  Given some k ≥ 2, for each j = 1, …, k − 1 and any k-tuple a1, …, ak ∈ {1, …, m} , 
we have 

�a1,…,ak
(t1,…, tk−1) = cum{xt1,a1 , xt2,a2 ,…, xtk−1,ak−1 , x0,ak}

∑
t1,…,tk−1∈ℤ

(1 + |tj|) |𝛾a1,…,ak
(t1,…, tk−1)| <∞.

https://github.com/tuckermcelroy/frobnorm
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The spectral density f is defined via f (�) = {fjk(�)}
m
j,k=1

, where fjk(�) =
∑

h∈ℤ Γjk(h)e
−ih�. The 

spectral density is a Hermitian matrix-valued function, which implies that f (�)∗ = f (�) for each 
λ; hence f (�)f (�)∗ = f (�)2. Evidently, the Frobenius norm of f(λ) depends on λ: 

Taking the average over frequencies λ  ∈  [−π, π] yields the square of the total Frobenius spectral 
norm, which is a type of total variation of the process: 

which is an expression of the Plancherel identity. The middle equality follows from the identity 
Γjk(h) = (2�)−1 ∫ �

−� fjk(�) e
i�h d� for any 1 ≤ j, k ≤ m. This says that Γ(h) is the hth Fourier coefficient 

of f. Henceforth we denote via ⟨f ⟩h such an integral divided by 2π, so that for any 1 ≤  j, k ≤ m, 
⟨fjk⟩h = Γjk(h). In terms of this notation, the total Frobenius norm is the square root of [[⟨f 2⟩0]]. For 
short, we use the notation |f|, that is, the total Frobenius norm of f is � f � :=

�
[[⟨f 2⟩0]]. Given two m-

variate spectra f and g, we define the Frobenius Discrepancy (FD) as the squared total Frobenius 
spectral norm of their difference: 

The Frobenius norm has the property that ‖A‖ = 0 if and only if Ajk = 0 for all entries 1 ≤ j, k ≤ m. 
Hence |f| = 0 if and only if ‖f (�)‖2 = 0 for almost every λ (with respect to Lebesgue measure), and 
hence if and only if fjk(�) = 0 for almost every λ and all 1 ≤ j, k ≤ m. Two spectra that are equal except on 
a set of frequencies of Lebesgue measure zero are said to be equal almost everywhere (a.e.). Therefore, 

This property will be referred to as complete equivalency of f and g. When f and g pertain to two dif-
ferent fitted models, we say they are model equivalent.

Either f or g can be the multivariate periodogram, which we define next. In applications we 
consider a sample of size T, denoted {x1, x2, …, xT}, of the strictly stationary m-variate time series 
{xt}. The jth component of xt is denoted xt,j. The vector sample mean is denoted by x. Let the sam-
ple autocovariance be defined as Γ̂(h) = T−1∑T−h

t=1 (xt+h − x)(xt−x)
� for h ≥ 0, and Γ̂(h) = Γ̂(−h)� 

for h  <  0. We next define the Discrete Fourier Transform (DFT): for any λ    ∈    [−π,  π], let 
d(�) =

∑T
t=1 (xt − x) e−i�t. Note that this definition (as in the treatment of Brillinger, 2001) does not 

normalize by T−1∕2, which makes the asymptotic analysis easier to parse. We refer to components 
as dk(�). The periodogram I is defined such that I = T−1 dd∗ (suppressing λ), and it follows that 
⟨I⟩h = Γ̂(h).

Another construction is the spectral residual of f with respect to g, which is well-defined so 
long as g is invertible a.e. This spectral residual is denoted by f g−1, and takes a more specific 
form if the model is separable (discussed in Section 5). Such a quantity appears in multivariate 
time series analysis as the basis for fitting models via KL discrepancy, where f is the multivariate 
periodogram and g is the model spectral density (McElroy & Findley, 2015); then 

‖f (�)‖2 = Tr f (�)f (�)∗ = Tr f (�)2 = [[f (�)2]].

1

2� ∫
�

−�

[[f (�)2]]d�=
1

2� ∫
�

−�

‖f (�)‖2 d� =
�
h∈ℤ

[[Γ(h)Γ(−h)]] =
�
h∈ℤ

‖Γ(h)‖2,

(1)FD(f , g) = |f −g|2.

FD(f , g) = 0 if and only if f
a.e.
= g.

KL(f , g) = ⟨[[f g−1]]⟩0 + ⟨log det g⟩0.
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In the context of signal extraction, the spectral residual of the signal with respect to the pro-
cess yields the frequency response function of the optimal Wiener–Kolmogorov filter (McElroy & 
Trimbur, 2015).

The key idea in model diagnosis in time series analysis is to ensure that all pertinent infor-
mation has been extracted from the data by the model—where the definition of pertinent is 
contingent on the exact application, be it one-step ahead forecasting or the detection of cyclical 
turning points. Formulating this paradigm in terms of entropy leads to the KL discrepancy; 
more generally, the model fitting project can be described as an attempt to whiten the data, 
that is, determine a g such that the spectral residual of the data spectrum f (which might be the 
multivariate periodogram, or some other nonparametric estimate) corresponds to white noise. 
Mathematically, we can express such a situation via f g−1 ≡ ⟨f g−1⟩0. This is equivalent a.e. to 
the formulation in terms of the total Frobenius norm: �f g−1 − ⟨f g−1⟩0� = 0. Although the spec-
tral residual f g−1 is not a spectral density (it is not Hermitian, in general), by direct calculation 

Hence, this quantity equals zero if and only if all the residual autocovariances—that is, the quan-
tities ⟨f g−1⟩h—have Frobenius norm zero, for h ≠ 0. Of course, this resembles the LB criterion of a 
sum of squared residual autocorrelations. These results show that whiteness of the spectral residual 
(and hence, adequacy of model fit) is equivalent to �f g−1 − ⟨f g−1⟩0� = 0, and hence model diagnosis 
can proceed by the statistical testing of this null hypothesis.

Often a time series model is specified through a class of spectra  = {f� : � ∈ Θ}, leaving the 
marginal structure (or the higher order polyspectra) unspecified; while this is sufficient to describe 
a Gaussian process, such an approach is frequently used to model non-Gaussian processes as well. 
Denote the spectral density of the data process by f̃ . If f̃ ∈ , then the model is correctly specified, 
and there exists some true �̃ such that f̃ = f�̃. The model  is fitted to the data via some criterion 
function, such as KL discrepancy, and if the model is correctly specified then the minimizer is �̃. 	
If the model is misspecified, then f̃ ∉ , but we still obtain a minimizer �̃, which is called the 
pseudo-true value (PTV); see McElroy (2016) for background. The PTV yields the element of  
that is closest to f̃ , according to the distance metric corresponding to the fitting criterion.

From this discussion, it is apparent that FD(f� , f̃ ) could be used as a model fitting criterion, 
with the value zero attained at the minimizer �̃ corresponding to complete agreement, that is, 
f�̃ = f̃ a. e.. In contrast, the KL criterion involves computing the trace variance of the spectral 
residual. The application to model fitting is developed in Section 4. In practice, f̃  is unknown 
and will be replaced by some nonparametric estimate f̂ , such as the periodogram or a tapered 
autocovariance spectral estimator, and we obtain empirical estimates �̂ by minimizing the corre-
sponding criterion.

For model diagnosis, we could determine the spectral residual f̂ f
�̂
−1 (assuming an in-

vertible model) and proceed to check for whiteness. Alternatively, it may be simpler to 
compute the multivariate periodogram of the model residuals, and use this as a proxy for 
the spectral residual. (This approach has the drawback that parameter uncertainty is not 
accounted for, and hence there is no protection against overfitting.) This application is 
further developed in Section 5.

A third application is given by model comparison testing. Suppose that a second model is 
present, denoted by  = {f� : � ∈ Ξ}, and is fitted (perhaps by the same criterion) to the data 
process, yielding PTV �̃. Potentially both models are misspecified. These two models can be 

�f g−1 − ⟨f g−1⟩0�2 = [[⟨(f g−1)2⟩0]] − [[⟨f g−1⟩20]] =
�
h≠0

‖⟨f g−1⟩h‖2.
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either nested (which means that the intersection of  and  is equal to the nested model) or 
non-nested (both models have some spectra not contained in the intersection). The null hypoth-
esis is model equivalency, that is, FD(f�̃ , f �̃) = 0, and this would be tested by fitting both models 
and computing FD(f

�̂
, f

�̂
). We shall not formally pursue this application any further here.

3  |   APPLICATIONS AND ILLUSTRATIONS

This section provides a more concrete discussion of the preceding topics, focusing on Vector 
Autoregression (VAR) forecasting and fitting structural models.

3.1  |  VAR forecasting

To further motivate the use of the total Frobenius norm criterion, we next explore an illustration 
involving forecasting. Consider fitting a pth order VAR, which has spectral density 
f�(�) = Φ(e−i�)−1 ΣΦ(ei�)−1�, where Φ(z) = 1m −

∑p
j=1

Φjz
j, Φp is invertible and 1m denotes the 

identity matrix of dimension m. Here Σ is the error covariance matrix of VAR(p) model, and θ 
describes the parameter matrices Φ1, …, Φp, Σ in a single vector. Suppose this model is misspeci-
fied, and the true spectral density is f̃ (�) = Ψ(e−i�)ΩΨ(ei�)�, where Ψ(z) = 1m +

∑∞
j=1 Ψj z

j and Ω 
is the innovation covariance matrix. Let � = vec[Φ1, …, Φp] denote the vectorized form of the 
coefficient matrices of the VAR(p) model, and let σ = vec Σ, so that �� = [��, ��] (we write θ with 
the redundancies in σ for easier exposition). Then the PTVs are 

where ΓΦ(0) is the variance of a process with spectral density 

and ΓΨ(0) is the variance of a process with spectral density Φ(ei�)−1� Ψ(e−i�)ΩΨ(ei�)� Φ(e−i�)−1. For 
complex z of unit magnitude, (1m−Φ�

1 z −…− Φ�
pz
p)−1 = − zp(1m+Φ−1�

p Φ�
p−1z +…+Φ−1�

p Φ�
1 z

p−1−Φ−1�
p zp)−1Φ−1�

p
, 

and therefore ΓΦ(0) is the variance of a VAR(2p) model with VAR polynomial 

Similarly, ΓΨ(0) can be identified as the variance of a linear process with appropriate coeffi-
cient matrices. The PTVs for ϕ and σ can be computed separately by concentrating the objec-
tive function.

Proposition 1  Let Φ(z) = 1m −
∑p

j=1
Φjz

j be the matrix polynomial corresponding to a VAR(p) 
model and let � = vec[Φ1, …, Φp]. Define matrices A(ϕ) and B(ϕ) via 

(2)
�̃ = arg min

�,�
{[[ΣΓΦ(0)]] − 2[[ΣΓΨ(0)]]},

Φ(ei�)−1� Φ(e−i�)−1 ΣΦ(ei�)−1� Φ(e−i�)−1,

(1m −Φ1z −…−Φpz
p)(1m +Φ−1�

p Φ�
p−1z +…+Φ−1�

p Φ�
1 z

p−1 −Φ−1�
p zp).

A(𝜙) =
1

2𝜋 ∫
𝜋

−𝜋

Φ(e−i𝜆)−1� Φ(ei𝜆)−1⊗Φ(ei𝜆)−1� Φ(e−i𝜆)−1 d𝜆,

B(𝜙) =
1

2𝜋 ∫
𝜋

−𝜋

Φ(e−i𝜆)−1� Ψ(ei𝜆)⊗Φ(ei𝜆)−1� Ψ(e−i𝜆)d𝜆.
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When fitting a VAR(p) model to a stationary process via the FD criterion (1), the PTVs defined in 
Equation (2) are given by the formulas 

For a specific illustration, consider the case of a univariate AR(1) given by xt = �xt−1 + zt 
with {zt} a white noise process of variance �2; suppose that the true process is an invert-
ible MA(1) process xt = wt + �wt−1 with {wt} a white noise process of variance �2. Then 
�2A(�) = �2(1 + �2)(1−�2)−3 is the variance of an AR(2) process with roots (�−1, �−1) and error 
variance �2. Also, �2 B(�) = �2(1 + �2 + 2��)∕(1 − �2) is the variance of an ARMA(1,1) with pa-
rameters ϕ and θ, and error variance �2. Let � = �∕(1 + �2) be the lag one autocorrelation of the 
true process. By the assumption of invertibility, ρ  ∈  (−1/2, 1/2). Then from Equation (3), �̃ (the 
maximizer of �4(1+�2+2��)2(1 − �2)∕(1 + �2)), is a solution to the equation 

Equation (5) is a depressed quartic equation with a negative discriminant. Hence it has two real roots 
and two complex roots. Looking at the signs of the equation at ±ρ and ±∞, we see that if ρ > 0 then 
the real roots are in the intervals [−ρ, ρ] and (−∞, −ρ) and if ρ < 0 then the real roots are in the inter-
vals [ρ, −ρ] and (−ρ, ∞). If ρ = 0 then all roots are zero. Thus, there is a unique root �̃ in the interval 
(−ρ, ρ), and that is the PTV for ϕ.

On the other hand, ρ is also the Yule-Walker solution for this model fitting exercise, and is 
the PTV obtained from minimizing the KL distance between the true MA(1) process and the 
assumed AR(1) model. Suppose one is forecasting using the assumed AR(1) model with a coeffi-
cient ϕ. Then the h-step ahead forecast error variance will be 

Since |�̃| ≤ |�|, for h > 1 the prediction error will be smaller using the Frobenius norm minimizer 
than that obtained from KL, whereas for h = 1 the KL-minimizer (which is known to be optimal for 
one-step ahead forecast) will yield a smaller forecast Mean Squared Error (MSE). This shows how 
the total Frobenius norm can yield superior results to KL when models are misspecified, but high lag 
information about the process’ serial dynamics is needed.

More generally, suppose we wish to fit a multivariate VAR(1), but suppose this is a misspeci-
fication. In this case, the Yule-Walker PTV is Φ̃YW

1 = R(1), where R(h) = Γ(h)Γ(0)−1 is the multi-
variate autocorrelation function. From McElroy and Findley (2015) we obtain the h-step ahead 
forecast error MSE (for any h ≥ 1) for a VAR(1) process with parameter Φ1: 

This MSE is minimized (in the sense of the ordering of positive definite matrices—see McElroy 
& Findley, 2015) if we can find Φ1 such that Φh

1 = R(h); when h  =  1, this is satisfied by the 

(3)�̃ = arg max
�

{vec[Ω]� B(�)�A(�)−1 B(�) vec[Ω]},

(4)�̃ = A(�̃)−1 B(�̃) vec[Ω].

(5)q(�): = � − � − 2��2 − ��4 = 0.

�2(1 + �2)(1 + �2h − 2��h1{h=1}).

⟨(1m−Φh
1e

−ih⋅) f̃ (1m−Φh
1e
ih⋅)�⟩0

=Γ(0)−Φh
1Γ(−h)−Γ(h)Φh�

1 +Φh
1Γ(0)Φ

h�
1

=Γ(0)−R(h)Γ(0)R(h)� + (Φh
1−R(h))Γ(0)(Φ

h
1−R(h))

�.
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Yule-Walker PTV Φ̃YW
1 . In the case that h > 1, it is possible for the Frobenious Norm PTV for 

Φ1 to yield a lower MSE than the Yule-Walker PTV. To illustrate this point, for simplicity take 
Γ(0) = 1m and suppose this is known; then 

using the fact that the lag k autocovariance for a VAR(1) model equals Φk
1 (for k ≥ 1) when the 

variance matrix is assumed to be 1m. Evaluating at the Yule-Walker PTV, the expression becomes 
2
∑

k≥2 ‖[Φ̃YW
1 ]k−R(k)‖2, which must dominate the corresponding expression for the Frobenius 

Norm PTV (since this PTV minimizes the Frobenius Norm criterion), denoted Φ̃FN
1 . We conclude 

that there exists k ≥ 2 such that ‖[Φ̃FN
1 ]k − R(k)‖ ≤ ‖[Φ̃YW

1 ]k − R(k)‖. The trace of the k-step ahead 
forecast MSE is 

so we see that the trace MSE evaluated at the Frobenius Norm PTV is less than or equal to the trace 
MSE evaluated at the Yule-Walker PTV, that is, k-step ahead forecast performance is superior (in the 
sense of summing the MSE for each component) for the Frobenius Norm PTV.

3.2  |  Structural models

Another application arises from the fitting of structural models (Harvey, 1989). For a time series 
{xt} that has been differenced to stationarity, the model spectrum (as shown in McElroy, 2017) 
takes the form 

for scalar parameter-free real-valued even functions gk, and positive definite (p.d.) parameter matri-
ces Θk. For example, consider a structural model with a trend {�t}, seasonal {�t} (of period s), and 
irregular {�t} component, which are related to the m-dimensional observed process {xt} via 

Letting B denote the backshift operator, we define the component processes via (1 − B)�t = �t , 
(1 + B + B2 +…+ Bs−1)�t = � t, and {�t}, {� t}, and {�t} are each independent Gaussian vector 
white noise processes, with mean zero and variance matrices Σ�, Σ� and Σ�, respectively. Then ap-
plication of 1 − Bs = (1 − B)(1 + B + B2 +…+ Bs−1) reduces the process to stationarity, and the 
quantities in Equation (6) are g1(�) = |1+e−i�+e−i2� +…+ e−i(s−1)�|2 (for the trend component), 
g2(�) = |1−e−i�|2 (for the seasonal component), and g3(�) = |1−e−is�|2 (for the irregular compo-
nent), and such that Θ1 = Σ�, Θ2 = Σ�, and Θ3 = Σ�.

In general, by writing Θ = [Θ1, Θ2, …, ΘK ] we can then define the parameter θ  =  vec[Θ]. 
(There is redundancy in θ, but it is more convenient to avoid using the vech operator.) Let G 
be the matrix given by Gik = ⟨gigk⟩0. Also let g denote the vector of scalar functions gk. Then we 
define the MOM estimator (cf. McElroy, 2017) to be the sample analogue of the minimizer with 
respect to θ of | f̃ − f�|, where we allow the components of θ to be real-valued. That is, we do not 
enforce the p.d. constraints on θ.

�f� − f̃ �2 = 2
�
k≥1

‖Φk
1−R(k)‖2,

[[1m − R(k)R(k)�]] + ‖Φk
1−R(k)‖2,

(6)f�(�) =

K∑
k=1

gk(�)Θk ,

(7)xt = �t + �t + �t .
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Proposition 2  The MOM estimator for the structural model (6) has formula 

where I is the periodogram and Gik = ⟨gigk⟩0.

Note that the MOM estimator in Equation (8) is defined using the integral over all 
frequencies, and not the average over Fourier frequencies, as the former is more convenient 
for computation—and the same asymptotic theory applies, because for linear functionals of 
the periodogram there is an asymptotic equivalency between integration and averaging over 
Fourier frequencies. For computation, we have �Θk = ⟨g�G−1 ek⊗ I⟩0, where ek is the kth unit 
vector. These estimators are very easy to calculate, amounting to just fixed linear combina-
tions of sample autocovariances, but are not guaranteed to be p.d. However, the estimators 
are symmetric, which is proved using the property that I is Hermitian and that each gk is an 
even function of λ. The whole vector of estimates is �̂ = vec[Θ̂]; the corresponding true pa-
rameter is denoted �̃, and does indeed correspond to p.d. Θ̃k. Replacing I by the true spectral 
density in Proposition 2, it is immediate that the PTV exists whenever Θ̃k is p.d., and in such 
a case the PTV is unique. A further application of these MOM estimators is a test for co-
integration: if a particular variance matrix Θk has reduced rank, then the kth component (if 
non-stationary) can exhibit collinearity (McElroy, 2017).

4  |   MODEL FITTING

4.1  |  General theory

For subsequent analysis of the asymptotic properties of the total Frobenius norm, we need an 
understanding of the first and second moments of linear and quadratic functionals of the peri-
odogram. The foundation for these results is found in Brillinger (2001), although several novel 
extensions are needed, which are discussed in Appendix A of the Supplementary Material. For 
continuous real matrix-valued functions �1, �2, �3 of frequency λ we define quadratic and linear 
functionals via 

Note that the trace and integration operators are interchangeable by linearity. Plug-in estima-
tors for the quadratic and linear functionals Q�1,�2

(f , f ) and L�3 (f ) are Q�1,�2
(I , I) and L�3 (I). 	

Unfortunately, the quadratic estimator is biased because integration over frequencies is not equiv-
alent to averaging over Fourier frequencies when considering nonlinear functions of the peri-
odogram; see Chen and Deo (2000) and discussion in McElroy and Holan (2009a). As a result, it 
is important to construct estimators based on discretizing the functionals’ integrals, restricting 
to the Riemann mesh of Fourier frequencies. In particular, let �j = 2�(j − 1)∕T − �, which for 
j = 1, 2, …, T is in the set [−π, π], and define 

(8)�Θ = ⟨g�⊗ I⟩0 ⋅
�
G−1 ⊗ 1m

�
= ⟨g�G−1⊗ I⟩0,

(9)Q�1,�2
(f , g) = ⟨[[�1 f �2 g]]⟩0 L�3 (f ) = ⟨[[�3 f ]]⟩0.

(10)Q̂�1,�2
(f , g) = T−1

T∑
j=1

[[�1 f �2 g]](�j) L̂�3 (f ) = T−1
T∑
j=1

[[�3 f ]](�j).
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Then consistent estimators of Q�1,�2
(f , f ) and L�3 (f ) are given by Q̂�1,�2

(I , I) and L̂�3 (I); the tech-
nical details are provided in Appendix A.

In this section, we consider the fitting of model  via the total Frobenius norm, on the 
basis of the periodogram. The discrepancy of the model  from truth is given by the measure 
FD(f� , f̃ ) = | f̃ − f�|2, which equals 

where the subscript function id refers to the case where the function is the identity matrix. Replacing 
the quadratic functionals by their empirical versions yields the criterion function 

We define the estimator �̂ obtained by minimizing this criterion. In Section 6, it is shown that 
F̂D(f� , I) converges in probability to FD(f� , f̃ ), plus a positive bias term. So long as F̂D(f� , I) is con-
tinuous with respect to θ, then �̂ is consistent for the PTV, which is the minimizer of | f̃ − f�|. (Note 
that the minimizer of | f̃ − f�| is equal to the minimizer of � f̃ − f��2 + ⟨[[ f̃ ]]2⟩0 as well, because the 
second term is free of θ.) The PTV is denoted �̃. The asymptotic normality of �̂ for �̃ is developed in 
Section 6, and the special case of a structural model is also treated there.

4.2  |  MOM estimator simulation: Large number of parameters

To evaluate the finite sample performance of the MOM estimator (8) under different levels of 
model complexity, we used a structural model with trend and seasonal components, and eval-
uated the efficiency of estimators via root mean squared error (RMSE). Although it is desir-
able to compare the MOM estimator with the maximum likelihood estimator (MLE), or other 
likelihood-based estimators, even for moderate dimensions (at least six) the computation proved 
to be prohibitive. Maximum likelihood procedures compute the likelihood usually using the 
Kalman filter (Durbin & Koopman, 2001) and then use optimizers with the likelihood as input. 
Bayesian structural time series computations also use the Kalman filter based likelihood, and 
proceed by using Markov chain Monte Chain computation (Petris et al., 2009; Scott & Varian, 
2014, 2015).

Most available methods either focus on univariate structural time series or allow for parameter-
restricted multivariate time series. The MARSS package in R (Holmes et al., 2012) could be used 
for fitting multivariate processes, but computation of high-dimensional processes can be time 
consuming, if not infeasible. A recent paper on multivariate structural time series (Qiu et al., 
2018) does analyse an eight-dimensional time series, but none of the literature reports any re-
peated sampling simulation results for moderate-dimensional structural time series. In essence, 
while there is extensive literature available for estimating univariate structural time series, fast 
methods providing adequate estimates for multivariate structural time series of moderate to high 
dimension are non-existent. The proposed MOM estimator fills this gap.

For univariate series we compared the efficiency of the MLE (computed using STSM in R) 
with the MOM estimator, and indeed for univariate process the MLE was in general 20–30% more 
efficient for the cases considered. For higher dimensional processes we computed the MLE using 
the MARSS package in R as well as the Ecce Signum R code developed for multivariate signal 
extraction. For dimensions 2 and 3 the MLE, when it could be reliably computed, was more ef-
ficient than the MOM estimator; but even for moderate dimensions the MLE computation time 

Qid,id( f̃ , f̃ ) − 2Qid,id( f̃ , f�) +Qid,id(f� , f�) = Qid,id( f̃ , f̃ ) − 2Lf� ( f̃ ) + ⟨[[f 2
�
]]⟩0,

F̂D(f� , I) = Q̂id,id(I , I) − 2Lf� (I) + ⟨[[f 2
�
]]⟩0.
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became infeasible—and also the optimization routine did not always converge. The routines in 
MARSS were faster than those in Ecce Signum but still for a series of dimension seven, one single 
fit took 4930 s. For a 50-dimensional process with nearly 4000 parameters the computation of the 
MOM estimator required <4 s.

The purpose of this simulation experiment is to demonstrate that even for processes with a 
large number of parameters (e.g. 1000 parameters), the MOM estimator can be computed in real 
time with reliable accuracy. Specifically, we consider the trend-seasonal-irregular structural 
model defined via (7). We varied the process dimension m between 1 and 25. At m = 25 the pro-
cess has up to 975 parameters. The sample sizes were chosen to be T = 100, 1000. We set Σ� = 1m , 
and for Σ� and Σ� we replicated four instances for each dimension 1 ≤ m ≤ 25. For each instance, 
we randomly sampled the ranks of the variance matrices, r� and r�, uniformly from {1, …, m}. 
Thus we had 100 different scenarios with the parameter dimension potentially ranging from 3 to 
975. To generate a positive definite variance matrix of rank r we randomly sampled m × r matri-
ces C whose entries were i.i.d. standard Gaussian, and set the variance matrix to CC′. Thus, 
Σ� = C�C

�
� and Σ� = C�C

�
�
, where C� and C� were m × r� and m × r� full column rank matrices.

For each reduced rank variance matrix, we also noted the effective number of free parameters. 
An m × m nonnegative definite matrix of rank r has r(2m − r + 1)/2 number of free parameters. 
Thus, for a parameter configuration where the ranks of Σ� and Σ� were r� and r�, respectively, the 
model had 

number of free parameters. For example, for a process with dimension m = 20, where the ranks 
for the trend and seasonal components were 14 and 3, respectively, the model had 456 parameters. 
While the maximum dimension considered in the simulation was m = 25, the maximum number of 
effective parameters in the randomly sampled instances was peff = 939.

We generated n = 5000 Monte Carlo replications (using Gaussian innovations for each struc-
tural component) for each of the hundred randomly generated parameter configurations and 
recorded the efficiency of the MOM estimators, as measured by their Monte Carlo RMSE; this 
measure for a MOM estimator Θ̂k of Θk, normalized by 

√
T , is defined as 

where i is the index of the simulation. The Average RMSE for the entries of the different 
component matrices are given in the left panels of Figure 1. For each parameter configuration 
the RMSE is plotted against the number of free parameters, peff; this illustrates the sensitivity 
of estimation error to model complexity. From the figure it is clear that the estimation error, 
when normalized by the sample size and the number of parameters, is very consistent across 
different degrees of model complexity and sample sizes. There is a slight upward trend in the 
RMSE for the entries as the models become more complex, indicating that 

√
T  approximation 

may not be sufficient in finite samples when the parameter dimension is large; however, over-
all the estimation error seems to be remarkably stable even for higher dimensional processes 
with a large number of parameters.

The asymptotic variance expression for the MOM estimators is derived under Assumption 1 
of Section 2. To evaluate the performance of the estimators when these moment conditions are 

peff = r�(2m − r� + 1)∕2 + r�(2m − r� + 1)∕2 +m(m + 1)∕2

Average RMSE(Θ̂k) = T1∕2

�
m+1

2

�−1

n−1
n�
i=1

‖Θ̂k−Θk‖2,
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violated, we repeated the simulation experiment using Student’s t vector white noise processes 
(with degrees of freedom equal to 4, and standardized to have unit variance) for the error pro-
cesses {�t} and {� t}. These error processes are extremely heavy-tailed. The Average RMSE of 
the different variance components are given in the right panels of Figure 1. The RMSE values 
are slightly more variable across different scenarios, with occasional large values. However, the 
overall behavior for the RMSE values is nearly the same as in the Gaussian case.

4.3  |  Rank testing

An interesting application of the asymptotic theory (developed in Theorem 2 below) is that of test-
ing for reduced rank structures of the variance matrices. Following McElroy and Jach (2019), test-
ing whether variance matrices have reduced rank can proceed via adopting the null hypothesis that 
one of the diagonal entries in the generalized Cholesky Decomposition (Golub & Van Loan, 1996) is 
zero. These diagonal entries correspond to sequential Schur complements, computed with respect 
to each upper left sub-matrix (McElroy, 2018), and therefore can be expressed as a ratio of determi-
nants. Hence these Schur complements are smooth functions of the entries of a matrix, and we can 
use the delta method in conjunction with Theorem 2 to perform a reduced rank test.

For the present application, we consider bivariate time series, and rank reduction is equiv-
alent to the determinant being zero (see McElroy & Jach, 2019 for further discussion). We 
test whether Σ� or Σ� have rank one by checking if the determinant of the matrix is zero. 
Specifically, we test 

for variance component Θk, for k = 1, 2. Because m = 2 the variance components have the form 

and the estimated asymptotic variance of detΘ̂k will be vk = b�Wkk b, where 	
b = (Θ̂k,22, −2Θ̂k,21, Θ̂k,11)

� and Wkk is the diagonal block of the variance matrix M−1VM−1 in 
Remark 1 and Theorem 2 (see Section 6) associated with the entries of Θk, with parameters replaced 
by their MOM estimates.

For simulation, we used model (7) with the following parameter specifications: 

In terms of the notation of Section 4.2, the variance component matrices are Θ1 = Σ� , Θ2 = Σ� 
and Θ3 = Σ�. The variance parameters were set to �1,� = �1,� = 1, �2,� = 0.8, �2,� = 0.6, 	
�� ∈ {0, 0.6, 0.9, 0.95, 1}, and �� ∈ {0, 0.4, 0.8, 0.9, 1}. Note that for either Σ� or Σ�, when the cor-
relation parameter is equal to one, the matrices are of reduced rank (i.e. rank one). Otherwise, for 
all other values the matrices have full rank (i.e. rank two). Thus the type I error rate will be reached 
when the correlation is one, whereas when the correlation moves away from unity the power of 
the test will increase. Table 1 shows the size and power of the test for a reduced rank component 

H0: det(Θk) = 0 vs H1: det(Θk) ≠ 0

Θk =

[
Θk,11 Θk,12

Θk,21 Θk,22

]
,

Σ� =

[
�21,� ���1,��2,�

���1,��2,� �22,�

]
, Σ� =

[
�21,� ���1,��2,�

���1,��2,� �22,�

]
, Σ� =

[
1 0

0 1

]
.
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F I G U R E  1   The method-of-moments estimator’s average root mean squared error is shown along the y-axis, 
and the number of effective parameters in the model (peff) is shown along the x-axis. The solid line corresponds 
to T = 1000, and the dashed line corresponds to T = 100. The left and right panels are respectively for Gaussian 
and Student’s t (4 degrees of freedom) distributions, while the top, middle, and bottom panels correspond, 
respectively, to the trend, seasonal and the irregular variance components
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for both the trend and the seasonal components, based on a nominal α = 0.05. The values corre-
sponding to the null hypothesis are identified in bold. The tests are generally conservative, partic-
ularly at smaller sample sizes, with the test for the seasonal component being more conservative 
than that for the trend component. The power for the trend component test rises more rapidly than 
that of the seasonal component as the parameter value moves away from the null.

5  |   MODEL EVALUATION

In this section, we consider testing model goodness-of-fit using the total Frobenius norm. We 
assume that the models are separable, and have been fitted with a concentrated Whittle like-
lihood (described below), but one wants to evaluate the model fit by examining the residuals 
in frequency-domain, across all frequencies via the total Frobenius norm. Appendix B of the 
Supplementary material considers the case of non-separable models.

5.1  |  Methodology

A separable model for {xt} takes the form xt = Ψ�(B)�t, where {�t} is a multivariate white noise 
with covariance matrix Σ, and Ψ�(z) =

∑∞
j=0 Ψjz

j such that Ψ0 = 1m and the matrices Ψj each de-
pend on the parameter vector θ—but Σ is separately parameterized. For example, VARMA mod-
els are separately parameterized. The spectral density is 

and we let f
�
(�) = Ψ�(e

−i�)Ψ�(e
i�)� correspond to setting Σ = 1m in Equation (11). McElroy (2018) 

shows that the concentrated Whittle likelihood for a separable model is (up to a constant) the log 
determinant of the forecast error variance matrix 

In particular, the minimizer (when it exists and is unique) of log det Σ̂(�) is the Whittle estimator �̂ , 
and the noise covariance matrix is estimated via Σ̂(�̂). In this estimate, we integrate (and divide by 
2π) the quantity 

which can be viewed as an estimate of the spectral density of the residual process Ψ
�̂
(B)−1 Xt, 

that is, 

If we replace I by the true spectral density f̃  in the forecast error variance matrix, then the minimizer 
�̃ is the PTV for θ based on the Whittle likelihood. Then by replacing �̂ by �̃ in Ĵ  and ĝ, we obtain 
‘asymptotic versions’ (they are only asymptotic in the sense that the impact of parameter uncertainty 
has been removed) defined respectively as 

(11)f�(�) = Ψ�(e
−i�)ΣΨ�(e

i�)�,

Σ̂(�) = ⟨Ψ�(e
−i⋅)−1 I Ψ�(e

i⋅)−1�⟩0.

Ĵ = Ψ
�̂
(e−i⋅)−1 I Ψ

�̂
(ei⋅)−1�,

ĝ = Ψ
�̂
(e−i⋅)−1 f̃ Ψ

�̂
(ei⋅)−1�.

J̃ =Ψ�̃(e
−i⋅)−1 I Ψ�̃(e

i⋅)−1�

g̃ =Ψ�̃(e
−i⋅)−1 f̃ Ψ�̃(e

i⋅)−1�.
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Note that if the model is correctly specified, then f̃ = f�̃ and plugging in Equation (11) yields g̃ = Σ . 
This motivates the testing problem �g̃�2 − ‖⟨g̃⟩0‖2 = 0, because � g̃�2 − ‖⟨g̃⟩0‖2 is non-negative and 
equals zero if and only if g̃ is constant, that is, corresponds to white noise. Rewriting this functional as 

it can be seen that substituting Ĵ  for g̃ yields a statistic that converges to �g̃�2 + ⟨[[g̃]]2⟩0 − [[⟨g̃⟩2
0
]] 

(this is shown in the proof of Proposition 4, below). In the case that g̃ ≡ Σ, corresponding to a white 
noise process, the limit reduces to [[Σ]]2, which is nonzero except in trivial cases. In order to obtain 
a statistic that converges to zero (the null hypothesis value of �g̃�2 − ‖⟨g̃⟩0‖2), we propose to subtract 
the quantity [[⟨Ĵ⟩0]]2, which converges to [[Σ]]2 under the null. These arguments suggest defining a 
model evaluation functional Eval(g̃) and estimator Êval(Ĵ) as follows: 

The estimator Êval(Ĵ) can be alternatively expressed with the final two terms, [[⟨Ĵ⟩2
0
]] and [[⟨Ĵ⟩0]]2 , 

having their integral replaced by a sum over Fourier frequencies; this can make calculation easier. 
However, because these two terms involve integrals/sums over a linear function of the periodogram, 
the asymptotic theory is the same, whether we use integrals or sums (cf. Chen & Deo, 2000). The 
evaluation estimator converges in probability to the correct quantity for the testing problem, using 
Assumption 1 of Section 2; this is shown in Section 6 below.

� g̃�2 − ‖⟨g̃⟩0‖2 = Qf −1
�
,f −1
�

( f̃ , f̃ ) − [[⟨g̃⟩20]],

Eval(g̃) = �g̃�2−‖⟨g̃⟩0‖2+⟨[[g̃]]2⟩0− [[⟨g̃⟩0]]2=Q2f −1
�
,f −1
�

( f̃ , f̃ )+⟨[[g̃]]⟩0− [[⟨g̃⟩20]]− [[⟨g̃⟩0]]2

Êval(Ĵ) = �Ĵ�2−‖⟨Ĵ⟩0‖2− [[⟨Ĵ⟩0]]2= Q̂f −1
�̂
,f −1
�̂

(I , I)− [[⟨Ĵ⟩20]]− [[⟨Ĵ⟩0]]2.

T A B L E  1   Power and size of the test of reduced rank structure based on method-of-moments (MOM) 
estimates

H0 : det(𝚺�) = 0 H0 : det(𝚺�) = 0

�� ��

0.00 0.40 0.80 0.90 1.00 0.00 0.40 0.80 0.90 1.00

T = 200 T = 200

�� 0.00 1.000 1.000 0.999 0.998 0.998 0.091 0.050 0.015 0.011 0.012

0.60 0.976 0.982 0.993 0.989 0.993 0.115 0.056 0.024 0.014 0.010

0.90 0.367 0.421 0.468 0.479 0.484 0.122 0.091 0.027 0.019 0.005

0.95 0.125 0.146 0.171 0.167 0.180 0.105 0.093 0.025 0.014 0.009

1.00 0.020 0.014 0.019 0.015 0.007 0.136 0.097 0.021 0.014 0.012

T = 500 T = 500

�� 0.00 1.000 1.000 1.000 1.000 1.000 0.506 0.213 0.052 0.046 0.019

0.60 1.000 1.000 1.000 1.000 1.000 0.462 0.323 0.064 0.037 0.016

0.90 0.870 0.910 0.940 0.939 0.944 0.453 0.422 0.076 0.067 0.029

0.95 0.436 0.514 0.548 0.555 0.575 0.437 0.435 0.097 0.057 0.030

1.00 0.039 0.025 0.032 0.036 0.027 0.397 0.451 0.081 0.047 0.023

Note: Type I errors at the null values are given in bold.
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In order to test the null hypothesis, we need a limit theory for the model evaluation 
estimator. Unlike the case of the LB statistic, based upon a finite number of sample autoco-
variances, in this case, the limit distribution is normal—this is essentially due to the inclu-
sion of the bias-correction term [[⟨Ĵ⟩0]]2. The asymptotic normality of Êval(Ĵ) is provided in 
Section 6. Whereas the limiting variance matrix in general is somewhat complicated, under 
the null hypothesis of the correct model specification there is a helpful simplification, such 
that 

√
TÊval(Ĵ) is asymptotically normal with mean zero and variance 4[[Σ4]] + 4[[Σ2]]2 

(Corollary 1 below).

5.2  |  Simulation results

To test the utility of Corollary 1 (see Section 6) in finite sample, we use the evaluation criterion 
to check model order specification in a two-dimensional VAR(2) process. Specifically, the true 
model, chosen for data generation, was 

where {zt} are Gaussian white noise with mean zero and variance 12, the two-dimensional identity 
matrix. The roots of the VAR polynomial are 0.812, −0.338, and 0.113 ± 0.121i. The sample sizes 
explored were T = 200, 500, and 1000. The number of Monte Carlo replications was 5000. After gen-
erating the data from the VAR(2) specification, we repeatedly fit the data using a VAR(p) model for 
p  ∈  {1, 2, …, 8}. Thus, for p = 1 the model will be misspecified (and rejections pertain to empirical 
power), whereas for p ≥ 2 the models are correctly specified. However, as p grows the properties of 
the test in over-specified models are affected by finite sample terms, and hence the nominal size level 
may be violated. Table 2 provides the proportion of empirical rejections for two-sided tests of correct 
model order (with nominal α = 0.05), using the limiting distribution of Êval(Ĵ) given in Corollary 1, 
where the error variance Σ is estimated from the residuals. Of course in the misspecified models the 
estimate of Σ will be also affected by the misspecification.

The variance expression in Corollary 1 holds even when the innovations have a non-Gaussian 
distribution. To check the power properties of the test, we repeated the simulation exercise for 
model (12) when the innovations for the true model are generated from a multivariate Student’s 
t distribution with 4 degrees of freedom and identity as the scale matrix. The results are given in 
Table 2; the proportions are remarkably close to the corresponding values for the Gaussian case, 
indicating the robustness of the proposed test against distributional assumptions.

6  |   ASYMPTOTIC RESULTS

6.1  |  Model fitting

Here we summarize the asymptotic results needed for model fitting (Section 4.1), and begin with 
the convergence of F̂D(f� , I). (This result relies on Assumption 1 of Section 2.)

Proposition 3  Assume that {xt} is strictly stationary with spectral density f̃ , and satisfies 
Assumption 1(k) for 2 ≤ k ≤ 8. Then for all θ  ∈  Θ 

(12)xt =

[
0.3 −0.3

0 0.4

]
xt−1 +

[
−0.01 −0.1

−0.1 0.25

]
xt−2 + zt ,
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Next, we examine asymptotic normality; define the matrix M� with jkth entry given by [[⟨ �f�
��j

�f�
��k

⟩0]].

Theorem 1  Assume that {xt} is strictly stationary with spectral density f̃  and satisfies Assumption 
1(k) for k ≥ 2. Also suppose that F̂D(f� , I) is a twice continuously differentiable function of θ, 
that the PTV �̃ exists and is unique, and is in the interior of the parameter space. If M�̃ is in-
vertible, then as T → ∞ 

where V� is a matrix with jkth entry given by 

and f̃ (�, − �, �) is the tri-spectral density (defined in Appendix A).

Next, we apply this result to the case of structural models (cf. Equation 6); when the structural 
model is correctly specified, the secondary conditions of Theorem 1 are satisfied, and the asymp-
totic theory for �̂ is fairly straightforward.

Theorem 2  Assume that {xt} is strictly stationary with spectral density f̃  and satisfies Assumption 
1(k) for k ≥ 2. If the structural model (6) is correctly specified, then �̂ is consistent for �̃ and 

where A = G−1 g⊗ 1m2 and F̃ is a block-matrix form of the multivariate tri-spectrum defined in 
Appendix A.

F̂D(f� , I)
P

⟶ � f̃ − f��2 + ⟨[[ f̃ ]]2⟩0.

√
T(�̂ − �̃)


⟹  (0, M−1

�̃
V�̃M

−1
�̃
),

Vjk = 2

[[⟨
f̃
�f�
��j

f̃
�f�
��k

⟩

0

]]
+

⟨⟨[[
�f�
��j

f̃ (�, −�,�)
�f�
��k

]]⟩

0

⟩

0

,

√
T(�𝜃− 𝜃̃)


⟹  �

0, 2⟨A( f̃ �⊗ f̃ )A�⟩0+⟨⟨A(𝜆)F̃(𝜆, −𝜆,𝜔)A(𝜔)�⟩0⟩0
�
,

T A B L E  2   Size and power of the model evaluation test, computed based on residuals from a VAR(p) to the 
VAR(2) model (12), for different model orders and different sample sizes

p

Gaussian innovations Student’s t innovations

T = 200 T = 500 T = 1000 T = 200 T = 500 T = 1000

1 0.089 0.217 0.697 0.062 0.183 0.376
2 0.024 0.043 0.045 0.029 0.048 0.051
3 0.027 0.050 0.055 0.050 0.066 0.059
4 0.038 0.059 0.059 0.062 0.080 0.077
5 0.062 0.073 0.064 0.085 0.100 0.084
6 0.078 0.089 0.064 0.100 0.127 0.098
7 0.096 0.108 0.066 0.132 0.139 0.130
8 0.103 0.132 0.082 0.146 0.176 0.139

Notes: Values of p ≥ 2 correspond to size, and should be close to the nominal level of 5%, whereas values in the row for p = 1 
correspond to power. The innovations for the true model are generated from either a Gaussian distribution or a multivariate 
Student’s t with 4 degrees of freedom and identity as the scale matrix.
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Remark 1  The asymptotic variance matrix in Theorem 2 can be written in terms of the M and V 
matrices of Theorem 1, which in the case that the tri-spectral density is zero work out to be 
M = G⊗ 1m2 and V = 2⟨gg�⊗ ( f̃

�
⊗ f̃ )⟩0. From Equation (6) it follows that 

and hence the ijth block of V, of dimension m2 × m2, is 

Substituting the estimates Θ̂ then yields an estimator V̂ , which can be swiftly calculated once the 
4-array ⟨gigjg�gk ⟩ has been determined. Moreover V̂

P
⟶ V  follows from the consistency of �̂ in 

Theorem 2 (so long as the tri-spectrum is zero).

6.2  |  Model evaluation

Here we summarize the asymptotic results needed for model evaluation (Section 5.1).

Proposition 4  Assume that {xt} is strictly stationary with spectral density f̃ , and satisfies 
Assumption 1(k) for k = 2, 3, 4. Suppose that the model for {xt} is separable, and Ψ�(z) is twice 
continuously differentiable in θ. Let the PTV �̃ be the minimizer of KL( f̃ , f

�
); if it exists 

uniquely in the interior of the parameter space, then as T → ∞, Êval(Ĵ)
P

⟶ Eval(g̃), and 

Remark 2  Proposition 4 does not assume that the null hypothesis is true. But if the residual is 
white noise, then g̃ ≡ Σ, and 

Evidently, Êval(Ĵ) can be negative, because of the presence of the bias-correction term 
[[⟨Ĵ⟩0]]2.

In the following result on asymptotic normality, for any matrix-valued function a(θ) we let 
∇�a(�) denote the block row matrix [ �a(�)

��1
, …, �a(�)

��q
] (where θ has q components). Note that if c 

is an m × m matrix, then [[c∇�a(�)]] is 1 × q, with kth entry given by [[c �a(�)
��k

]]. Analogously, the 

q  ×  q matrix H(θ) is defined via H(�) = ⟨[[ f̃∇∇�f
�
]]⟩0, where the jkth entry is given by 

⟨[[ f̃
�2f

�

��j��k
]]⟩0 .

Theorem 3  Assume that {xt} is strictly stationary with spectral density g̃ and satisfies Assumption 
1(k) for k ≥ 2. Suppose that the model for {xt} is separable, and Ψ�(z) is twice continuously 
differentiable in θ. Let the PTV �̃ be the minimizer of KL( f̃ , f

�
); if it exists uniquely in the inte-

rior of the parameter space, then as T → ∞ 

f �
𝜃
⊗ f𝜃 =

K∑
�,k=1

g�gkΘ
�
�
⊗Θk ,

Vij = 2

K�
�,k=1

⟨gigjg�gk ⟩Θ�
�
⊗Θk .

(13)�[�J̃�2] = O(T−1) + �g̃�2 + ⟨[[g̃]]2⟩0.

Eval(g̃) = �Σ�2 − ‖⟨Σ⟩0‖2 + ⟨[[Σ]]2⟩0 − [[⟨Σ⟩0]]2 = 0.
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where W and v are defined as 

Here b(�) = Ψ�̃(e
i�)−1� ⟨ g̃ ⟩Ψ�̃(e

−i�)−1 and H = H(�̃); the entries of W are described in Theorem A.1 
of Appendix A.

The entries of W are described using the notation of Theorem A.1, where V∇a(�)|c is shorthand for 
a block matrix with jth block row given by V �a(�)

��j
|c. These block matrices depend on the tri-spectrum; 

calculation of W can be accomplished by using plug-in estimators, as discussed in Taniguchi (1999). 
However, under the null hypothesis of correct model specification there is a remarkable simplifica-
tion to the limiting variance—all the dependence on the tri-spectrum vanishes.

Corollary 1  Assume that {xt} is strictly stationary with spectral density g̃ and satisfies Assumption 
1(k) for k ≥ 2. Suppose that the model for {xt} is separable, and Ψ�(z) is twice continuously 
differentiable in θ. If the model is correctly specified, then as T → ∞ 

Corollary 1 can be applied by substituting the sample variance matrix of the residual process, 
that is, Σ̂ = Γ̂(0), in the expression for the asymptotic variance.

7  |   EMPIRICAL ANALYSES

7.1  |  Bivariate inflation

We examine the bivariate Personal Consumption Expenditures (PCE) inflation data discussed in 
McElroy and Trimbur (2015). The first series measures core inflation (excluding food and energy 
items) whereas the second series is total inflation; the data were obtained from the Bureau of 
Economic Analysis, and covers 1986Q1 through 2010Q4. Changes in level to both series over the 
sample period indicate the possible presence of a stochastic trend; as in McElroy and Trimbur 
(2015), we proceed by fitting a structural model (7) with only random walk trend and irregular 
components, because the seasonal component {�t} is not needed.

√
T
�
Êval(Ĵ) − Eval(g̃)

� 
⟹  (0, v�Wv),

W =

⎡
⎢⎢⎢⎢⎢⎢⎣

Vb�b Vb�f −1
�̃

Vb�f −1
�̃
,f −1
�̃

Vb�∇f −1
�̃

Vf −1
�̃
�b Vf −1

�̃
�f −1

�̃

Vf −1
�̃
�f −1

�̃
,f −1
�̃

Vf −1
�̃
�∇f −1

�̃

Vf −1
�̃
,f −1
�̃
�b Vf −1

�̃
,f −1
�̃
�f −1

�̃

Vf −1
�̃
,f −1
�̃
�f −1

�̃
,f −1
�̃

Vf −1
�̃
,f −1
�̃
�∇f −1

�̃

V∇f −1
�̃
�b V∇f −1

�̃
,f −1
�̃

V∇f −1
�̃
�f −1

�̃
,f −1
�̃

V∇f −1
�̃
�∇f −1

�̃

⎤
⎥⎥⎥⎥⎥⎥⎦

v� =
�
−2, −2[[⟨g̃⟩0]], 1,

−4[[⟨g̃Ψ�̃(e
−i⋅)−1 f̃∇�Ψ�̃(e

i⋅)−1�⟩0]]H−1

+4[[⟨g̃⟩0⟨Ψ�̃(e
−i⋅)−1 f̃∇�Ψ�̃(e

i⋅)−1�⟩0]]H−1

+4[[⟨g̃⟩0]][[⟨Ψ�̃(e
−i⋅)−1 f̃∇�Ψ�̃(e

i⋅)−1�⟩0]]H−1
�
.

√
TÊval(Ĵ)


⟹  (0, 4[[Σ4]] + 4[[Σ2]]2).



      |  493McELROY and ROY

Because the dimension and sample size are small, direct MLE is feasible. We computed MLE re-
sults for comparison with the MOM estimators, examining both an unrestricted model (i.e. the related 
trends model) and the common trends restriction, whereby Σ� is enforced to have rank one. These re-
sults are summarized in Appendix D of the Supplementary Material. While parameter estimates differ 
between the MOM and MLE, the former approach does effect a whitening transformation of the data, 
and at the same time is considerably faster—less than a second (on our machine) is required to com-
pute the MOM estimators, whereas several minutes are required for the MLE optimization routine.

Both the MOM and MLE estimates of Σ� indicate the possibility of common trends, as the 
former estimate has a cross-correlation of 0.784, whereas the latter is 0.875 (in the related trends 
specification). The MOM correlation estimate is not particularly close to unity, though if we 
account for variability it is possible that the rank one hypothesis cannot be rejected. For the test 
of common trends based on the MOM estimate, the results are 741.385 for det(Θk), with an esti-
mated variance of 500, 704.5 and a normalized test statistic of 1.0477. Hence the null hypothesis 
of common trends cannot be rejected.

7.2  |  Four-variate housing starts

Our second empirical illustration involves housing starts, which are published by the U.S. Census 
Bureau on a monthly basis, for the regions corresponding to South, West, Northeast (NE), and 
Midwest (MW). As in McElroy (2017), we study ‘New Residential Construction 1964–2012, 
Housing Units Started, Single Family Units’ from the Survey of Construction of the U.S. Census 
Bureau, available at http://www.census.gov/const​ructi​on/nrc/how_the_data_are_colle​cted/soc.
html. Because of the presence of both a highly dynamic trend and seasonal, a structural model (7) 
with second-order stochastic trend is used along with a seasonal {�t} that is additively composed of 
six atomic seasonal processes, one for each principal monthly seasonal frequency; see Appendix D 
of the Supplementary Material for a discussion. The model involves eight latent components, each 
of which is specified by a 4 × 4-dimensional covariance matrix, yielding a total of 80 parameters.

With a restricted sample size corresponding to the latest 9 years, we were able to run MLE for 
an unrestricted model, and make comparisons to the MOM estimates. These results are summa-
rized in Appendix D of the Supplementary Material. Again, parameter estimates differ between 
the MOM and MLE, but the former approach does effect a whitening transformation on the 
data. The difference in speed is significant: over an hour for the MLE optimization, versus <1 s 
for MOM calculation. We also fitted the model using MOM applied to the entire data span of 
49 years; in this case, the MOM calculation is still <1 s, whereas a single Gaussian likelihood 
evaluation (with an efficient Durbin–Levinson implementation) takes more than a second.

DISCLAIMER
This report is released to inform interested parties of research and to encourage discussion. The views 
expressed on statistical issues are those of the authors and not those of the U.S. Census Bureau.
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