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ROBUST INFERENCE FOR THE
MEAN IN THE PRESENCE OF
SERIAL CORRELATION AND

HEAVY-TAILED DISTRIBUTIONS

Tucker McELRoy AND DimiITRIS N. PoLiTis
University of California, San Diego

The problem of statistical inference for the mean of a time series with possibly
heavy tails is consideretlVe first show that the self-normalized sample mean has
a well-defined asymptotic distributiorsubsampling theory is then used to de-
velop asymptotically correct confidence intervals for the meathout knowl-
edge(or explicit estimation either of the dependence characteristmsof the

tail index Using a symmetrization techniguee also construct a distribution es-
timator that combines robustness and accurédg higher-order accurate in the
regular casewhile remaining consistent in the heavy tailed caSeme finite-
sample simulations confirm the practicality of the proposed methods

1. INTRODUCTION

Consider a strictly stationary time serigs;,t € N} that exhibits long range
dependenceiNe are interested in estimating the mean of this time series under
the assumption that the marginal distributions ée may be heavy tailed

We focus on the sample meah:= n"! 3L, X; as an estimator fof := EX,
which is assumed to be finiteDur point of view is one of generalitythe
sample mean is a ubiquitous estimate of locationparticular it is generally
consistent fol even if the regularity condition of finite variance breaks down
Neverthelessstatistical inferencéconfidence intervals and tesf®r 6 is based

on the distribution ofX, which is crucially affected by dependence #od
heavy tails The purpose of this paper is to provide a way of consistently es-
timating the distribution of thénormalized sample meamnvithout knowledge

(or explicit estimation of either the dependence or the heavy-tailed indbis

tail index measures the heaviness of the faige will achieve this using the
subsampling methodologgisee Politis and Romand 994 Politis, Romang
and Wolf 1999.
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It turns out that the normalized sum of independent and identically distrib-
uted (i.i.d.) heavy-tailed random variables converges weakly to a non-normal
limit (a stable law; thus it satisfies a non—central limit theoreifo develop
confidence intervals fof, we need the quantiles of this stable Jamhich, un-
fortunately are generally unknowrbecause both the scale and the index of
stability (the heavy-tailed indexwill generally be unknownThe recourse is to
use subsampling methodology to estimate the limit quan#esecond practi-
cal problem is that the rate of convergence of the sum is generally unkfbwn
is not the common/n that occurs in the central limit theorgmvhich prevents
us from forming the correct statistichis is solved by self-normalizatiomne.,
by dividing by some appropriate measure of scalech as the square root of
the sample variancéf this is done the limit is no longer a stable random vari-
able but has a well-defined continuous cumulative distribution fundtahf.),
so that subsampling theory can still be applied

The basic idea of subsampling is to compute the desired stdfistar case
the sample meamver smaller subsetssubsamples-of the data This gives
us several estimates of the statistic instead of just Bivee then form the full
root (6 — 0)/é on the subsampleshis will approximate the limit distributign
just as the root evaluated on the whole data set wdBydthen averaging ap-
propriately over the various subsampl@ghich must be contiguous sets for
stationary datg we get an empirical distribution that approximates the true lim-
iting distribution and also the finite sampling distributiofor more details
See section 2 of this paper and Politis et(4B99.

If the sequencéX;} is i.i.d. (and maybe heavy tailedthen the limit distri-
bution of the normalized sample mean is well studied by Lod#allows, Rice,
and Shep1973. Romano and Wolf1999 use the Logan et a[1973 limit
theory to show that subsampling works in this céee more detailssee Poli-
tis et al, 1999 Ch. 10). Nothing is yet known if the seriefX;} is not indepen-
dent this is the purpose of the paper at haiid elaboratewe will prove that
Vn[(X — 8)/6] has a limit distribution with a well-defined continuousi€.;
hereg is a statistic that measures the scale or size of the random variébles
Logan et al (1973, both(n/a,) (X — 8) and(v/n/a,)é are shown to have non-
degenerate limit distributions for ar.d. time seriesthey both depend upon
an unknown ratea,, (that corresponds to the unknown tail index and thus
cannot be used statisticallin that paperthe authors form the ratio of these
two quantities and prove that the quotient converges to a continuous limit dis-
tribution. Because the factoa,, cancels in the divisignthe unknown rate is
eliminated and the resulting object/n[(X — 0)/4] is statistically usefulWe
prove the corresponding limit theorems in a time series context and thus gen-
eralize the work of Logan et a{1973. Other literature on this topic includes
LePageWoodroofe and Zinn(1981), Davis and Resnickl985 1986, Resnick
(1986 1987), Phillips and Sola1992, and Davis and Hsing1995. The first
paper explores the convergence of self-normalized sums of heavy-tailed ran-
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dom variablesThe next two papers are primarily concerned with the limit be-
havior of sample autocorrelations for this linear modélereas Resnickl 986
1987 considers point process techniques used to prove many of these.results
Phillips and Solo(1992 develop asymptotic results for moving average time
series via a decomposition of the linear proc&avis and Hsing1995 exam-
ine models with long range dependence that are not linear

Because the limit distribution depends on the unknown tail index parameter
a, one cannot calculate its quantiJeghich are necessary for the formation of
confidence intervalsFor the unnormalized statistic one could explicitly esti-
mate the parameter, e.g., by Hill's estimator(namely Resnick 1997) and the
scale of the limiting stable distributiofwhich would involve estimation of the
filter coefficients, for the formation of the desired confidence intervélker-
natively, subsampling with estimated rate may be ys&slin Bertai) Politis,
and Romand1999. However these options are only viable when the data are
in the “normal” domain of attraction of a stable laif the data are in a more
general domain of attractiofwhich is the general case we consider in this pa-
pen, the rate of convergence depends crucially upon an unknown slowly vary-
ing function(see Davis and Resnick985. Thus estimation ot via the Hill
estimator is insufficient to determine the rateither has subsampling for es-
timated rate been shown to work in this more general ¢sse the discussion
in Politis et al, 1999. Therefore there is no alternative methodology to what
we present here

Our approach in this paper involves self-normalizatithis bypasses the is-
sue of the unknown rate of convergence but brings in a new difficthy lim-
iting distribution is no longer stabléeSubsampling nonethelesscan still be
applied because a well-defined limiting distribution exidignce this diffi-
culty is alleviated alsoNote that estimation ok via the Hill estimator is of no
practical use hetebecause the quantiles of the limiting distribution are un-
known analytically and moreover the limit distribution depends upon the un-
known filter coefficients coming from the modélhus there seems to be no
other feasible method of solving this problem

Finally, we consider the notion of accuracysing a symmetrization tech-
nigue we construct a distribution estimator that combines robustness and ac-
curacy It is higher order accurate in the regular cdse, when the data have
finite variance and possibly higher order momenighile remaining consistent
in the heavy-tailed casgrovided the marginal distribution of; is symmet-
ric). This justifies the termrobustin the title of the papemote that there are
many situations wherein the bootstrap fails but subsampling is Vialida dis-
cussion of the contrastsee Politis et a] 1999. The failure of the bootstrap
for the sample mean of infinite variance data is an example of the bootstrap’s
limitations (for backgroundsee Athreyal987 Knight, 1989 Hall, 1990. Thus
subsamplingnot resamplingdi.e., the bootstrap is the appropriate method for
this scenario
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This paper is organized as followSection 2 contains background material
and our theoretical resujtSection 3 contains the proofsn some detajland
Section 4 contains some finite-sample simulation studies

2. THEORY

2.1. Background

We consider dinear time series

Xii= X ¢;Z; OtEN,
ez

where{Z} is an ii.d. sequenceand for some filter coefficienty;} satisfying
a summability condition

Throughout the papgwe require that the filtefy;} € |, (see Brockwell and
Davis 1991 Ch. 13) to ensure that the sum converges almost sui@go we
impose that the.i.d. random variable$Z;} (for anyt € Z) are heavy-tailed
i.e., they satisfy the following two properties for somec (1,2):

P[1Z| > x] = x"*L(x), (1)

P[Z, > X] P[Z, = —X] o
— = —_— =

PlZI>x " Blzl>x "

asx — oo. Herep andq are between 0 and 1 and add up towle will say
throughout this paper that such a random variablesvy tailedwith tail thick-
ness parametar. The termL(x) is a “slowly varying” function i.e., L(ux)/
L(x) — 1 asx — oo for any fixedu. An example of a slowly varying function
is the logarithmic functionNote that it easily follows that the right and left
tails of Z; behave like

P[Z, > X] ~ px~“L(x), P[Z, = —x] ~ gx “L(x),

where ~ denotes that the ratio tends to unity xas»> co. For a reference on
heavy-tailed linear time serigsee Cling(1983.

Arandom variable that satisfies the preceding conditions is said to have “heavy
tails.” Such random variables are in the domain of attraction ofaastable
law; i.e, if we take an ii.d. sequence of such,’s, then there exist real con-
stantsa,, > 0 andb, such that

an1<2 Z — bn) éS,
t=1
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whereSis ana-stable lawWe then write{Z;} € D(«), which means thak;
is in the a-stable domain of attractiont is common to see conditiof2) writ-
ten asZ; ~ F (which meansin this context that Z; has cd.f. F(-)) and as
X — 00,

X4(1—F(x) = p, X*F(—=x) = q.

An example of the preceding situation is given Bys in the “normal” do-
main of attraction of am-stable lawwhich means that we can takg = nY/<.
If the Z,’s are themselvea-stable then the hypotheses are certainly satisfied
If in addition they are symmetribwritten Z; is sas), thenX; has the law of a
sas alsg but scaled by(>;; |;|*)"* (This quantity is finite becausdy;} € I,
for p € [0,1].) Note that no generality is lost if one places a constant 0
on the right-hand side of equatiori$) and (2); this constant is called the
“dispersion” of Z, (written disgZ,)). If Z; has theS,(o, B, u) law, i.e, Z; is
a-stable with scaler, skewness3, and locationy (see Samorodnitsky and
Taqqy 1994, then we can tak@ = (B + 1)/2 andq = (B — 1)/2, and the
dispersion is

T
c- o/T(1— a)COS7 o # 1‘

20/ a=1

However for simplicity we will assumeC = 1 throughout this paper
There are a few facts about the choiceagffirst, the sequence should satisfy

nP[|Z,| > a,Xx] — x~* 3)

asn — oo for every positivex. It is easy to check thad, := inf{x:P[|Z,| >

x] = n~1} satisfies this conditionCondition(3) will be very important in what
follows. A change of variable argumenising (1), implies thata, = n¥“L(n)
(not necessarily the same slowly varying function (i)); thus the “nor-
mal” domain of attraction hak = 1. Given this a suitable choice fob, is
E[Z1;]Z;1] = a,]. This definition is interesting—it suggests a “natural” trunca-
tion for Z;.

Notice that becaus@y;} € I, they are also ifl, becausep = 1 < a, so
(Zily|*)Y* < oo. The following notation will be used¥ will denote the
whole sequence ofy;}, and ¥, will denote itsl, norm It is true that{X}
forms a strictly stationary sequendeecause applying a shift operator to the
law for the Z-series does not affect the distributiddow because we are tak-
ing a« > 1, the mean does exisand we shall call it) := E(Z;). ThusEX, =

woo'n = 0’ Wherewoo = E]EZ l/[j'
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We are interested in the following “self-normalized” statistic

E (Xt - 9)
t=1

n
RS
t=1

The termself-normalizedefers to the fact that the denominator essentially es-
timates the convergence radg of the numeratorlf S, converges to a nonde-
generate limit with continuous.df., then we can develop confidence intervals
for 6 via subsampling techniquésee Corollary 2which follows).

Whena is not less than ,2the situation is quite differenfrom the central
limit theorem a partial sum of any.i.d. collection oflL, random variables has
a stable limif which is the normal distributiofthis is thea = 2 stable law.
ThusD(2) contains alll., random variablesbut it also contains some infinite
variance random variableBy contrast the other domains of attraction were
characterized by tail behaviddur general assumption dnis that either it has
finite variance(and obeys the central limit theorgror it has infinite variance
and actually lies irD(«) for a € (1,2].

S

2.2. Asymptotic Behavior of the Self-Normalized Statistic from
Dependent Data

In this section we investigate the limiting behavior&f which was defined in
the previous section to be

2 (Xt - 0)
t=1

n
RS
t=1

The following theorem gives the main result of the paper

Sii=

THEOREM 1 Consider the case that F is heavy tailed, such that it is in
D(«) with « € (1,2), and consider a linear time series with summable filter
coefficients. In addition assume conditions (1)—(3) hold also. Then:

S, £ & i =:5(2)

W, 4[S, ’
where S is am-stable random variable and,®as a totally right skewed (thus
positive)a/2-stable law; in particular, the limit random variable has a contin-
uous nondegenerate distribution. In the case that F is heavy tailed bu®,
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then the same result holds if we center the denominator,,0f €5, replace X
by X — X.

Remark Resnick(1986 proves a similar result foriid. data(which is the
special case wher@ = {...0,¢, = 1,0,...}), under the hypotheses that the
numerator is uncentered amd< (0,1). If Z is symmetric his result holds for
a =1 alsa So the preceding theorem is the natural generalization of Resnick’s
result to a linear time series with € (1,2).

Define the following “centered version” &,:

> (%0
Tn::—:'\/ﬁ A b

1 i (Xt - )_<)2 o
t=1

whereg,, 1= \/(1/n)§‘,{‘:1(xt — X)? is an estimate of scal@hen we obtain the
following corollary that includes the regular finite variance case as a possibility

COROLLARY 1 Let F be either a heavy-tailed distribution withe (1,2]
or an L, random variable and consider a linear time series with summable
filter coefficients. So in the case that F is heavy tailed, assume conditions (1)—
(3) hold. Then T = T, where the random variable T is eithet, /¥, times a
standard normal (in the finite variance case) or i$25 (for the heavy-tailed
case).

2.3. Subsampling for the Self-Normalized Statistics

We now describe how the previous results can be implemented statistically via
subsampling Define the “subsampling distribution estimator” §f to be the
following empirical distribution functiorie.d.f.):

n—b+1

E l{Tbﬁ i=X}o

Kp(X) 1= ————
b(X) n_b+1 i=1

whereT, ; is essentially the statistif, evaluated on the subseris, ..., Xp+i—1}
(but with the unknowrd replaced by the estimatg,) ; in other words

Ty = g2 2
Ubl
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The precise definitions o, ; andéy, ; are as follows

Xpii=+ 2 X

1 b+i—1 _
Opi = \/B 2 (X = Xp,i)2.

The object of subsampling is to use the subsampling distribution estimator
as an approximation of the limit distribution in Corollary it also approxi-
mates the sampling distributioRor more details and background on these meth-
ods see Politis et al(1999.

Strong mixing is a sufficient condition on the dependence structure that in-
sures the validity of subsamplinghe strong mixing assumption requires that
ax(k) — 0 ask — oo; hereax(k) := sup, g|P[A N B] — P[A]P[B]|, whereA
andB are events in ther-fields generated byX;,t = I} and{X,,t = | + k},
respectively for any | = 0. For references on strong mixingee Rosenblatt
(1956 1984 1985. General conditions for a linear series to be strong mixing
are given by Wither¢1981); they require that the; tend to zero fast enough
(with j) and that theZ,’s have an absolutely continuous distributidime strong
mixing condition is easily seen to be satisfied if the series is aniMAmodel
for somem € N, i.e,, when only a finite number of the filter coefficienys are
nonzero In addition if the series has an AR) representatiani.e., if

Xi = X1+ Z

for somey bounded by one in absolute vaJu@en the time series is strong
mixing (see Pham and Trat985. The following corollary is a standard appli-
cation of subsampling to the sample mean problem

COROLLARY 2. Let F be either a heavy-tailed distribution withe (1,2)
or anlL, random variable and consider a strong mixing linear time series with
summable filter coefficients. So in the case that F is heavy tailed, assume con-
ditions (1)—(3) hold. Then the subsampling distribution estimatoiskconsis-
tent as an estimator of the true sampling distribution gfdenoted by JJx) =
P{T, = x}. In other words, if b— o0 as n— oo but with yn — 0, we have

sup Ky (X) — J,(x)| =0
X
and in addition

Ko 1(t) = I74(1)

for any t€ (0,1); here G 1(t) is the t-quantile of distribution G, i.e., G(t) :=
inf{x:G(x) = t}.
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From this resultwe may useKy(x) as a od.f. from which to draw quantiles
and develop confidence intervals with asymptotic veracityis is done as
follows:

1-t=PJ Yt/ =T, =31 1—-t/2]=P[K;X(t/2) = T, = Ky (1 — t/2)]

= IP’[)_(— Kyl(1—-1/2) % =6=X-Kyt/2 %]

where 1— t is the confidence levelThus the approximate equal-tailed confi-
dence interval fop is

a
N
The good thing about this procedure is that the eateeed neither be known
nor estimated to form the preceding confidence interifahe {Z;} sequence

were in the normal domain of attractiothena, = n*. The problem with
using this rate is that the exact valuewfs unknown One can either estimate
a empirically or use self-normalizatioihe Hill estimator may be used to first
estimatea, but its implementation requires the choice of a bandwidth param-
eter and is not robust under dependeftefeResnick 1997). Also see Quintas
Fan and Phillips(2000 and Resnick and Stari¢a998 for some theory on the
Hill estimator for dependent time serigsowever in the case that the domain
of attraction is not normathere will also be a slowly varying function to esti-
mate which is a problem of a higher order of difficultfProvidentially self-
normalization avoids the need to estimatg in essenceself-normalization
implicitly performs the estimatian

[)?— Kol(1—1/2)- X — Kb‘l(t/Z)-%].

2.4. The Symmetrized Situation

We now consider a special subcase wherein the statistic has a symmetric limit
distribution This will permit us to make use of a symmetrized version of the
subsampling distribution estimatdn the finite variance case this will give a
faster rate of convergengalthough still being robust under the case that the
data are heavy tailed’hus if a practitioner believes that the data have balanced
tails (i.e.,, thatp = q = 3 in equation(2)) and thinks that the variance exists
then the sample mean will be an optimal estim@beterms of maximum like-
lihood criterior) of location and the symmetrized subsampling distribution es-
timator will converge fasteBut if the data really are heavy tailgttis estimator
will still be consistent and will function properly

Throughout this sectignve assume that the inpuig;} are heavy-tailed ran-
dom variables with tail thickness that havebalancedtails or in other words
thatp = q = .5 in equation(2). Equivalently one could specify that the inputs
are in thew domain of attraction of aymmetrica-stable distributionFor pur-
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poses of modelinghis is not an unreasonable assumptidnte that we daot
assume that th&,’s (or equivalently thex,’s) have a symmetric distributigm
which case the sample median might be a good measure of locatioras-
sumption is on the tails of the distribution onljhe following result special-
izes Theorem 1 to the symmetric case

THEOREM 2 Let F be either a heavy-tailed distribution with € (1,2]
and balanced tails, or afi., random variable, and consider a linear time se-
ries with summable filter coefficients. So in the case that F is heavy tailed,
assume conditions (1)—(3) hold with=pq = .5. Then |, £ T as in Corollary 1,
and the limit T is symmetric about zero.

We now discuss the regular case which the variance is finite and perhaps
even moments of order higher than two exiSonsider the following moment
and mixing conditions

ay(k) =d e 9 for somed > 0 (4)
and
E|Xo|® < oo for somes= 5. (5)

If (4) and(5) hold true and if the Cramér-type regularity conditio(i3), (2.5)
and (2.6) of Gotze and Hipp(1983 also hold trugthen the following Edge-
worth expansion holds uniformly ir:

P(T,=x) = ®(X/|¢h,.]) + n"?p(x) + O(n~ 1), (6)

where® is the standard normaldf. and thep(x) is a well-defined smooth
function If in addition to the preceding conditionthe conditionsA2[2], «3[2],
and a4 2] of Bertail (1997 hold trug then we also have

Ko(X) = @ (X/ [t |) + b™2p(x) + Op(b™™). (7)

To make use of the higher order terms in the regular case discussed previ-
ously, we will employ a notion of “robust interpolation” that was first proposed
in Politis et al (1999 in the context of .i.d. data For this purposedefine

K™ x) 1= Kp(x) + 12— Kp(—X)

and

b b
K{eb(x) := \E Kp(X) + (1— \/; > K™ X).

The next result shows the efficacy Kf°".
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COROLLARY 3. Assume that b> o and (b/n) — 0 as n— c. Then we
have

sup K{P(x) = 3,(x)| = 0p(1)

as n— oo. If it so happens that the inputs, Are i.i.d. L, random variables,
and the two Edgeworth expansions (6) and (7) hold true, then in addition we
have

sup K{°(x) = 3,(X)| = Op(1/b). (8)

Recall that equatiol6) implies that

Slxlli D (X/th,) = In(X)| = O(%)

so that the error in the normal approximationJ@x) is of orderO(1/vn).
Now observe thatif we let Vn = o(b) (andb = o(n) as alway} equation(8)
implies

1
suplKE°(x) = Jy(X)| = 0p<ﬁ>, 9)

showing thatk/°°(x) exemplifies a higher order accuracy as compared to the
normal approximationwhen they are both applicableinder the corollary’s
assumptions

However K{°°(x) remainsconsistent even when the normal approximation
breaks downe.g., in the presence of heavy tailthus the title “robust” is jus-
tified for K{°°(x). Another attractive feature df;°°(x) versus the normal ap-
proximation (when the latter is applicablas that the quantity/,, must be
explicitly estimated for the normal approximation to be used in practob-
sampling does not suffer from this difficulty as it implicitiiand automati-
cally) provides an estimate af...

3. PROOFS

3.1. Proof of Theorem 1

The following discussion uses standard techniqaédavis and ResnickL985
1986. We have divided the proof into two lemmasghich handle the numera-
tor and denominatorespectively
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LEMMA 1. If Z;, ~i.i.d. F, then

3512 (X, —6) = 0p(1) + Yyt 2 (Z, —n).

t=1 t=1

Remark From this it follows that the left-hand side has arstable weak
limit.
LEMMA 2. If Z, ~i.i.d F € D(a) anda € (1,2), then
-2 C 2 \1122 C 2

a,2 > X¢ = 0p(1) + =5 X (Z,—n)?

t=1 ap t=1

If @ = 2, we must replace Yoy X — X for the result to be valid.

Remark From this it follows that the left-hand side has a positivE2-
stable weak limit

Proof of Lemma 1 First restrict to the MA2m + 1) case wherey; = 0
unless—m=j = m. Then

n n
a,t > (Zi-j—m) = 0p(1) + a,' 2 (Z;-n) O-m=j=m
t=1 t=1

(namely Davis and Resnickl985 p. 190). If we take the dot product of this
vector with(¢_m,...,¥0,..., ) (@symptotic equivalence is preserved because
dot product is a continuous mappingve obtain

n

aﬁlz Z ‘ﬂj(zt—j —n) =0p(1) +ag*t 2 Ui 2 (Zy—m).

t=1j=—m j=—m t=1

We letm — oo on both sidesOn the right-hand side we get

0p(1) + 2t 3 (Zo— ).

On the left-hand side there is some justification to be m@dgin see Davis
and Resnick1985 pp. 190-19), but it is valid to take the limit asn — oo,
and we arrive at the statement of Lemma 1 u

Proof of Lemma 2 It is easy to show that
n n
a,> > XZ =0p(1) +a,% > (X — 6)*
t=1 t=1
using the fact thatr < 2. If « = 2, we obtain the same equivalenceXf is

replaced byX, — X. For the calculationsee the proof of Corollary,lwhich
follows. Expanding the right-hand side in terms&f one obtains two terms
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a2 > X A (Z—m)?

t=1jez

and

a2 > D (Z; — )(Zii — 7).

t=1i#j

The second term i, bounded by a constant timés/a2)¥2, which tends to
zera The first term with arguments similar to Lemma is

vyl )
= 0D+ 5 2 (Z—n)?
an t=1

which proves the lemma u

Implementing these resujta/e see that
(an‘l > (X —6),8,%> x3> = 0p(1)
t=1 t=1

¥ (anlwm Sz - a2 Sz 71)2>-
t=1 t=1

By now applying the continuous functidiix, y) := x/4/y to this convergence
result we obtain

lpoo a;l 1:21 (Zt - T/)

2N a,2> (Z,—n)?
=1

Now the right-hand side converges by the Logan e{1873 result because it
only involves the i.d. inputs{Z;}. The weak limit of the right-hand side is
precisely

S =0p(1) +

e S s
v, \S, T
and this proves the theorem [ |

3.2. Proofs of Corollaries 1 and 2

Proof of Corollary 1 The notationsA £ B will meanA = 0p(1) + B (which
is a reflexive and symmetric relationWe have the following equivalences in
probability:
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Z(Xl_a) E(Xt_e) Z(Xt_e)

P P

\/En:(xt_x)z \/En:(xt_a)z ,ixtz
t=1 t=1 t=1

where the second equivalence is only true in the heavy-tailed Tasestate-
ment is really two claimsthe first claim is the left equivalencand the second
claim is the right equivalence

First Claim. LetU,:= a,*3{,Y, = (n/a,)Y, whereY, := X, — 6. It fol-
lows from Theorem 1 that), = Op(1). Hence

agzi (Xe = Xp)? = a,? En: (X —0) + (0 — X,))?
t=1 t=1

n
-1
=a,° > (X~ 07+ = U2,

t=1

Thus
n _ 1 n
a2 > (X, — X2 = OP<H> +a,2> (X —0)3
t=1 t=1

which also holds true for the joint law
1

(anli (X = 0),a;2i (X — Xn)2> - OF’<_>
t=1 t=1 n

+ (an12 (Xt - 0),3-;22 (Xt - ‘9)2)-
t=1 t=1
Applying the continuous functiofi(x, y) := x/4/y finishes the claim

Second Claim. Here we suppose th#t is heavy tailed with 1< o < 2.
Then

n n n 2
FEONCIRTIEERTE) P P
t=1 t=1 an =1 a,

the second term is-(26/a,)U, = Op(a,') = 0p(1), and the third term is
Nt~/ (n)~! = o(1), whereL(-) is slowly varying Note that we need < 2
for the last statement to hold tru&herefore the claim holddy applying f
again to the joint vector

Now the case of Corollary 1 where € (1,2) is clear becausd,, = S, from
the claims so we can apply Theorem 1 to get the desired resldiv suppose
that the variance is finitd.e., Z, € L,. Suppose thaZ, has variancer?; then
by Theorem 7L.2 of Brockwell and Davig1991), we know that
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12 -
ﬁz(xt - 0) _l/’ooa-Nv

where N is a standard normal random variabks for the denominatorwe
have

1 n
=3 (% —0)? 5 Vio?
Ni=1

by Proposition 3.5 of Brockwell and Davig1991). Hence using Slutsky’s
theorem(note that the preceding limit is nonze)yo!

1 n
ﬁzl(xt - 0)

1 n
\ Hzl(xt_a)z

ERL RN
quU’ \Ifz

P

T, ~

This proves the corollary u

Proof of Corollary 2 This result follows immediately from our Theorem 1
and Theorem 12.2 of Politis et al (1999 for self-normalized statistics under
strong mixing—one of our standing hypotheses on the time selinse we
write T, in the formr,[(6 — 6)/5], we see thaf,, = Vn[(X — 6)/6,] so that
m, = \n. Hencer,/, = Yb/n — 0, which is an important condition of Theo-
rem 122.2 in Politis et al (1999. Finally, we note that the limit law in Theo-
rem 1 has no point masselBecause the random variabl&€sand S, have
continuous a.f.s. Thus the limit cd.f. J(x) is continuousand the stated sup-
norm convergence holds u

3.3. Proof of Theorem 2

Henceforth “symmetric” will mean symmetric about zetmless another cen-
ter is specifiedNow in the finite variance caséhe limit is normal and hence
is symmetri¢ and the theorem hold&nd the tails need not be balange8o
now we examine the case whefeis heavy tailed with 1< o < 2 with bal-
anced tails

The first assertion—convergence—is true from Corollajyad our hypoth-
eses are only strongdfrom the proof of Theorem 1 we may writg in the
following manner
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l//oo a;l 2 (Zt - 77)
t=1

- .
2N a,2> (Z,—n)?
=1

The limit of the numerator has skewness equal po— g)sign(X;cz ;) (see
Davis and Hsing1995 Example 55); herep andq are the tail-balance param-
eters defined in equatiof2). The limit random variable will also have location
zerq as desiredthis is independent of the tail-balance issughe denominator
does not affect skewnedsecause it and its limit are positive random variables
So we obtain a symmetric limit by imposing thiatis in a symmetrica-stable
domain of attraction or equivalently by demanding that g. This proves the
theorem [ |

T,=0p(1) +

Proof of Corollary 3 This follows from our Theorem 2 and Theorem.3.Q
of Politis et al (1999.

4. SIMULATION STUDIES

Herein we present the results of simulating the linear time series maggel
specialize to havindr be the od.f. for an sxs random variabtefor simplicity
we taken (and thusf too) to be zero Two AR(1) processes and an MA1)
were considered separatelith the parametest ranging between.2, 1.5, and
1.8. Then 1Q000 time series were generated of length 100 af@d each for
a different subsampling lengtfihe lengthb of the subsampling block was var-
ied between 1 and 2% onfidence intervals for the medree Sect2.3) were
developed from the computed subsampling distribution estimator at the 90%
95% and 99% confidence leveland we recorded the fraction of times that the
constructed interval contained the mean of zéke have done this for each
subsampling lengthand Tables 1-3 give the accuracy for certain valuel. of
The AR(1) processes are simply

X, = 5X_1+Z,,
X, = 9%, +Z,,
respectivelyfor t = 1,2,...,n, and X, := Zy; the sequencé¢z,} are ii.d. sas

random variables with zero mealh is elementary that the preceding time se-
ries can also be written as

X = 2 (0~5)jzt—j X = 2 (0-9)121—],
j=0 j=0

which fits our model assumptions in this paper
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TABLE 1. AR(1) model

n=100 « =12

n=1000 « =12

b 90% 95% 99% b 90% 95% 99%
1 9670  .9820 10000 1 .9453 9456 9519
2 8679  .9294 .9905 4 7425 8214 9138
4 7269 8355 9133 8  .6624 7429 9135
8 6896  .7317 8005 12 .6423 7105 8777

12 6490  .6920 7424 16 6273 7004 8635

16 6114  .6480 6939 24 6193 6891 7962

n=100 a =15 n=1,000 a =15

b 90% 95% 99% b 90% 95% 99%
1 9912 .9935 9999 1 .9508 9633 9995
2 9686  .9820 9994 4 8982 9371 9569
4 8735  .9359 9772 8  .8144 8766 9820
8 7829  .8325 8905 12 .7941 8568 9710

12 7378 7841 8395 16 .7639 8334 9493

16 7106 .7526 8066 24 7514 8121 9086

n=100 a = 1.8 n=1000 a = 1.8

b 90% 95% 99% b 90% 95% 99%
1 9925 9927 10000 1 .9999 10000 10000
2 9930  .9937 10000 4 9510 9788 .9980
4 9544 9841 9953 8  .8969 9436 9940
8 8709  .9130 9541 12 .8656 9243 9839

12 8251  .8668 9179 16  .8540 9071 9750

16 7949 8393 8916 24 .8395 8949 9568

Note: Entries are empirical averages of the equal-tailed subsampling confidence intervals for thehaeam-
inal (targe} coverage level is given at the top of each coluffihese data were generated by an(ARmodel of
parameter5.

The MA(11) process is

10
X = 2 Ui Ziyj
i=o

fort=1,2,...,n, and for coefficientd;} equal to

0.03,0.05,0.07,0.10,0.15,0.20,0.15,0.10,0.07,0.05,0.03.

Both models are strong mixin@ee the discussion in Seét3).
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TABLE 2. AR(1) model

n=100 « =12 n=1000« =12
b 90% 95% 99% b 90% 95% 99%
1 .9681 .9827 .9999 1 .9393 .9399 .9461
2 .8656 9274 .9941 4 7376 .8201 9147
4 7312 .8429 .9133 8 .6647 .7418 9176
8 .6886 .7352 .7959 12 .6407 .7154 .8904
12 .6438 .6825 .7360 16 .6291 .7062 .8682
16 .6108 .6458 .6972 24 .6183 .6914 .8057

n=100 a« =15 n=1000 «a =15
b 90% 95% 99% b 90% 95% 99%
1 .9912 .9935 .9999 1 .9463 .9572 .9991
2 9724 .9851 .9991 4 .8951 9311 .9509
4 8717 .9339 9747 8 .8230 .8827 .9877
8 .7882 .8330 .8955 12 .7899 .8558 .9709
12 1427 .7836 .8402 16 7723 .8402 .9520
16 .7066 .7460 .8000 24 .7554 .8164 .9186

n=100 « =18 n=1000 « =18
b 90% 95% 99% b 90% 95% 99%
1 9951 .9955 10000 1 .9999 10000 10000
2 .9941 .9950 .9999 4 .9494 9771 .9990
4 .9510 9811 .9961 8 .8861 .9400 9951
8 .8734 .9150 .9595 12 .8632 .9158 .9840
12 .8257 .8677 .9185 16 .8465 .9016 9735
16 .7882 .8319 .8856 24 .8313 .8885 .9595

Note: Entries are empirical averages of the equal-tailed subsampling confidence intervals for thehaeam-
inal (targe} coverage level is given at the top of each coluffihese data were generated by an(ARmodel of
parameter9.

These simulation studies show that the optimal block bidepends both on
a and on the degree of dependentee MA(11) model has less dependence
than the AR1) model| but the optimal block lengths were larger for the former
model In general lower values ofa resulted in undercoveragespecially in
the AR(1) model the optimal block size tended to be quite snfabmetimes 1
or 2). For @« = 1.8, the coverage was optimized for larger valuesbofThus
there appears to be some relationship betweand the optimab. The MA(11)
model had coverages closer to the true percentage and thus performed better
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TABLE 3. MA (11) model

n=100 a = 1.2 n=121000 a =12
b 90% 95% 99% b 90% 95% 99%
1 19992 .9998 .9999 1 .9446 .9464 10000
2 9973 19995 .9998 4 .8903 .9381 .9693
4 9748 .9956 9973 8 .8239 .9032 .9988
8 .8981 .9648 9746 12 7707 .8579 .9888
12 .8483 .8944 .9100 16 .7285 .8179 9697
16 7768 .8183 .8307 24 .6906 7748 9321

n=100 a« =15 n=1000 a =15
b 90% 95% 99% b 90% 95% 99%
1 .9995 .9999 10000 1 .9999 10000 10000
2 19991 .9995 10000 4 .9423 .9439 .9999
4 .9860 .9982 .9998 8 9251 9401 .9998
8 9284 9740 .9891 12 .8984 .9280 19991
12 .8919 9267 .9492 16 .8650 9127 .9949
16 .8286 .8645 .8899 24 .8255 .8833 .9827

n=100 a« =18 n=1000« =18
b 90% 95% 99% b 90% 95% 99%
1 19999 10000 10000 1 .9831 .9949 10000
2 .9998 10000 10000 4 .9696 9811 10000
4 .9942 .9988 .9999 8 .9606 9710 10000
8 .9608 .9855 .9939 12 .9424 9597 10000
12 .9186 9452 .9639 16 .9240 9521 9992
16 .8765 .9035 9226 24 .9041 .9430 .9959

Note: Entries are empirical averages of the equal-tailed subsampling confidence intervals for thehaeam-
inal (targe} coverage level is given at the top of each coluffihis is the case of data generated by an (4B
model

than the AR1); thus the amount of dependence also seems to affect the opti-
mal block size

Our simulation results are encouraging but also demonstrate the need for a
practical way of picking the subsampling siadoecause the finite-sample per-
formance of the confidence intervals dependso8ome insights on the theory
and practice of optimally pickindp are available in the regular case of finite
second moment&see Hal] Horowitz, and Jing 1996 Politis et al, 1999. Lit-
tle is known in the case treated here where dependéwezvy tails and self-
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normalization complicate the picture consideratfiyture work will focus on
this important topic
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