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Abstract

We provide self-normalization for the sample autocorrelations of power GARCH(p, q)
processes whose higher moments might be infinite. To validate the studentization,
whose goal is to match the growth rate dependent on the index of regular variation of
the process, we substantially extend existing weak-convergence results. Since asymp-
totic distributions are non-pivotal, we construct subsampling-based confidence inter-
vals for the autocorrelations and cross-correlations, which are shown to have satisfac-
tory empirical coverage rates in a simulation study. The methodology is further
applied to daily returns of CAC40 and FTSA100 indices and their squares.
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In the exploratory analysis of time series, it is common practice to examine the sample auto-

correlations (acs) of the observed data (suitably transformed to remove nonstationarity)

X1;X2; . . . ;Xn, to see whether the process differs significantly from white noise. For financial

time series, such as log-returns, there is also interest in studying the acs of the squared data. In

order to ascertain whether a sample autocorrelation at a particular lag differs significantly

from zero, it is necessary to obtain an accurate construction of the parameter’s confidence

interval, and this in turn requires some knowledge of the asymptotic behavior of the sample
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acs of fXtg (or of fX2
t g). For linear processes with finite variance, the sample acs (under mild

conditions) are asymptotically normal with the asymptotic variance-covariance matrix given

by the standard Bartlett’s formula (Brockwell and Davis, 1991), whereas for nonlinear proc-

esses with potentially infinite variance the asymptotic behavior is much more complex.

In this article we focus on nonlinear processes, namely, the popular class of

GARCH(p,q) processes fXtg (Bollerslev, 1986), which are widely used for modeling finan-

cial log-returns. For GARCH processes, the asymptotic normality of the sample acs with

the standard
ffiffiffi
n
p

-rate holds if E½X4
t � < 1. Since the marginal distributions of GARCH

processes are regularly varying with index j > 0 (Davis and Mikosch, 1998; Mikosch and

St�aric�a, 2000; Basrak, Davis, and Mikosch, 2002), this moment requirement is met if j>4.

However, the asymptotic variance-covariance matrix can no longer be expressed via the

standard Bartlett’s formula, and instead is given via the general Bartlett’s formula (Chapter

5 of Francq and Zakoian, 2010; Kokoszka and Politis, 2011). Nevertheless, this matrix can

be consistently estimated (Francq and Zakoian, 2010; Kokoszka and Politis, 2011) so long

as E½X4
t � < 1. This is in tension with the empirical evidence suggesting that the tails of

financial log-returns are heavier, having an infinite fourth moment (Mittnik, Paolella, and

Rachev, 2002; Carrasco and Chen, 2002; Tully and Lusey, 2007).

Statistical inference for the acs of GARCH processes in the absence of a finite fourth

moment (2< j< 4) is rather challenging. Under this scenario, the convergence rate of the

sample acs is slower than the classical
ffiffiffi
n
p

and is determined by the abovementioned index

j, which depends on the model parameters and the distribution of the innovations fZtg and

is difficult to estimate (Wagner and Marsh, 2004; Baek et al., 2009). Closed-form expres-

sions for j exist only for ARCH(1) and GARCH(1,1). Additionally, if E½Z4
t � ¼ 1, estima-

tion of model coefficients via the quasi maximum likelihood poses difficulties (nonstandard

rates of convergence and non-normal asymptotics) and other methods have been proposed

in the literature (Hall and Yao, 2003; Peng and Yao, 2003; Huang, Wang, and Yao, 2008).

The limit distributions of sample acs when 2< j< 4 involve the infinite-variance stable

laws (Basrak, Davis, and Mikosch, 2002) and thus the asymptotic quantiles cannot be

determined analytically. When 0<j< 2, the population acs of GARCH processes are not

well-defined and the sample acs are inconsistent. For similar reasons, the asymptotics and

the convergence rates for the sample acs of squares of GARCH processes also show trichot-

omous behavior, which is subject to j > 8; j 2 ð4;8Þ and j 2 ð0; 4Þ, respectively.

Our primary goal in the current article is to construct confidence intervals for the acs of

GARCH(p,q) processes, of their squares and of the cross-correlations between the process and

its squares. Recall that the acs of a GARCH process are zero, whereas the acs of squares decay

with geometric rate. Moreover, as shown herein, the cross-correlations between values and

squares for the GARCH process are zero whenever the marginal distributions are symmetric.

Therefore, any empirical evidence against these three features will render dubious the hypothesis

that the data’s dynamics can be adequately captured through a GARCH model. Thus, our pro-

cedures for the construction of confidence intervals can be viewed as several misspecification

tests for the GARCH hypothesis. Also in the case that the acs of the absolute values of the proc-

ess are of interest, we establish convergence results for power GARCH (PGARCH) processes.

In prior literature, Kokoszka, Teyssière, and Zhang (2004) compared several resampling

methods of constructing confidence intervals for lag-1-autocorrelation of squares in GARCH-

type models, recommending residual bootstrap as the best approach. In contrast, we examine

all the lags of the acs, and employ a nonparametric approach that combines the concepts of
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self-normalization and subsampling. This approach is valid irrespective of whether the asymp-

totic distributions for the acs are Gaussian or not (i.e., without assuming finiteness of the fourth

moment), and does not require knowledge of model orders p and q. Our procedure does not

involve parameter estimation, which under some scenarios can be particularly troublesome, for

example, when the error distribution is heavy-tailed with an infinite fourth moment.

Self-normalization (McElroy and Politis, 2007; Jach, McElroy, and Politis, 2012)

addresses the issue of parameter-dependent convergence rates and is accomplished by divid-

ing the sample ac of fXtg (resp. fX2
t g) by a quantity that correctly matches its asymptotic

growth rate, without knowing a priori whether the fourth (resp. eighth) population moment

is finite or not. We show that the fourth (resp. eighth) sample moment is suitable for such stu-

dentization; we also provide a studentization for the cross-correlations. The identification of

suitable studentizations is nontrivial, and is a novel facet of this work. In order to validate

this technique, it is necessary to substantially extend some of the weak-convergence results of

Mikosch and St�aric�a (2000), which is a stand-alone contribution of this article.

Clearly, self-normalization can only resolve half of the problem—namely, eliminating the

need to know the convergence rate to compute the studentized statistic—since the limit distri-

butions will be unconventional and non-pivotal. Subsampling (Politis, Romano, and

Wolf, 1999) can be used to empirically estimate the quantiles of the sampling distribution. This

scheme operates by computing the same statistics on a small subsample—typically a contiguous

stretch—drawn from the original time series data, with the unknown parameter being replaced

by its best large-sample estimate. Consistency of the resulting empirical distribution for the

sampling (or asymptotic) distribution is typically established through a strong mixing assump-

tion, together with strict stationarity, which in the context of GARCH processes is immediate.

The article is organized as follows: Section 1 develops the statistical methodology of

self-normalization for sample acs, as well as other unobserved quantities. While these

results are not of direct statistical applicability, they are necessary for establishing the sub-

sequent subsampling methodology. Section 2 provides a detailed asymptotic theory, upon

which the statistical methodology relies. An application to stock returns is given in Section

3, while Section 4 concludes. Simulations that explore finite-sample performance of the

subsampling estimators, as well as proofs of technical results, are provided in the appendi-

ces (see Supplementary Data).

1 Self-normalization for Autocovariances and Autocorrelations

1.1 Process

The GARCH process satisfies Xt ¼ rt Zt for an iid sequence fZtg that are only assumed to

be symmetric about zero, and

r2
t ¼ a0 þ

Xp

j¼1

ajX
2
t�j þ

Xq

j¼1

bjr
2
t�j: (1)

We refer to frtg as the volatility process. A discussion of the conditions for stationarity

are summarized in Lindner (2009); necessary and sufficient conditions in terms of the process’

Lyapunov exponent are given in Bougerol and Picard (1992), and a sufficient condition—in

the case that Z0 has finite variance—in terms of the coefficients aj and bj is given

in Bollerslev (1986). In this article, we consider fZtg that are heavy-tailed, but are interested
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in stationary GARCH processes—see the discussion in Remark 3.2 of Basrak, Davis, and

Mikosch (2002) (henceforth BDM) for stationarity conditions.

Theorem 3.1 of BDM discusses the properties of the GARCH process, and in their

Corollary 3.5 they show that Ut ¼ ðXt;rtÞ has heavy-tailed marginal distributions of index

j, for some j>0 that depends on distributional properties of Z0 and the GARCH coeffi-

cients in a complicated fashion. The bivariate process fUtg is also strong mixing with geo-

metric rate, and is regularly varying with some rate an. The rate an is related to the tail

index, being given by an ¼ c n1=j for some constant c> 0—see Remark 2.1 of BDM.

The PGARCH process fXtg is defined via Xt ¼ rt Zt together with volatility satisfying

jrtj� ¼ a0 þ
Xp

j¼1

ajjXt�jj� þ
Xq

j¼1

bjjrt�jj�; (2)

where � >0 is the exponent of the process (�¼ 2 corresponds to the GARCH). For referen-

ces on PGARCH, see Mittnik, Paolella, and Rachev, 2002; Carrasco and Chen, 2002; and

Tully and Lusey, 2007. Interest focuses on the transformed variables

Yt ¼ jXtj� and St ¼ r�t : (3)

Define the following sample quantities for k integer:

ĉY;YðkÞ ¼ n�1
Xn

t¼1

YtYtþk

ĉY;SðkÞ ¼ n�1
Xn

t¼1

YtStþk

ĉS;SðkÞ ¼ n�1
Xn

t¼1

StStþk:

(The latter two quantities are not statistics, because fStg is not observed.) Also ĉS;YðkÞ is

defined by swapping the order of Y and S. Up to negligible errors (i.e., terms that converge

to zero in probability—see below for the precise discussion), ĉY;Yð�kÞ � ĉY;YðkÞ,
ĉY;Sð�kÞ � ĉS;YðkÞ, and ĉS;Sð�kÞ � ĉS;SðkÞ. If we remove the ^ symbol, we refer to expecta-

tions (whenever these exist), and the above relations in the lags are exact. Because X0 is reg-

ularly varying of index j, the autocovariances and cross-covariances for fYtg and fStg exist

whenever � < j/2.

We are interested in weak convergence of the so-called roots defined by

~cY;YðkÞ ¼ ĉY;YðkÞ � cY;YðkÞ, and secondarily in weak convergence of the analogous quanti-

ties for the volatilities S and cross-covariances. Although the latter roots involving the vola-

tilities are theoretical quantities, the distribution of ~cY;YðkÞ depends upon ~cY;SðkÞ and

~cS;SðkÞ, so it behooves us to analyze these objects together. When j< 2� the theoretical

quantity cY,Y (k) does not exist, and the root is just defined via ~cY;YðkÞ ¼ ĉY;YðkÞ. We

extend this definition to ~cY;SðkÞ, and ~cS;SðkÞ in the obvious fashion.

The appropriate rate of convergence actually depends on the regular variation rate an.

Trivially, regular variation for the �th power implies a rate of a�n for Yt, and the product of

two variables (in the autocovariances or cross-covariances) indicates a rate of a2�
n . In the

case of a GARCH(1,1), previous work indicates that na�4
n ~cY;YðkÞ converges weakly to a

nondegenerate random variable, jointly in k, when j< 8; here we utilize the rate a2�
n in lieu
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of a4
n (i.e., replacing the exponent 2 by �). When j>2� the autocovariances and cross-

covariances exist, and centering of the sample quantities becomes possible, but when j< 2�

no centering is necessary.

1.2 Self-normalization

For our applications we investigate sample autocovariances, acs, and cross-covariances and

cross-correlations for the process fXtg with its powers fYtg, where Yt ¼ jXtj� . Recall that

cX,X(h)¼ 0 for h 6¼0, whenever j>�. With the notation for ĉðkÞ of the previous subsection,

and with q̂ðkÞ ¼ ĉðkÞ=ĉð0Þ by definition, we here study

ĉX;X; q̂X;X; ĉX;Y ; q̂X;Y ; ĉY;Y ; q̂Y;Y :

In the case of the cross-correlation, the normalization is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ĉX;Xð0ÞĉY;Yð0Þ

q
. In each case,

there are rates of convergence (sometimes with a mean centering) for each statistic with the

results dependent on j and �. Since we are interested in developing simple studentizations

for the statistics, we prove joint results involving absolute sample moments, abbreviated by

l̂Xj ¼ n�1
Pn
t¼1

jXtjj for j real.

Here we discuss self-normalized statistics, such that the studentized quantity’s rate of

convergence does not depend on unknown quantities. First consider self-normalization for

the acs of a GARCH(p,q) process. It follows from Theorem 2 below that

c�1
n nq̂X;XðkÞ ¼ OPð1Þ, where

cn ¼
n1 if j 2 ð0;2Þ

a2
n if j 2 ð2;4Þ

n1=2 if j 2 ð4;1Þ:

8>><
>>:

Excluding j 2 f2;4g, the rate cn equals a constant times n raised to the power

1 ^ ð2=j _ 1=2Þ. A suitable choice for the self-normalization that matches this growth rate cn is

r̂X;X ¼ n�1 þ nl̂X4ð Þ�1=2
� ��1

;

as is demonstrated in Theorem 5 below. Similarly, the growth rate for the acs of powers

takes the form of n raised to the power 1 ^ ð2�=j _ 1=2Þ, and hence we can normalize with

r̂Y;Y ¼ n�1 þ nl̂Y4ð Þ�1=2
� ��1

:

The case of cross-correlations is more complex. In the case that � 2 ð0;1Þ, the growth

rate cn takes the form of n raised to the power ½1 ^ ð1=2þ �=jÞ� ^ ½ð1þ �Þ=j _ 1=2�.
Therefore, we can use the studentization

r̂X;Y ¼ n�1 þ n�1=2 nl̂X2ð Þ��=2 þ nl̂X2Y2ð Þ�1=2
� ��1

:

On the other hand, if ��1 then the growth rate cn takes the form of n raised to the

power ½1 ^ ð1=2þ 1=jÞ� ^ ½ð1þ �Þ=j _ 1=2�. Then we can use the studentization

r̂X;Y ¼ n�1 þ n�1=2 nl̂Y2ð Þ�1=2� þ nl̂X2Y2ð Þ�1=2
� ��1

:
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Each self-normalization converges jointly with the respective correlation statistics, and is

bounded in probability under the assumptions of Theorem 5 given below.

1.3 Subsampling

We now proceed to the statistical portion of the article, namely conducting inference for

the process’ (and its powers’) acs. For a PGARCH(p,q) process, the acs and cross-

correlations with the powers are zero, while the acs of the powers decay exponentially.

Our testing paradigm is as follows: we assume as null hypothesis that the process is

PGARCH(p, q) and check whether the subsampling-based confidence intervals capture zero

(for the process acs and for the cross-correlations with the powers) or decay exponentially

fast (in case of the powers). In both cases, we replace the value of the population parameter

in the root by its full-sample estimate, although in the former case we have the choice of sub-

stituting it with zero. So if zero is not contained in a 1 – a level confidence interval for the acs

or cross-cs at some lag, then we can reject the GARCH hypothesis with Type I error rate a.

We begin with the definitions, and then consider consistency of the estimators.

To construct confidence intervals for qX,X(k) (although for a PGARCH process this

parameter is always zero) we need to approximate the sampling distribution of

TX;XðkÞ ¼ n
q̂X;XðkÞ � qX;XðkÞ

r̂X;X

� �
;

that is, LX;X;kðxÞ ¼ P½TX;XðkÞ�x�. Let L1,X,X,k denote the cumulative distribution function

(cdf) of the corresponding limiting random variable—which by Equation (17) below

depends on j. The use of this asymptotic distribution is impractical, as L1,X,X,k depends on

the unknown parameter and there is no known analytic formula for it. Hence, we propose

to approximate LX,X,k (and L1,X,X,k) nonparametrically via subsampling (Politis, Romano,

and Wolf, 1999). According to this procedure we divide the sample into overlapping blocks

of size b (b!1; b=n! 0), containing Xt;Xtþ1; . . . ;Xtþb�1 for t ¼ 1; 2; . . . ; n� bþ 1,

and calculate the self-normalized statistic upon each block, treating each block as if it were

a full sample. Moreover, the parameter qX,X(k) is replaced by its large-sample estimate

q̂X;XðkÞ. This produces n – bþ 1 subsampling statistics

TX;X;tðkÞ ¼ b
q̂X;X;tðkÞ � q̂X;XðkÞ

r̂X;X;t

� �
;

where q̂X;X;tðkÞ ¼ ĉX;X;tðkÞ=ĉX;X;tð0Þ with ĉX;X;tðkÞ ¼ 1
b

Xtþb�1�k

‘¼t

ðX‘ �XtÞðX‘þk �XtÞ and

Xt ¼
Xtþb�1�k

‘¼t

X‘=b. Note that we could also replace q̂X;XðkÞ by zero, if we wish to utilize

the “null hypothesis” that the process is PGARCH, but we elect instead to utilize a large-

sample estimate, which makes the confidence interval construction more intellectually con-

sistent with the case of the powers’ acs. The normalization r̂X;X;t is given by

r̂X;X;t ¼ b�1 þ
Xtþb�1�k

‘¼t

X4
‘

" #�1=2
0
@

1
A
�1
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and the sampling distribution LX,X,k(x) is approximated by

L̂X;X;kðxÞ ¼
1

n� bþ 1

Xn�bþ1

t¼1

1fTX;X;tðkÞ�xg:

If by cX;X;kð1� pÞ ¼ inf fx : L̂X;X;kðxÞ�1� pg we denote its lower 1 – p quantile, we

obtain for qX;XðkÞ a ð1� pÞ equal-tailed subsampling confidence interval CIet;1�pðqX;XðkÞÞ,
defined as

q̂X;XðkÞ �
r̂X;X

n
cX;X;kð1� p=2Þ; q̂X;XðkÞ �

r̂X;X

n
cX;X;kðp=2Þ

� �
: (4)

Introducing L̂X;X;k;j�jðxÞ ¼
Pn�bþ1

t¼1

1fjTX;X;tðkÞj�xg=ðn� bþ 1Þ, another related distribution,

and its quantile cX;X;k;j�jð1� pÞ ¼ inf fx : L̂X;X;k;j�jðxÞ�1� pg offers an (1 – p) symmetric

subsampling confidence interval for qX;XðkÞ,

CIs;1�pðqX;XðkÞÞ ¼ q̂X;XðkÞ7
r̂X;X

n
cX;X;k;j�jð1� pÞ

� �
: (5)

For the powers fYtg, we have the following, analogous definitions, starting with the sta-

tistic and its subsampling version

TY;YðkÞ ¼ n
q̂Y;YðkÞ � qY;YðkÞ

r̂Y;Y

� �
; TY;Y;tðkÞ ¼ b

q̂Y;Y;tðkÞ � q̂Y;YðkÞ
r̂Y;Y;t

� �
;

where q̂Y;Y;tðkÞ ¼ ĉY;Y;tðkÞ=ĉY;Y;tð0Þ with ĉY;Y;tðkÞ ¼ 1
b

Xtþb�1�k

‘¼t

ðY‘ � YtÞðY‘þh � YtÞ and

Yt ¼
Xtþb�1�k

‘¼t

Y‘=b. Unlike the previous case of the regular acs, we do not presume that

qY;YðkÞ equals zero, so we must estimate it instead. The normalization r̂Y;Y;t is given by

r̂Y;Y;t ¼ b�1 þ
Xtþb�1�k

‘¼t

Y4
‘

" #�1=2
0
@

1
A
�1

:

The sampling distribution LY;Y;kðxÞ ¼ P½TY;YðkÞ�x� is approximated by

L̂Y;Y;kðxÞ ¼
1

n� bþ 1

Xn�bþ1

t¼1

1fTY;Y;tðkÞ�xg;

and is an estimator of L1;Y;Y;kðxÞ, the cdf of the limit variable given in (18). For qY;YðkÞ a

ð1� pÞ equal-tailed subsampling confidence interval CIet;1�pðqY;YðkÞÞ is given by

q̂Y;YðkÞ �
r̂Y;Y

n
cY;Y;kð1� p=2Þ; q̂Y;YðkÞ �

r̂Y;Y

n
cY;Y;kðp=2Þ

� �
; (6)

where cY;Y;kð1� pÞ ¼ inf fx : L̂Y;Y;kðxÞ�1� pg. An ð1� pÞ symmetric subsampling confi-

dence interval for qY;YðkÞ is then

CIs;1�pðqY;YðkÞÞ ¼ q̂Y;YðkÞ7
r̂Y;Y

n
cY;Y;k;j�jð1� pÞ

� �
; (7)

McElroy & Jach j Autocorrelations of GARCH Processes 501

D
ow

nloaded from
 https://academ

ic.oup.com
/jfec/article/17/3/495/4763696 by N

ational Library of H
ealth Sciences user on 21 June 2021



with cY;Y;k;j�jð1� pÞ ¼ inf fx : L̂Y;Y;k;j�jðxÞ�1� pg and L̂Y;Y;k;j�jðxÞ ¼
Xn�bþ1

t¼1

1fjTY;Y;tðkÞj�xg=

ðn� bþ 1Þ. For the cross-correlations between the data process and its powers, the normal-

ized difference and its subsampling counterpart are

TX;YðkÞ ¼ n
q̂X;YðkÞ � qX;YðkÞ

r̂X;Y

� �
; TX;Y;tðkÞ ¼ b

q̂X;Y;tðkÞ � q̂X;YðkÞ
r̂X;Y;t

� �
;

where q̂X;Y;tðkÞ ¼ ĉX;Y;tðkÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ĉX;X;tð0Þ ĉY;Y;tð0Þ

q
. Again, we could replace qX;YðkÞ by zero

under the PGARCH hypothesis, but in keeping with the above treatment we utilize the param-

eter’s large-sample estimate. The normalization r̂X;Y;t is given (in the case of ��1) by

r̂X;Y;t ¼ b�1 þ b�1=2
Xtþb�1�k

‘¼t

Y2
‘

" #�1=2�

þ
Xtþb�1�k

‘¼t

jX‘j2þ2�

" #�1=2
0
@

1
A
�1

:

The sampling distribution LX;Y;kðxÞ ¼ P½TX;YðkÞ�x� is approximated by

L̂X;Y;kðxÞ ¼
1

n� bþ 1

Xn�bþ1

t¼1

1fTX;Y;tðkÞ�xg;

and is an estimator of L1;X;Y;kðxÞ, the cdf of the limit variable given in (19). For qX;YðkÞ a

ð1� pÞ equal-tailed subsampling confidence interval CIet;1�pðqX;YðkÞÞ is defined as

q̂X;YðkÞ �
r̂X;Y

n
cX;Y;kð1� p=2Þ; q̂X;YðkÞ �

r̂X;Y

n
cX;Y;kðp=2Þ

� �
; (8)

where cX;Y;kð1� pÞ ¼ inf fx : L̂X;Y;kðxÞ�1� pg. An ð1� pÞ symmetric subsampling confi-

dence interval for qX;YðkÞ is then

CIs;1�pðqX;YðkÞÞ ¼ q̂X;YðkÞ7
r̂X;Y

n
cX;Y;k;j�jð1� pÞ

� �
; (9)

with cX;Y;k;j�jð1� pÞ ¼ inf fx : L̂X;Y;k;j�jðxÞ�1� pg and L̂X;Y;k;j�jðxÞ ¼
Xn�bþ1

t¼1

1fjTX;Y;tðkÞj�xg=

ðn� bþ 1Þ.

2 Asymptotic Theory

We expand the theoretical results of Davis and Mikosch (1998) and Mikosch and

St�aric�a (2000) in two substantial directions: we derive asymptotic relations for process and

volatility autocovariances and cross-covariances (where the volatility is defined to be frtg)
for the PGARCH process, and we derive cross-covariance results for a PGARCH process

and its power. Our main objective is to obtain nondegenerate weak limits of all studentized

roots, so that the subsampling method is applicable. The first subsection reviews some

background concepts and notation (also see Appendix A in Supplementary Data), while the

second subsection applies these results to certain statistics, providing our main theorems.

The third subsection applies these theorems to produce studentized statistics, and the fourth

subsection establishes the consistency of subsampling.
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2.1 GARCH and PGARCH

The GARCH(p,q) process fXtg has been studied in Mikosch and St�aric�a (2000) and BDM.

In addition to establishing results on autocovariances, BDM provides results on Stochastic

Recurrence Equations (SREs), from which they derive regular variation properties of

GARCH processes; by adapting their methods of proof, many of the results can be trivially

extended to PGARCH processes. We first review BDM’s GARCH results.

The vector process of dimension d ¼ qþ p� 1 defined by

~W t ¼ ½rtþ1;rt; � � � ; rt�qþ2;Xt;Xt�1; � � � ;Xt�pþ2�0 (10)

satisfies a SRE in the squares of its components, as described in Equation (3.1) of BDM. Let

ex be the point measure concentrated at x, and let)
L

denote convergence in distribution of

point measures on R
dðmþ1Þnf0g, where R ¼ R [ f61g and d ¼ qþ p� 1. BDM shows

that ~W tðmÞ ¼ vecð ~Wt; � � � ; ~W tþmÞ yields a point process convergence

Nn ¼
Xn

t¼1

e ~W tðmÞa�1
n
)
L

N1 ¼
X
i;j�1

ePi
~Qij

(11)

as n!1, where an is the rate of regular variation, being implicitly defined by

nP½j ~W 0ðmÞj > an� ! 1: (12)

The fPigi�1 are the points of a Poisson process defined on ð0;1Þ with intensity measure

given in terms of j and the extremal index. The Poisson process
P

i�1 ePi
is independent of

each iid point process
P

i�1 eQij
(for each j�1). The points fPig and fQijg correspond to the

radial and spherical portions of the limiting points ~W tðmÞa�1
n ; see Corollary 2.4 of Davis

and Mikosch (1998) for more detail. It is apparent that ~Qij has mþ 1 blocks of d compo-

nents, which we denote via

~Qij ¼ vecfQð0Þij ;Q
ð1Þ
ij ; � � � ;Q

ðmÞ
ij g; (13)

and each Q
ð‘Þ
ij itself has d ¼ qþ p� 1 components, where 0�‘�m. To refer to the kth com-

ponent, with 1�k�d, of Q
ð‘Þ
ij , we write Q

ð‘;kÞ
ij .

BDM then makes an application to establishing weak convergence of sample autocovarian-

ces of fXtg, extending earlier results by Davis and Mikosch (1998) and Mikosch and

St�aric�a (2000) on the GARCH(1,1). These latter articles also discuss results for the autocovar-

iances of fjXtjg and fX2
t g, which are objects of interest for financial applications; BDM claim

that these results can be extended to the GARCH(p,q) case without proof. For the sample auto-

covariances of fX2
t g, (asymptotic) recursive relations can be derived that extend ideas in Davis

and Mikosch (1998) and Mikosch and St�aric�a (2000) for the GARCH(1,1), but these relations

seem hard to extend to the autocovariances of fjXtjg—something rather special happens when

p;q�1 that prevents the method of proof to be easily generalized for p>1 or q>1.

Essentially, these same results also hold for the PGARCH, which we prove below. Set ~Xt ¼
½Stþ1; � � � ; St�qþ2;Yt; � � � ;Yt�pþ2�0. Then fYtg and fStg, defined via (3), satisfy the following

SRE:

~Xt ¼ At
~Xt�1 þ Bt; (14)
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with Bt ¼ ½a0; 0; � � � ;0�0 and

At ¼

a1 jZtj� þ b1 b2 � � � bq�1 bq a2 a3 � � � ap

1 0 � � � 0 0 0 0 � � � 0

0 1 � � � 0 0 0 0 � � � 0

..

. ..
. . .

. ..
. ..

. ..
. ..

. . .
. ..

.

0 0 � � � 1 0 0 0 � � � 0

jZtj� 0 � � � 0 0 0 0 � � � 0

0 0 � � � 0 0 1 0 � � � 0

..

. ..
. . .

. ..
. ..

. ..
. ..

. . .
. ..

.

0 0 � � � 0 0 0 � � � 1 0

2
6666666666666666666664

3
7777777777777777777775

:

The key assumptions needed to establish the existence of a stationary solution, and its

regular variation properties, are given below. The Lyapunov exponent of the SRE is given

in terms of the L1 matrix norm by

c ¼ inf fn�1
Elog jjA1 � � �Anjj; n 2 Ng;

and sufficient conditions (in the GARCH case) for the exponent’s negativity are discussed

in Remark 3.2 of BDM.

Assumption A: a0 > 0 and the Lyapunov exponent c < 0.

Assumption B: Z0 has a positive density on R such that EjZ0jh < 1 for all h < h0 and

EjZ0jh0 ¼ 1 for some h0 2 ð0;1�; not all the parameters aj and bk for 1�j�p and 1�k�q

are zero.

Assumption C: The density of Z0 is positive in an interval containing zero.

Assumption D: fUt ¼ ðXt;rtÞg is strong mixing with geometric rate.

Theorem 1: For the SRE (14), assume Assumptions A and B. Then there exists a unique

strictly stationary solution to the SRE, and there exists q such that for all x 2 R
dnf0g the

inner product hx; ~X1i is regularly varying with index q. Furthermore, if q is not an even

integer, then ~X1 is regularly varying with index q.

Remark 1: This theorem is proved by exactly following the proof of Theorem 3.1 of

BDM, only substituting jZtj� for Z2
t and consolidating parts A and B; therefore, its proof is

omitted. Because it is unknown whether the PGARCH process is strong mixing—though in

part C of Theorem 3.1 of BDM it is stated that for a GARCH process Assumption C implies

Assumption D—we omit discussion of this point in Theorem 1. Also see Fryzlewicz and

Subba Rao (2011).

Corollary 1: For the SRE (14), assume Assumptions A, B, and D. Then a stationary ver-

sion of the process fUt ¼ ðXt; rtÞg exists, and if the index q of Theorem 1 is not an even
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integer, then the finite-dimensional distributions of fUtg are regularly varying with index

j ¼ �q.

Remark 2: The proof of Corollary 1 follows almost verbatim from the proof of

Corollary 3.5 of BDM, the only change being that j ¼ �q and � need not be 2, as in the

GARCH case. Note we assume the strong mixing property, although in the GARCH case it

suffices to assume the weaker Assumption C instead.

Hence using Theorem 2.8 of Davis and Mikosch (1998), from Corollary 1 we can con-

clude that—under our working assumptions A, B, and D—with ~W t given by (10) the con-

vergence (11) holds, along with (12). Note that the points Pi and ~Qij pertain to the process

fUtg, not fYtg and fStg. The regular variation is of index j, such that j=� is not an even

integer.

2.2 Sampling Behavior for PGARCH Processes

Under Assumptions A, B, and D we can state our convergence results for the roots of inter-

est. Each theorem below splits into three main cases: (i) j is sufficiently low that the mean

centering does not exist, and a stable limit is obtained; (ii) j is a bit larger so that centerings

are utilized, and a stable limit for the root is obtained; (iii) j is large enough that a central

limit theorem holds, so that the limit of the root is Gaussian. (The third theorem splits case

(ii) into two sub-cases.) In cases (i) and (ii) the limit distributions are stated in terms of the

points of (11), which are explained in more detail in Theorem 2.10 of BDM; also see

Corollary 2.4 of Davis and Mikosch (1998). In case (iii) we only need to know the joint

covariance of the limiting Gaussian variables.

In the first Theorem below, case (ii) involves a limit variable that is described as follows

(also see Proposition 3.3 of Davis and Mikosch, 1998). The regular variation of the

PGARCH process (cf. Corollary 1) yields the vague convergence of nP½a�1
n
~W 0ðmÞ 2 �� to a

measure s on R
dðmþ1Þnf0g, the Lévy measure of a j-stable random vector with j 2 ð0; 2Þ

(and such that j=� is not an even integer). Then we have the definition

Vk ¼ lim
d!0

X
i;j�1

P2
i Q
ð0;qþ1Þ
ij Q

ðk;qþ1Þ
ij 1fP2

i
jQð0;qþ1Þ

ij
Q
ðk;qþ1Þ
ij

j�dg �
ð

Bd;k

xð0;qþ1Þxðk;qþ1Þ qðdxÞ
 !

(15)

for Bd;k ¼ fx 2 R
dðmþ1Þ : d < jxð0;qþ1Þxðk;qþ1Þjg, where k�0. The superscript notation is

explained in (13). The points Q
ð0;qþ1Þ
ij and Q

ðk;qþ1Þ
ij correspond to the ð0;qþ 1Þ and

ðk; qþ 1Þ components of ~W tðmÞ, that is, Xt and Xtþk. In addition, all the theorems contain

the random variables

Wr ¼
X
i;j�1

jPijrjQð0;qþ1Þ
ij jr;

for r>0. This first result extends the work of BDM, which is concerned with the

GARCH(p,q) process, in three ways: the process is a PGARCH (which nest the GARCH),

we consider convergence jointly with sample moments, and we also derive the result

for acs.
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Theorem 2: Let fXtg be a PGARCH(p,q) process (2) satisfying Assumptions A, B, and

D; also assume that Z0 is symmetric about zero. Then:

(i): in the case j 2 ð0; 2Þ:

na�2
n ĉX;XðkÞ

	 
m

k¼0
; na�4

n l̂X4

� �
)
L
fVkgm

k¼0;W4

� �
q̂X;XðkÞ
	 
m

k¼1
; na�4

n l̂X4

� �
)
L
fVkV�1

0 g
m

k¼1;W4

� �
;

where Vk ¼
P

i;j�1 P2
i Q
ð0;qþ1Þ
ij Q

ðk;qþ1Þ
ij .

(ii): in the case j 2 ð2; 4Þ:

na�2
n ĉX;XðkÞ � cX;XðkÞ

 �	 
m

k¼0
; na�4

n l̂X4

� �
)
L
fVkgm

k¼0;W4

� �
na�2

n q̂X;XðkÞ � qX;XðkÞ

 �	 
m

k¼1
; na�4

n l̂X4

� �
)
L
fc�1

X;Xð0Þ Vk � qX;XðkÞV0


 �
gm

k¼1
;W4

� �
;

where Vk is defined by (15).

(iii): in the case j > 4:

n1=2 ĉX;XðkÞ � cX;XðkÞ

 �	 
m

k¼0
; l̂X4

� �
)
L
fGkgm

k¼0;EX4
� �

n1=2 q̂X;XðkÞ � qX;XðkÞ

 �	 
m

k¼1
; l̂X4

� �
)
L

c�1
X;Xð0Þ Gk � qX;XðkÞG0


 �n om

k¼1
;EX4

� �
;

where the Gk satisfy CovðGj;GkÞ ¼
P

‘ CovðX0Xj;X‘X‘þkÞ and are multivariate normal.

Remark 3: In cases (ii) and (iii) of Theorem 2, cX;XðkÞ ¼ 0 if k>0, and in particular

qX;XðkÞ ¼ 0 in the results for q̂X;XðkÞ. Therefore, these results could be stated as na�2
n

q̂X;XðkÞ)
L

c�1
X;Xð0ÞVk and

ffiffiffi
n
p

q̂X;XðkÞ)
L

c�1
X;Xð0ÞGk for cases (ii) and (iii), respectively.

Note that these limiting distributions are nondegenerate, which is important for our sub-

sampling applications discussed in the next section.

The next result is concerned with autocovariances and acs for the powered process fYtg.
The middle case (ii) involves a somewhat complicated limit distribution, which is described in

Proposition 1 of Appendix A (Supplementary Data), which requires the additional

Assumption M discussed therein. The result for the autocovariances is stated without proof

in BDM (and for the GARCH(1,1) case, a full proof is given in Davis and Mikosch, 1998),

and our proof here relies on the recursive relations of the previous subsection. We also

describe results jointly with the sample moments, and provide the autocorrelation results.

Theorem 3: Let fXtg be a PGARCH(p,q) process (2) satisfying Assumptions A, B, and

D; also assume that Z0 is symmetric about zero. Then:

(i): in the case j 2 ð0; 2�Þ:

na�2�
n ĉY;YðkÞ

	 
m

k¼0
; na�4�

n l̂Y4

� �
)
L
fVkgm

k¼0;W4�

� �
q̂Y;YðkÞ
	 
m

k¼1
; na�4�

n l̂Y4

� �
)
L
fVkV�1

0 g
m

k¼1;W4�

� �
;

where Vk ¼
P

i;j�1 jPij2� jQð0;qþ1Þ
ij Q

ðk;qþ1Þ
ij j� .
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(ii): in the case j 2 ð2�;4�Þ, assume Assumption M as well:

na�2�
n ĉY;YðkÞ � cY;YðkÞ

 �	 
m

k¼0
; na�4�

n l̂Y4

� �
)
L
fUkgm

k¼0;W4�

� �
na�2�

n q̂Y;YðkÞ � qY;YðkÞ

 �	 
m

k¼1
;na�4�

n l̂Y4

� �
)
L
ðfð0Þ Uk�qY;Y ðkÞU0½ �g

c�1
Y;Y

k ¼ 1m;W4�Þ;

with Uk defined as in Proposition 1.

(iii): in the case j > 4�:

n1=2 ĉY;YðkÞ � cY;YðkÞ

 �	 
m

k¼0
; l̂Y4

� �
)
L
fGkgm

k¼0;EjXj
4�

� �
n1=2 q̂Y;YðkÞ � qY;YðkÞ


 �	 
m

k¼1
; l̂Y4

� �
)
L

c�1
Y;Yð0Þ Gk � qY;YðkÞG0


 �n om

k¼1
;EjXj4�

� �
;

where the Gk satisfy CovðGj;GkÞ ¼
P

‘ CovðY0Yj;Y‘Y‘þkÞ and are multivariate normal.

The final result of this section utilizes some of the results of Theorems 2 and 3, because

the normalization for the cross-correlations involves both cX;Xð0Þ and cY;Yð0Þ. It turns out

that symmetry in the cross-covariance variables makes the results resemble those of

Theorem 2, though the limits depend on whether � is less than or greater than one. Also,

when j > 1þ �, the limit involves the random variables

Vk¼lim
d!0

X
i;j�1

PijPij�Qð0;qþ1Þ
ij jQðk;qþ1Þ

ij j�1fjPi j�þ1 jQð0;qþ1Þ
ij

jjQðk;qþ1Þ
ij

j��dg�
ð

Bd;k

xð0;qþ1Þjxðk;qþ1Þj�qðdxÞ
 !

(16)

for Bd;k¼fx2Rdðmþ1Þ :d<jxð0;qþ1Þ½xðk;qþ1Þ�� jg, where k�0. The points Q
ð0;qþ1Þ
ij and

½Qðk;qþ1Þ
ij �� correspond to the ð0;qþ1Þ component and the powered ðk;qþ1Þ component,

respectively, of ~W tðmÞ, that is, Xt and Ytþk. These types of statistics have not been mathe-

matically studied in prior literature, to our knowledge.

Theorem 4: Let fXtg be a PGARCH(p,q) process (2) satisfying Assumptions A, B, and

D; also assume that Z0 is symmetric about zero. If j > 1þ �, then cX;YðkÞ exists and equals

zero for all k. Supposing that � 2 ð0;1Þ, then:

(i) in the case j 2 ð0;2�Þ:

na
�ð1þ�Þ
n ĉX;YðkÞ

n om

k¼0
; na�2

n ĉX;Xð0Þ; na�2�
n ĉY;Yð0Þ; na

�ð2þ2�Þ
n l̂X2Y2

� �

)
L
fVkgm

k¼0;W2;W2�;W2þ2�

� �
q̂X;YðkÞ
	 
m

k¼1
; na

�ð2þ2�Þ
n l̂X2Y2

� �
)
L
fVk=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2 W2�

p
g

m

k¼1;W2þ2�

� �
;

where Vk ¼
P

i;j�1 PijPij�Qð0;qþ1Þ
ij jQðk;qþ1Þ

ij j� .

(ii) in the case j 2 ð2�; 1þ �Þ [ ð1þ �;2Þ, assuming Assumption M:

na
�ð1þ�Þ
n ĉX;YðkÞ

n om

k¼0
; na�2

n ĉX;Xð0Þ; ĉY;Yð0Þ; na
�ð2þ2�Þ
n l̂X2Y2

� �
)
L

fVkgm
k¼0;W2; cY;Yð0Þ;W2þ2�

� �
n1=2a��n q̂X;YðkÞ
	 
m

k¼1
; na

�ð2þ2�Þ
n l̂X2Y2

� �
)
L

Vk=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2 cY;Yð0Þ

qn om

k¼1
;W2þ2�

� �
;

with Vk given by case (i) if j 2 ð2�; 1þ �Þ and by (16) if j 2 ð1þ �;2Þ.
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(iii) in the case j 2 ð2; 2þ 2�Þ, assuming Assumption M:

na
�ð1þ�Þ
n ĉX;YðkÞ

n om

k¼0
; ĉX;Xð0Þ; ĉY;Yð0Þ;na

�ð2þ2�Þ
n l̂X2Y2

� �
)
L

fVkgm
k¼0; cX;Xð0Þ; cY;Yð0Þ;W2þ2�

� �
na
�ð1þ�Þ
n q̂X;YðkÞ

n om

k¼1
; na

�ð2þ2�Þ
n l̂X2Y2

� �
)
L

fVk=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0Þ

q
g

m

k¼1
;W2þ2�

� �
;

with Vk given by (16).

(iv) in the case j > 2þ 2�, assuming Assumption M:

n1=2 ĉX;YðkÞ
	 
m

k¼0
; ĉX;Xð0Þ; ĉY;Yð0Þ; l̂X2Y2

� �
)
L

fGkgm
k¼0; cX;Xð0Þ; cY;Yð0Þ; cX2;Y2 ð0Þ

� �
n1=2q̂X;YðkÞ
	 
m

k¼1
; l̂X2Y2

� �
)
L
fGk=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0Þ

q
g

m

k¼1
;EjXj2þ2�

� �
;

where the Gk satisfy CovðGj;GkÞ ¼
X
‘

CovðX0Yj;X‘Y‘þkÞ and are multivariate normal.

Supposing that ��1, then:

(i) in the case j 2 ð0;2Þ:

na
�ð1þ�Þ
n ĉX;YðkÞ

n om

k¼0
; na�2

n ĉX;Xð0Þ;na�2�
n ĉY;Yð0Þ; na

�ð2þ2�Þ
n l̂X2Y2

� �

)
L
fVkgm

k¼0;W2;W2�;W2þ2�

� �
q̂X;YðkÞ
	 
m

k¼1
;na

�ð2þ2�Þ
n l̂X2Y2

� �
)
L
fVk=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2 W2�

p
g

m

k¼1;W2þ2�

� �
;

where Vk ¼
X
i;j�1

PijPij�Qð0;qþ1Þ
ij jQðk;qþ1Þ

ij j� .

(ii) in the case j 2 ð2; 1þ �Þ [ ð1þ �; 2�Þ, assuming Assumption M:

na
�ð1þ�Þ
n ĉX;YðkÞ

n om

k¼0
; ĉX;Xð0Þ;na�2�

n ĉY;Yð0Þ; na
�ð2þ2�Þ
n l̂X2Y2

� �
)L

fVkgm
k¼0; cX;Xð0Þ;W2� ;W2þ2�

� �
n1=2a�1

n q̂X;YðkÞ
	 
m

k¼1
;na

�ð2þ2�Þ
n l̂X2Y2

� �
)L

fVk=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0ÞW2�

q
g

m

k¼1
;W2þ2�

� �
;

with Vk given by case (i) if j 2 ð2;1þ �Þ and by (16) if j 2 ð1þ �; 2�Þ.

(iii) in the case j 2 ð2�;2þ 2�Þ, assuming Assumption M:

na
�ð1þ�Þ
n ĉX;YðkÞ

n om

k¼0
; ĉX;Xð0Þ; ĉY;Yð0Þ; na

�ð2þ2�Þ
n l̂X2Y2

� �
)
L

fVkgm
k¼0; cX;Xð0Þ; cY;Yð0Þ;W2þ2�

� �
na
�ð1þ�Þ
n q̂X;YðkÞ

n om

k¼1
; na

�ð2þ2�Þ
n l̂X2Y2

� �
)
L

fVk=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0Þ

q
g

m

k¼1
;W2þ2�

� �
;

with Vk given by (16).
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(iv) in the case j > 2þ 2�, assuming Assumption M:

n1=2 ĉX;YðkÞ
	 
m

k¼0
; ĉX;Xð0Þ; ĉY;Yð0Þ; l̂X2Y2

� �
)
L

fGkgm
k¼0; cX;Xð0Þ; cY;Yð0Þ; cX2 ;Y2 ð0Þ

� �
n1=2q̂X;YðkÞ
	 
m

k¼1
; l̂X2Y2

� �
)
L
fGk=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0Þ

q
g

m

k¼1
;EjXj2þ2�

� �
;

where the Gk satisfy CovðGj;GkÞ ¼
X
‘

CovðX0Yj;X‘Y‘þkÞ and are multivariate normal.

Remark 4: The rates of convergence for the sample cross-correlation, and its root, vary

considerably depending upon j. To summarize (recall that an � n1=j up to a constant),

when � 2 ð0; 1Þ the rate is n0 for j < 2�; n1=2��=j for j 2 ð2�;2Þ; n1�ð1þ�Þ=j for

j 2 ð2;2þ 2�Þ; n1=2 for j > 2þ 2�. Whereas for ��1, the rates are n0 for j < 2; n1=2�1=j

for j 2 ð2; 2�Þ; n1�ð1þ�Þ=j for j 2 ð2�; 2þ 2�Þ; n1=2 for j > 2þ 2�. See Figure 1 for a depic-

tion of this rate in the case of � 2 f0:5; 2g; the odd behavior is due to the unusual normal-

ization involving both ĉX;Xð0Þ and ĉY;Yð0Þ.

2.3 Self-normalization for Correlation Statistics

We next provide the asymptotic results for self-normalized roots.

Theorem 5: Let fXtg be a PGARCH(p,q) process (2) satisfying Assumptions A, B, and

D; also assume that Z0 is symmetric about zero.

(i) With quantities defined in Theorem 2 according to the value of j,

n
q̂X;XðkÞ

r̂X;X

� �m

k¼1

)
L

Vk

V0

� �m

k¼1

if j 2 ð0; 2Þ

Vk

cX;Xð0Þ
ffiffiffiffiffiffiffi
W4

p
( )m

k¼1

if j 2 ð2; 4Þ

Gk

cX;Xð0Þ
ffiffiffiffiffiffiffiffiffiffi
EX4
p

( )m

k¼1

if j > 4:

8>>>>>>>>>>><
>>>>>>>>>>>:

(17)

Figure 1. dðjÞ versus j, where dðjÞ determines the order in probability of the sample cross-correlation,

ndðjÞq̂X ;Y ðkÞ ¼ OP ð1Þ.
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(ii) With quantities defined in Theorem 3 according to the value of j, and assuming

Assumption M when j > 2�,

n
q̂Y;YðkÞ � qY;YðkÞ

r̂Y;Y

� �m

k¼1

)
L

Vk

V0

� �m

k¼1

if j 2 ð0;2�Þ

Uk � qY;YðkÞU0

cY;Yð0Þ
ffiffiffiffiffiffiffiffiffi
W4�

p
( )m

k¼1

if j 2 ð2�; 4�Þ

Gk � qY;YðkÞG0

cY;Yð0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E½jXj4� �

q
8><
>:

9>=
>;

m

k¼1

if j > 4�:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

(18)

(iii) If � 2 ð0; 1Þ, with quantities defined in Theorem 4 according to the value of j

n
q̂X;YðkÞ
r̂X;Y

� �m

k¼1

)
L

Vkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2 W2�

p
� �m

k¼1

if j 2 ð0; 2�Þ

Vkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cY;Yð0ÞW1þ�

2

q
8><
>:

9>=
>;

m

k¼1

if j 2 ð2�;2Þ

Vkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0ÞW2þ2�

q
8><
>:

9>=
>;

m

k¼1

if j 2 ð2;2þ 2�Þ

Gkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0ÞEjXj2þ2�

q
8><
>:

9>=
>;

m

k¼1

if j > 2þ 2�:

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

(19)

If ��1, with quantities defined in Theorem 4 according to the value of j

n
q̂X;YðkÞ

r̂X;Y

� �m

k¼1

)
L

Vkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2 W2�

p
� �m

k¼1

if j 2 ð0;2Þ

Vkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0ÞW

1þ1=�
2�

q
8><
>:

9>=
>;

m

k¼1

if j 2 ð2;2�Þ

Vkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0ÞW2þ2�

q
8><
>:

9>=
>;

m

k¼1

if j 2 ð2�; 2þ 2�Þ

Gkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cX;Xð0Þ cY;Yð0ÞEjXj2þ2�

q
8><
>:

9>=
>;

m

k¼1

if j > 2þ 2�:

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

In each case, the studentized correlations have a nondegenerate limit distribution, and

the rate of convergence does not depend on j. Although the limit distributions are not pivo-

tal, they can be approximated via subsampling.
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Remark 5: Although our normalization by the sample moment matches the growth rate

of its corresponding root, it is not scale-invariant. Hence, to obtain a scale-invariant statis-

tic, we propose to divide each sample kth moment by the exponential of the log moment

l̂
log ðjXjkÞ ¼ n�1

Xn

t¼1

log ðjXtjkÞ:

This quantity converges to Elog ðjXjkÞ no matter the value of j, and it also scales such

that l̂
log ðjaXjkÞ ¼ log ðjajkÞ þ l̂

log ðjXjkÞ. Since l̂
log ðjXjkÞ converges in probability to its expect-

ation, we can use its exponential to correct for scale; exp l̂
log ðjaXjkÞ ¼ jaj

k exp l̂
log ðjXjkÞ.

For notational transparency the estimators of Subsection 1.3 are expressed in terms of

the original normalizations, but the simulations in Appendix C (Supplementary Data) con-

tain results with the scale-invariant normalizations introduced in Remark 5.

2.4 Consistency of the Subsampling Estimators

To establish the consistency of the various subsampling estimators introduced in Section 1,

we employ the mixing properties of the corresponding processes and Theorem 11.3.1 of

Politis, Romano, and Wolf (1999) combined with the convergence results derived in

Section 2. By consistency, we mean that the subsampling distribution estimators converge

in probability to the respective cdf of the limiting distributions.

Corollary 2: Let fXtg be a PGARCH(p,q) process (2) satisfying Assumptions A, B, and

D; also assume that Z0 is symmetric about zero. Assume that b=nþ 1=b! 0 as n!1.

(i) With quantities defined in Theorem 2 according to the value of j

L̂X;X;kðxÞ!
P

L1;X;X;kðxÞ

for each x that is a continuity point of the limit distribution of (17). If this distribution is

continuous, the convergence is also uniform. Moreover, the asymptotic coverage of the

intervals (4) and (5) is the nominal level 1� p.

(ii) With quantities defined in Theorem 3 according to the value of j, and assuming

Assumption M when j > 2�,

L̂Y;Y;kðxÞ!
P

L1;Y;Y;kðxÞ

for each x that is a continuity point of the limit distribution of (18). If this distribution is

continuous, the convergence is also uniform. Moreover, the asymptotic coverage of the

intervals (6) and (7) is the nominal level 1� p.

(iii) With quantities defined in Theorem 4 according to the value of j

L̂X;Y;kðxÞ!
P

L1;X;Y;kðxÞ

for each x that is a continuity point of the limit distribution of (19). If this distribution is

continuous, the convergence is also uniform. Moreover, the asymptotic coverage of the

intervals (8) and (9) is the nominal level 1� p.
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3 Application to Returns on Stock Indices

We consider two datasets analyzed in Section 5.5 of Francq and Zakoian (2010). One cor-

responds to the daily log returns of CAC 40 stock index from 02/03/1990 to 29/12/2006

(4244 observations) and other to those of FTSE 100 index from 04/04/1984 to 03/04/2007

(5811 observations). According to Francq and Zakoian (2010), a GARCH(1,1) model is a

reasonable guess for the first series, but higher order GARCH or ARCH is more likely to fit

the second series.

In Figure 2, we show Hill plots of the returns. For both series, the assumption about the

finiteness of the second moment does not seem to be too unreasonable; however, the

assumption regarding the finiteness of the fourth moment might be questionable.

The 95% confidence intervals for the acf of the returns are plotted in Figure 3. PLUGIN

intervals were calculated by fitting a GARCH(1,1) model with normal innovations (R rou-

tine garchFit of package fGarch) to the returns and plugging in the estimated a1 and b1

values into the exact normal asymptotic confidence bounds (under normal errors) formula.

The estimated values for CAC 40 returns were â1 ¼ 0:076907 and b̂1 ¼ 0:907047

Figure 2. Hill plot of CAC 40 and FTSE 100 returns.

Figure 3. 95% confidence intervals for the acs of returns of CAC 40 and FTSE 100 indices based on sev-

eral methods.
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(â0 ¼ 0:000003) while those for FTSE 100 returns were â1 ¼ 0:089941 and b̂1 ¼ 0:891497

(â0 ¼ 0:000002). The remaining confidence intervals are those employed in the simulation

study of Appendix C (Supplementary Data).

For CAC 40 returns, the confidence intervals for qX;XðkÞ based on the subsampling

method are much wider than the other two types and oscillate around 60.4. For both ser-

ies, and all interval types, the acs seem to be not significantly different from zero.

The 95% confidence intervals for qX2 ;X2ðkÞ are depicted in Figure 4 (these intervals have

to be treated with caution if we are unsure about the finiteness of the fourth moment,

because in such case qX2 ;X2 ðkÞ is undefined). As pointed out in Appendix C (Supplementary

Data), the symmetric confidence intervals are too wide for the acs of the squares, hence we

focus our attention on the equal-tailed intervals. For CAC 40 and FTSE 100 squared

returns, the width of the confidence intervals for the acs is about 0.25. Bounds for CAC 40

indicate slower decay of qX2 ;X2 ðkÞ compared to bounds for FTSE 100.

The 95% confidence intervals for qX;X2 ðkÞ are shown in Figure 5. The two subsampling

methods yield similar bounds, which are slightly asymmetric. Both types of intervals indi-

cate that the process’ cross-correlations are non-significant.

Figure 4. 95% subsampling confidence intervals for the acs of squared returns of CAC 40 and FTSE

100 indices.

Figure 5. 95% subsampling confidence intervals for the cross-correlations of the returns and squared

returns of CAC 40 and FTSE 100 indices.
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4 Summary

In this article, we study the asymptotic properties of sample autocovariances and acs of

PGARCH processes. Autocorrelations of a time series and its powers have been used in the

literature to determine a nonlinear process’ serial structure, but the inference for PGARCH

is complicated because the rate of convergence of sample autocovariance and autocorrela-

tion estimators depends upon the tail index. This tail index is typically unknown, unless it

has been previously estimated. However, through an appropriate studentization of autoco-

variance/autocorrelation roots (i.e., the estimator minus its estimand) it is possible to avoid

the necessity of knowing the tail index; this strategy was adopted for heavy-tailed moving

average time series in Davis and Resnick (1985) and McElroy and Politis (2002). The latter

paper approximated the limiting quantiles of the studentized root by the subsampling meth-

odology. Here we study the related inference problem for PGARCH processes: we derive

the limiting distributions, provide effective studentizations, and examine subsampling

methods for estimating the limiting quantiles.

To obtain nondegenerate weak limits of all studentized roots, we derive the recursive

relationships for the PGARCH and thus substantially extend existing theoretical results. A

simulation study, which can be found in Appendix C (Supplementary Data), indicates that

the subsampling confidence intervals for the acs of GARCH processes with a finite fourth

moment are generally wider than the asymptotic confidence intervals (approximate or

exact). The subsampling approach can still be employed when no asymptotic formula is

available (providing intervals for the acs when the fourth moment is infinite, and for the acs

of squares and ccs of the process with its squares). Nevertheless, the subsampling-based

empirical coverage probabilities tend to be higher than the nominal level. Equal-tailed sub-

sampling confidence intervals are preferable over the symmetric ones.

Supplementary Data

Supplementary data are available at Journal of Financial Econometrics online.
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