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We provide a self-normalization for the sample autocovariances and autocorrelations of a linear, long-memory time
series with innovations that have either finite fourth moment or are heavy-tailed with tail index 2 < a < 4. In the
asymptotic distribution of the sample autocovariance there are three rates of convergence that depend on the
interplay between the memory parameter d and a, and which consequently lead to three different limit
distributions; for the sample autocorrelation the limit distribution only depends on d. We introduce a self-
normalized sample autocovariance statistic, which is computable without knowledge of a or d (or their
relationship), and which converges to a non-degenerate distribution. We also treat self-normalization of the
autocorrelations. The sampling distributions can then be approximated non-parametrically by subsampling, as the
corresponding asymptotic distribution is still parameter-dependent. The subsampling-based confidence intervals
for the process autocovariances and autocorrelations are shown to have satisfactory empirical coverage rates in a
simulation study. The impact of subsampling block size on the coverage is assessed. The methodology is further
applied to the log-squared returns of Merck stock.

Keywords: Linear time series; parameter-dependent convergence rates; self-normalization; subsampling confidence
intervals.

1. INTRODUCTION

Long memory models and processes have enjoyed an increasing impact in the time series literature over the past few decades, and
there is substantial interest in studying heavy-tailed long-range dependent phenomena. The reason for this is that such processes
seem to be useful in describing data from many of the applied sciences, including hydrology (Montanari et al., 1997; Serroukh and
Walden, 2000), finance (Deo et al., 2006; Kulik and Soulier, 2011) and network traffic (Cappe et al., 2002). Although some of the
statistical literature is concerned with data that are either heavy-tailed or long memory, there are some studies (see the above
references) that consider time series exhibiting both effects. Both nonlinear and linear models (e.g. Montanari et al., 1997) are utilized
in practice; this article focuses on the latter. Understanding the statistical properties of sample autocovariances (acvs) and
autocorrelations (acs) is important in order to obtain proper modelling of data.

Horváth and Kokoszka (2008) (henceforth HK) derived the asymptotic distributions for the sample acvs, demonstrating explicitly that the
convergence rate depends upona, d andtheir relationship to oneanother. Moreover, the limit asymptotic distributions depended onaand
d – one can obtain a Gaussian, a Stable, or a Rosenblatt process as the limit – and which limit random variable pertains depends upon the
interplay of a and d. In fact, three cases arise according to a partition of the a-d parameter space into three regions.

Analogous to this trichotomous situation, a dichotomy was found in McElroy and Politis (2007), which studied the sample mean
problem. This situation was addressed through self-normalization, such that the appropriately studentized mean had nondegenerate
limit distribution irrespective of a and d, that is, without knowledge of a, d, or their relationship. This was effective in constructing a
test statistic computable without prior knowledge of parameters, and quantiles of the limit distribution could be obtained via
subsampling (see Jach et al., 2012).

Here we seek to extend this self-normalization strategy to the sample acv and ac problems. In particular, we propose a
combination of sample fourth moment and tapered sample acvs to jointly account for both heavy tails and long memory,
analogously to how self-normalization was achieved for the sample mean in McElroy and Politis (2007). The fourth moment correctly
assesses the rate of growth in the acv due to heavy tails, whereas the tapered sample acvs assess growth due to long memory. In
order to validate this technique, it is necessary to extend the theoretical results of HK to two joint weak convergences. For the sample
ac statistic, the contribution of the heavy tails actually drops out asymptotically, so that d alone determines the asymptotic
behaviour; hence, a different studentization is appropriate.
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Of course, these studentizations only resolve half the problem – namely, eliminating the need to know the convergence rate to
compute the studentized statistic – since the limit distributions will be unconventional and non-pivotal. As in Jach et al. (2012), we
propose to use subsampling to empirically estimate the quantiles of the sampling distribution. Subsampling, elucidated in Politis et
al. (1999), operates by computing the same statistics on a small subsample – typically a contiguous stretch – drawn from the original
time series data, with the unknown parameter being replaced by its best large-sample estimate. Consistency of the resulting
empirical distribution for the sampling (or asymptotic) distribution is typically enforced through a strong-mixing assumption,
together with strict stationarity, but recent literature indicates that the more flexible h-weak dependence coefficients of Doukhan
and Louhichi (1999) are also sufficient to establish subsampling in the context of long range dependence.

So we begin with basic concepts and notation in Section 2, along with a summary of HK, which motivates the self-normalizations
that we employ. With our statistics defined, we provide full asymptotic theory in Section 3 for the principal cases of interest; these
results are extensions of the mathematics of HK, and contain theorems of independent interest. Section 4 focuses on the
subsampling discussion, and we discuss the method’s validity under h-weak dependence. Our empirical studies are in Section 5,
where extensive simulations explore the interplay of kurtosis and memory. We also explore the adaptive block-size selection
algorithm of Götze and Rac̆kauskas (2001), and we study the log-squared returns of Merck stock. Section 6concludes, and proofs are
in the Appendix.

2. SELF-NORMALIZATION FOR AUTOCOVARIANCES AND AUTOCORRELATIONS

As in HK, we consider a linear, long-memory time series fXtg with mean-zero innovations fZtg that have either finite fourth moment
or are heavy-tailed with index 2 < a < 4. That is, we define

Xt ¼
X1
j¼0

wðjÞZt�j;

where the Zts are i.i.d. and either E½Z4� < 1 or for some 2 < a < 4,

P½jZtj > x� ¼ x�aLðxÞ; P½Zt > x�
P½jZtj > x� ! p 2 ½0; 1�;

as x ! 1, where L 2 L, L being the set of slowly varying functions (Embrechts et al., 1997). Set q ¼ 1 � p and let Z be a common
version of fZtg, which is absolutely continuous by assumption. The cdf of Z, FðxÞ ¼ P½Z � x�, will be denoted by F and the right-tail
cdf, FðxÞ ¼ p½Z > x�, by F. Then the heavy-tail conditions, denoted by HT(a), are equivalent to the existence of a sequence aN such
that

NFðaNxÞ ! px�a and NFð�aNxÞ ! qx�a

as N ! 1, for any x > 0. This implies that NP½jZj > aNx� ! x�a. It follows from results in Embrechts et al. (1997) that
aN ¼ N1=aLðNÞ; moreover,

a�2
N

XN

t¼1

ðZ2
t � bNÞ)

L
S;

where S is an (a/2)-stable random variable and bN ¼ E½Z21fjZj � aNg�.
The assumption on long memory is expressed through the behaviour of (square-summable) coefficients w(j) satisfying

wðjÞ � Cd jd�1, that is, it is assumed that for x � 0

wðxÞ ¼ xd�1KðxÞ; 0 < d < 0:5;

where K is a real-valued function such that K(x) ! Cd as x ! 1, and wj ¼ w(j) for integers j. For x < 0, set w(x) ¼ 0.
We are principally interested in the sample acvs based on the available sample X1; X2; . . . ; XNþH , N > 1, H � 0,

bch;N ¼
1

N

XN

t¼1

Xt Xtþh; h ¼ 0; 1; . . . ;H:

We use a sample of size N + H rather than N to avoid notational annoyances; this makes no difference to the asymptotic results. If
h < 0, let bch;N ¼ bc�h;N. (One can also center by the sample mean, and this makes no difference to the asymptotic results of the
study.) Letting r2 ¼ var[Z], the population acvs are

ch ¼ E½X0Xh� ¼ r2
X1
j¼0

wjwjþh ¼ r2Wh:

HK establish three rates of convergence (Figure 1) for the sample acvs. These rates depend on the interplay between a and d, and
are described below.
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Let cN denote the normalization for NðbcN;h � chÞ, such that Nc�1
N ðbcN;h � chÞ converges in distribution to a non - degenerate

random variable. From HK we know that under suitable assumptions, we have convergence of the following vector of sample acvs at
lags zero through H:

Nc�1
N fbch;N � chgH

h¼0!
L
fGhgH

h¼0 if ðd; aÞ 2 A ðTheorems 3:2 and 3:3a of HKÞ
S� a

a�2

� �
fWhgH

h¼0 if ðd; aÞ 2 B ðTheorem 3:1a of HKÞ
r2C2

dfUdð1ÞgH
h¼0 if ðd; aÞ 2 C ðTheorems 3:1b and 3:3b of HKÞ.

8><>:
In the first case, fGhgH

h¼0 is a mean-zero Gaussian vector with covariances E½GhGk� ¼ ðg� 3Þchck þ
P1

‘¼ �1ðc‘c‘�hþk þ c‘þkc‘�hÞ,
where g is given by E½Z4� ¼ gr4. In the third case, Ud(t) is the Rosenblatt process (which does not depend on h)

UdðtÞ ¼
Z Z Z t

0

ðv � xÞd�1
þ ðv � yÞd�1

þ dv

� �
WðdxÞWðdyÞ;

where W is the standard Brownian Motion (BM) defined on the real line. The rate cN in the above cases is

cN ¼
N1=2 ifðd; aÞ 2 A
a2

N ¼ N2=aL2ðNÞ ifðd; aÞ 2 B
N2d ifðd; aÞ 2 C,

8<:
and it follows that cN ¼ maxðN1=2; a2

N;N2dÞ: So cN depends upon a and d and their relationship to one another, and thus this rate
cannot be computed without some prior knowledge about the data process.

We are first interested in self-normalization of Nðbch;N � chÞ by a statistic that involves the unknown rate cN. For any fixed h,
consider the following normalization, that actually grows at rate cN (shown in the next section):

brN ¼
ffiffiffiffiffiffiffi
S
ð4Þ
N

q
þ VK;M;

where

S
ð4Þ
N ¼

XN

t¼1

X4
t

is the sample fourth moment, and

VK;M ¼
X
jhj�M

Kðh=MÞbcN;h ¼
X
jhj�M

Kðh=MÞ 1

N

XN

t¼1

XtXtþjhj:

The integer M is the bandwidth, and typically is shrinking relative to the growth of the sample size N. This type of estimator – a
tapered sum of sample acvs – is called a HAC (Heteroskedasticity-Autocorrelation) estimator in the econometrics literature (Kiefer and
Vogelsang, 2005). In this study we employ the fixed bandwidth-ratio perspective (see McElroy and Politis, 2011b), so we assume that
M ¼ bqNc for some user-defined bandwidth ratio q 2 (0,1]. Although Jach et al. (2012) uses M ¼ Nq for some q < 1, and raises VK,M

to the 1/q power to obtain the correct convergence rate, this was only utilized to ensure a non-random limit of the statistic’s
denominator. However, for the subsampling applications we have in mind, a random limit presents no difficulties. K(Æ) is a taper,
which we assume is continuous and even with support on [ � 1,1], such that K(x) ¼ 1 for |x| � c for some c 2 [0,1). For many tapers

d
α

0.0 0.1 0.2 0.3 0.4 0.5

2
3

4
5

6

B

A C

Figure 1. Regions with three different rates of convergence of bch;N � ch. Here A ¼ f(d,a)|0 � d < 1/4,a > 4g with standard rate
N1/2; B ¼ f(d,a)|2 < a < 4,d < 1/ag with tail-dominated rate �N1�2/a; C ¼ f(d,a)|1/4 < d < 1/2,a > 1/dg with memory-
dominated rate N1�2d
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c ¼ 0, but for a flat-top taper (Politis, 2001) we have c > 0. Additionally, we assume that K(Æ) is continuous and twice differentiable
on ( � 1, � c)[(1,c). The derivatives from the left and right of a point x will be denoted by _K�ðxÞ and _KþðxÞ respectively.

Note that this definition of the self-normalization does not depend on h – we can utilize the same studentization for every sample
acv. The self-normalized difference is then defined to be

Th;N ¼ N
bch;N � chffiffiffiffiffiffiffi
S
ð4Þ
N

q
þ VK;M

¼ N
bch;N � chbrN

:

It is proved in Theorem 3 that Th,N converges to a non-degenerate distribution, no matter which of the cases A, B, or C pertains.
This non-degeneracy is a prerequisite for the subsampling technique described in Section 4.

But for some applications, more interest focuses on the autocorrelations, although the lag behaviour of acvs and acs is qualitatively
the same. The population acs are .h ¼ ch=c0, and are typically estimated via the sample acs b.h;N ¼ bch;N=bc0;N. In the following
sections, we also present results (from both theory and simulation) for sample acs. Interestingly, a direct application of the sample
acv theory to the sample ac case reveals that tail thickness plays no role asymptotically, and so the parameter space instead becomes
partitioned along the line d ¼ 1/4. The studentization used for the acv case is no longer appropriate, and instead we suggestffiffiffiffi

N
p
þ VK;M. Then

Qh;N ¼ N
b.h;N � .hffiffiffiffi

N
p
þ VK;M

is the self-normalized centered sample ac.

3. THEORY

In this section we establish weakconvergence of Th,N for the various cases A, B, or C, and weak convergence of Qh,N for the cases d < 1/4 and
d > 1/4. The two main steps for the acvs are the joint convergence results relating the sample autocovariance to each one of the
normalizing quantities, S

ð4Þ
N and VK,M. As shown in HK, the sample acv statistics can be divided into two portions, the so-called diagonal and

off-diagonal contributions to the double summation entailed by a quadratic statistic of a linear process. First, we present a convergence
result for the diagonal portion of the sample acf jointly with the sample fourth moment, when 2 < a < 4 (but memory not constrained).
Second, we consider a joint convergence result for the off-diagonal portion of the sample acf and VK,M, for 1/4 < d < 1/2 (but any tail
index a > 2). Then we demonstrate how to combine these two results, together with an auxiliary proposition, such that no matter which
zone A, B, or C pertains, the asymptotic distribution of the normalized statistic is non-degenerate.

But for the sample acs the situation is different, because the diagonal portion for the autocorrelations is always negligible relative
to the off-diagonal portions, even in region B. This leads to a different normalization with asymptotics stated in a separate theorem.

As in HK, expansion of the sample acv yields

N�1
XN

t¼1

Xt Xtþh � ch ¼ N�1
XN

t¼1

X
j�0

wjwjþhðZ2
t�j � r2Þ þ N�1

XN

t¼1

X
k 6¼jþh

wjwk Zt�jZtþh�k;

and these random variables on the RHS will be denoted by dN,h and rN,h, respectively. The diagonal portion dN,h has growth rate
matched by that of the square root of the sample fourth moment, whereas the off-diagonal portion remainder rN,h grows at a rate
matched by VK,M.

THEOREM 1. Assume that 2 < a < 4 and 0 � d < 1/2. Then ðNa�2
N dN;h; a�4

N S
ð4Þ
N Þ converges weakly to (WhÆU,V) jointly in 0 � h � H,

with U and V both positive stable random variables. In particular, the joint Fourier–Laplace Transform (FLT) of the diagonal portion of the
first H sample autocovariances and the fourth sample moment has a limit given by

Eexp i
XH

h¼0

mhNa�2
N dN;h �

x2

2
a�4

N S
ð4Þ
N

( )
! exp g

XH

h¼0

mhWh;x
ffiffiffiffiffiffiffiffiffiffiffiffiffiX

j

w4
j

s0@ 1A8<:
9=;

gðx; yÞ ¼
Z 1

0

expfixz2 � y2z4=2gð2ixz � 2y2z3Þ � 2ixz
� �

z�adz:

ð1Þ

REMARK 1. By results in Fitzsimmons and McElroy (2010), the FLT characterizes weak convergence. The marginal distributions are
found by setting x or y equal to zero in g(x,y). That is,

gðx; 0Þ ¼ �jxja=2C�1
a=2ð1� i signðxÞ tan pa=4Þ;
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for Ca defined by C�1
a ¼ Cð1 � aÞcosðpa=2Þ. Then expfg(x,0)g is the characteristic function of the a/2 stable distribution (called U in

Theorem 1) with scale C
�a=2
a=2 , skewness one, and location zero (see Samorodnitsky and Taqqu, 1994). In contrast,

gð0; yÞ ¼ �ðy2=2Þa=4Cð1� a=4Þ; ð2Þ

so that the exponential is the Laplace Transform (Proposition 1.2.12 of Samorodnitsky and Taqqu, 1994) of an a/4 stable random
variable with scale (C(1 � a/4)cos(pa/8))4/a, skewness one and location zero (called V in Theorem 1).

Theorem 1 is primarily of interest in zone B; incidentally, it also shows that the sample fourth moment is OPða4
NÞ even in part of

zone C, where 2 < a < 4 but d > 1/a. The next result handles the remainder terms.

THEOREM 2. Assume that a > 2 and 1/4 < d < 1/2. Let K be a taper of form described in Section 2, with bandwidth M ¼ qN and
q 2 (0,1]. Then the off-diagonal portion of the sample acvs converge jointly with VK,M to quadratic functionals of Fractional Brownian
Motion (FBM):

fN1�2drN;hgH
h¼0;N�2d VK;M

	 

)
L

r2

Z Z
cðx; yÞWðdxÞWðdyÞ

� �H

h¼0

;

Z Z
dqðx; yÞWðdxÞWðdyÞ

 !
as N ! 1. The integrand functions are given by

cðx; yÞ ¼ C2
d

Z 1

0

ðz � xÞd�1
þ ðz � yÞd�1

þ dz

dqðx; yÞ ¼ � C2
d

q2d2

Z 1

0

Z 1

0

€K
r � s

q


 �
frðxÞfsðyÞdr ds

� 2C2
d

qd2
_KþðcÞ

Z 1�cq

0

frðxÞfrþcqðyÞdr þ 2C2
d

qd2
_K�ð1Þ

Z 1�q

0

frðxÞfrþqðyÞdr

frðxÞ ¼ ðr � xÞdþ � ð�xÞdþ:

ð3Þ

Note that the limit of the remainders is the same exact variable for all h, indicating full inter-dependence in the limit. Also the second
limit variable is absolutely continuous, and positive with probability one. This result is primarily of interest in zone C, but in zone B we
see that VK;M ¼ OPðN2dÞ as well, which is useful to know; in fact this is true for all a > 2. We state this, and some other required
auxiliary results, below.

PROPOSITION 1. Let K be a taper of form described in Section 2, with bandwidth M ¼ qN and q 2 (0,1]. For all 0 � d < 1/2 and all
a > 2,

N�2d VK;M)
L

r2

Z Z
dqðx; yÞWðdxÞWðdyÞ: ð4Þ

When a > 4, for any 0 � d < 1/2,

N�1S
ð4Þ
N �!

P
E½X4�: ð5Þ

When a 2 (2,4) and d 2 [0,1/4),

Na�2
N rN;h�!

P
0: ð6Þ

When a > 4 and d 2 (1/4,1/2),

N1�2d dN;h�!
P

0: ð7Þ

The above results can now be combined to address the asymptotic schedules under cases A, B and C of the root Th,N.

THEOREM 3. Let a > 2 and 0 � d < 1/2 such that d6¼1/a, a6¼4, and d6¼1/4. Then we have the following weak convergence, where the
limit random variables have been defined in Theorems 1 and 2 (and Gh is the Gaussian defined in Section 2):

Nfbch;N � chgH
h¼0ffiffiffiffiffiffiffi

S
ð4Þ
N

q
þ VK;M

)
L Ghffiffiffiffiffiffiffiffiffiffiffi

E½X4�
p 1Aðd; aÞ þ

Wh � Uffiffiffi
V
p 1Bðd; aÞ þ

R R
cðx; yÞWðdxÞWðdyÞR R

dqðx; yÞWðdxÞWðdyÞ 1Cðd; aÞ

as N ! 1.
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REMARK 2. Results have not been proved for the boundary cases, where the process belongs to the intersection of two or more
zones. The theory is more challenging here, and it is likely that the limit variables become super-imposed on the boundaries of the
respective regions, as in McElroy and Politis (2007).

Before stating the main result for the autocorrelations, we make an observation that follows immediately from Theorem 3. Noting
that

b.h;N � .h ¼ bc�1
0;N ðbch;N � chÞ � .hðbc0;N � c0Þ
� �

; ð8Þ

it follows that on zone B

Na�2
N ðb.h;N � .hÞ)

L
c�1

0 ðWh � qhW0ÞU

as N ! 1. Since Wh ¼ qhW0, this limit random variable is actually zero almost surely. In other words, a2
N is not the appropriate rate

for the sample acs in zone B, being too large. Actually, a separate analysis – along the lines of that provided in Proposition 4.1 of
Davis and Resnick (1986) – is required. It can then be shown that the normalizing rate cN for the sample acs is actually maxðN1=2;N2dÞ,
irrespective of a > 2. A normalization that also has this growth rate is given by

ffiffiffiffi
N
p
þ VK;M – note that the sample fourth moment inbrN has been replaced by N here. The following theorem summarize the asymptotics of the root Qh,N.

THEOREM 4. Let a > 2 and 0 � d < 1/2 such that d6¼1/4. Suppose that .h 6¼1 for 1 � h � H. Then we have the following weak
convergence, where the limit random variables have been defined in Theorems 1 and 2 (and Gh is the Gaussian defined in Section 2):

Nfb.h;N � .hg
H
h¼1ffiffiffiffi

N
p
þ VK;M

)L Gh � .hG0

c0

1fd<1=4gðdÞ þ
ð1� .hÞ

R R
cðx; yÞWðdxÞWðdyÞ

c0

R R
dqðx; yÞWðdxÞWðdyÞ 1fd>1=4gðdÞ

as N ! 1.

4. SUBSAMPLING APPROXIMATION OF P½Th;N � x� AND P½Qh;N � x�
To construct confidence intervals for ch we need to approximate the sampling distribution of Th,N, that is, Lh;NðxÞ ¼ P½Th;N � x�. Let
Lh denote the cdf of the corresponding limiting random variable – which by Theorem 3 depends on a and d. The use of this
asymptotic distribution is impractical, as Lh depends on the unknown parameters and the relationship between them. Besides, in two
of the three cases there is no known analytic formula for the cumulative distribution function of the limit random variable. Hence, we
propose to approximate Lh,N non-parametrically via subsampling (Politis et al., 1999). The procedure dictates that we split the sample
into overlapping blocks of size b (b ! 1, b/N ! 0), written Xt; Xtþ1; . . . ; Xtþb�1 for t ¼ 1,2, . . . ,N � b + 1, and calculate the self-
normalized statistic upon each block, treating each block as if it were a full sample. Moreover, the parameter ch is replaced by its
large-sample estimate bch;N. This leads to N � b + 1 subsampling statistics

Th;N;b;t ¼ b
bch;N;b;t � bch;NbrN;b;t

;

where bch;N;b;t ¼
Ptþb�1�h

‘¼t X‘X‘þh=ðb� hÞ and

brN;b;t ¼
ffiffiffiffiffiffiffiffiffiffi
S
ð4Þ
N;b;t

q
þ VK;bqbc;t:

In the last expression

S
ð4Þ
N;b;t ¼

Xtþb�1

‘¼t

X4
‘

and

VK;bqbc;t ¼
X
jhj�bqbc

Kðh=bqbcÞbch;N;b;t:

Note that the HAC estimator VK is computed on a bandwidth appropriate for the subsample, namely being equal to the same
proportion q of the data length, which is now b; hence the bandwidth is bqbc. The sampling distribution Lh,N(x) is then approximated
by

bLh;N;bðxÞ ¼
1

N� bþ 1

XN�bþ1

t¼1

1fTh;N;b;t�xg;
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based on which we can construct an (1 � p) equal-tailed subsampling confidence intervals for ch:

CIet;1�pðchÞ ¼ bch;N �
brN

N
ch;N;bð1� p=2Þ;bch;N �

brN

N
ch;N;bðp=2Þ

� �
;

where ch;N;bð1 � pÞ ¼ inffx : bLh;N;bðxÞ � 1 � pg is the 1 � p (lower) quantile of the subsampling distribution bLh;N;b. Alternatively,
an (1 � p) symmetric subsampling confidence interval for ch is

CIs;1�pðchÞ ¼ bch;N �
brN

N
ch;N;b;j�jð1� pÞ;bch;N þ

brN

N
ch;N;b;j�jð1� pÞ

� �
;

ch;N;b;j�jð1 � pÞ ¼ inffx : bLh;N;b;j�jðxÞ � 1� pg and bLh;N;b;j�jðxÞ ¼
PN�bþ1

t¼1 1fjTh;N;b;t j�xg=ðN� b þ 1Þ.
To establish the consistency of the subsampling estimator, that is, jbLh;N;bðxÞ � LhðxÞj �!

P
0 as N ! 1 for all x, we will employ a

recent result of Jach et al. (2012) (Theorem 4 of Appendix B), based on the notion of the h-weak dependence (Doukhan and Louhichi,
1999; Bardet et al., 2008).

We begin by noting that according to the explicit examples found in Bardet et al. (2008), our linear process fXtg is k-weakly dependent
with mixing sequence kr ¼ LðrÞr2d�1; and because it is a causal process, it is also h-weakly dependent. In view of Theorems 1, 2 and 3, the
application of Theorem 4 of Jach et al. (2012) to the problem here is immediate. However, that result requires that kr ¼ Oðr�aÞ for some
a � 1/2, so d � 1/4 is a sufficient condition for the consistency result. Examining the proof in Jach et al. (2012) shows that the key bound on
the subsampling estimator’s variance is of the order

ffiffiffi
b
p

times q�1
Pq�b

h¼1 kh, where q ¼ N � b + 1, or overall is roughly Oð
ffiffiffi
b
p

N�aÞ for
b ¼ o(N). If a � 1/2 then the variance tends to zero, no matter the particular choice of b. However, if a < 1/2 we can choose the blocks to
ensure consistency. Suppose that b grows – up to a slowly varying function – of order Nf for some f < 1. Choosing f < 2a when a < 1/2
then ensures the subsampling estimator’s variance tends to zero.

To summarize, noting that d ¼ (1 � a)/2: when d � 1/4 the subsampling procedure is consistent for any choice of blocks b
such that b/N ! 0; but when d > 1/4 we require that b ¼ O(Nf) (up to slowly varying functions) for some 0 < f < 2 � 4d in
order to obtain consistency. The disadvantage of this latter scenario is that d is unknown to us. But in practice block size will be
selected by a data-driven technique (described below), that automatically determines on smaller blocks when serial dependence is
greater.

Let us proceed under these conditions on b. Denoting the limit of Th,N as Z/W – where Z is either Gh, WhÆU, or
R R

c(x,y)W(dx)W(dy)
and W is either

ffiffiffiffiffiffiffiffiffiffiffi
E½X4�

p
,
ffiffiffi
V
p

, or
R R

dq(x,y)W(dx)W(dy) according to cases A, B, or C – and writing aN ¼ N=cN and dN ¼ 1=cN, we obtain
ab=aN ! 0 and sb=sN ! 0 (because b/N ! 0), as required by Theorem 4 of Jach et al. (2012). Now, since the process fXtg satisfies
the weak-dependence condition, we are assured of the consistency of the subsampling procedure.

Turning now to the case of autocorrelations and the sampling distribution of the self-normalized sample autocorrelation P½Qh;N � x�,
weseethatthecdfofthecorresponding limitingvariable alsodepends ontheunknown parameter d byTheorem 4.Hence, like in thecaseof
the acv, we can resort to subsampling to approximate P½Qh;N � x�. In this case the N � b + 1 subsampling statistics are

Qh;N;b;t ¼ b
b.h;N;b;t � b.h;Nffiffiffi

b
p
þ VK;bqbc;t;

based on which formulas for the equal-tailed and symmetric subsampling confidence intervals for .h, analogous to CIet;1�pðchÞ and
CIs;1�pðchÞ, can be derived. The consistency proof of the subsampling estimator of P½Qh;N � x� for 0 � d < 1/4 follows closely that
of the subsampling estimator of P½Th;N � x�.

5. SIMULATION STUDY AND APPLICATION

In this section we work with the realizations of the so-called fractionally integrated noise fXtg (Brockwell and Davis, 1991), which is a
linear process defined via the difference operator

Dd ¼ ð1� BÞd ¼
X1
j¼0

pjB
j;

where BXt ¼ Xt�1 and

pj ¼
Cðj � dÞ

Cðj þ 1ÞCð�dÞ ¼
Y

0<k�j

k � 1� d

k
; j ¼ 0; 1; . . . :

C(Æ) is the gamma function. We will only consider cases where 0 < d < 0.5, and we define fXtg as

Dd Xt ¼ Zt; where Zt � WNð0; r2Þ:

We draw Zts from a Student distribution with a degrees of freedom (without the loss of generality, Zts will be standardized),
a 2 f2.5,3.5,4.5,5.5g and the values of the memory parameter d 2 f0.1,0.2,0.3,0.4g. In Table 1 we list several values of ch and .h

calculated from the formulas of Brockwell and Davis (1991),
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ch ¼ r2 Cðhþ dÞCð1� 2dÞ
Cðh� d þ 1ÞCðdÞCð1� dÞ ; .h ¼

Cðhþ dÞCð1� dÞ
Cðh� d þ 1ÞCðdÞ :

We also take into account several bandwidth ratios of Section 2, q 2 f0.2,0.4,0.6,0.8,1g. To compare the effect of q we use the same
replications offXtg. The replications are generated by anR routinefracdiff.simand there are R ¼ 500 of them. Two types of tapers are
considered: the Bartlett taper, KBðxÞ ¼ ð1 � jxjÞ1fjxj�1gðxÞ, and a flat-top Trapezoidal taper with c ¼ 0.5 (Politis and Romano, 1995)

KT ;cðxÞ ¼
1 if jxj � c
ðjxj � 1Þ=ðc� 1Þ if c < jxj � 1
0 otherwise,

8<:
where c 2 [0, 1). In the subsampling procedure we look at the block sizes b derived from an adaptive algorithm for the block-size
selection of Götze and Rac̆kauskas (2001) and Bickel Sakow (2008) (GRBS) that can be summarized in the following steps:
� Consider values of b given by bj ¼ bqjNc for j ¼ 1,2, . . . and 0 < q < 1. For each bj, compute bLh;N;bj

.
� Let d be the Kolmogorov–Smirnov distance and set bb ¼ arg minbj

d bLh;N;bj
;bLh;N;bjþ1

	 

.

� The optimal estimator of Ln is bL
h;N;bb.

For q ¼ 0.75 and N ¼ 500 we have block sizes b 2 f16,21,28,38,50,67,89,119,158,211g, which are then doubled as we move from 500
to 1000 observations. In both cases we cover the ratios of b/N from around 3–42%.

We then construct both types – equal-tailed and symmetric – of 95% subsampling confidence intervals for ch and .h,
h 2 f1,5,10,15,20g and calculate the empirical coverage probabilities (cps). In Figures 2 and 3 we show cps for c1 as a function of the
block-size b (0 corresponds to the adaptively chosen block size) grouped by the memory parameter d, tail index a and bandwidth-
controlling q, all with Bartlett taper and for the sample size N ¼ 500. Analogous results with Trapezoidal taper are captured in Figures
4 and 5.

As we can see, the effect of the bandwidth M ¼ bNqc on the coverage of c1 is negligible (e.g., compare cps within each subplot of
Figures 2–5). This situation changes slightly when the lag h and memory parameter d are large. In such cases larger values of q are

Table 1. Selected values for ch and .h in the fractionally integrated noise (r2 ¼ 1)

ch .h

hnd 0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4

1 0.1133 0.2747 0.5642 1.3801 0.1111 0.2500 0.4286 0.6667
5 0.0316 0.1060 0.2999 1.0070 0.0310 0.0965 0.2278 0.4864
10 0.0181 0.0700 0.2274 0.8768 0.0178 0.0637 0.1727 0.4236
15 0.0131 0.0549 0.1933 0.8086 0.0129 0.0499 0.1469 0.3906
20 0.0104 0.0462 0.1723 0.7634 0.0102 0.0420 0.1309 0.3688

Equal−tailed interval, Bartlett taper
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required to achieve satisfactory performance. The choice of the taper has little influence on the results (compare Figures 2 and 3 with
4 and 5 and Table 2 with 3), although cps with Trapezoidal taper are slightly higher. As expected, the equal-tailed confidence
intervals produce slightly lower coverage than the symmetric ones (compare Figures 2 and 4 with 3 and 5).

Overall, the empirical cps for acvs are satisfactory and range from around 68% up to around 97%. The poorer results are associated
with large d and this is particularly apparent for larger lags of the acv. The quality of the coverage seems to be more influenced by
the memory (undercoverage for d ¼ 0.4), than by the tail. This might be partially explained by the finite-sample bias in the
estimation of ch by bch;N and length of the intervals. However, it is apparent that block size has a greater impact on coverage when d is
high, and in particular that smaller blocks are preferable in these cases. That is, coverage deteriorates (right-hand panels) more

Equal−tailed interval, Trapezoidal taper
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rapidly as block size increases for cases where d is high, as compared to cases where d is small or moderate (left-hand panels). This
empirical finding is consistent with the discussion given in Section 4 – that to control the variance of the subsampling estimator, one
should take smaller blocks whenever d > 1/4. Also the GRBS rule tends to automatically select the smaller blocks in these cases
where there is more long memory.

Examples of the 95% symmetric subsampling confidence interval for c1 are given in Figure 6. The true value of c1 was subtracted
from the end-points of CIs;0:95ðc1Þ so that the intervals are centered at the horizontal axis. When the convergence rate is standard the
intervals are short; when it is dominated by the tail, we occasionally have a longer interval, especially when a is close to 2, and the

Table 2. Empirical coverage probabilities for the 95% subsampling confidence intervals for ch based on the adaptively chosen block b and Bartlett
taper (q ¼ 0.6, N ¼ 1000)

Equal-tailed Symmetric

and 0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4

h ¼ 1
5.5 0.936 0.892 0.826 0.744 0.952 0.934 0.894 0.782
4.5 0.940 0.918 0.848 0.694 0.970 0.948 0.914 0.778
3.5 0.958 0.916 0.848 0.756 0.974 0.942 0.902 0.824
2.5 0.942 0.880 0.856 0.770 0.926 0.850 0.828 0.808
h ¼ 5
5.5 0.944 0.894 0.796 0.680 0.964 0.942 0.862 0.740
4.5 0.944 0.914 0.808 0.656 0.968 0.954 0.860 0.728
3.5 0.980 0.932 0.848 0.724 0.988 0.938 0.884 0.778
2.5 0.978 0.938 0.860 0.750 0.986 0.920 0.830 0.768
h ¼ 10
5.5 0.962 0.918 0.800 0.648 0.966 0.936 0.846 0.708
4.5 0.970 0.946 0.828 0.632 0.970 0.954 0.872 0.702
3.5 0.970 0.926 0.860 0.688 0.978 0.946 0.876 0.758
2.5 0.994 0.974 0.854 0.728 0.994 0.970 0.848 0.766
h ¼ 15
5.5 0.954 0.922 0.804 0.640 0.960 0.946 0.856 0.698
4.5 0.970 0.950 0.848 0.614 0.972 0.954 0.888 0.694
3.5 0.978 0.964 0.850 0.676 0.990 0.980 0.874 0.736
2.5 0.988 0.974 0.860 0.708 0.992 0.972 0.856 0.734
h ¼ 20
5.5 0.968 0.954 0.828 0.628 0.974 0.966 0.860 0.684
4.5 0.982 0.964 0.870 0.616 0.978 0.982 0.886 0.676
3.5 0.972 0.948 0.852 0.660 0.980 0.972 0.868 0.722
2.5 0.992 0.984 0.858 0.682 0.998 0.990 0.854 0.726

Symmetric interval, Trapezoidal taper
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shorter intervals are centered at the true value; when the memory dynamics dominate, the longer intervals are more abundant and
the estimates of c1 miss the target more often. The higher variability of bc1 in zone C compared to zones A and B, means that when
the intervals are short they are not able to trap the true parameter. Consequently, this contributes to a slightly more pronounced
undercoverage in cps for d ¼ 0.4 and a ¼ 5.5.

Table 2 contains the results for the longer series where N ¼ 1000, for ch with the lag values h 2 f1,5,10,15,20g, with the adaptively
selected block size, q ¼ 0.6 and Bartlett taper. The cps with the same settings but for Trapezoidal taper are displayed in Table 3. The

Table 3. Empirical coverage probabilities for the 95% subsampling confidence intervals for ch based on the adaptively chosen block b and Trapezoidal
taper (q ¼ 0.6, N ¼ 1000)

Equal-tailed Symmetric

and 0.1 0.2 0.3 0.4 0.1 0.2 0.3 0.4

h ¼ 1
5.5 0.934 0.882 0.812 0.764 0.960 0.934 0.904 0.802
4.5 0.942 0.904 0.840 0.720 0.970 0.950 0.904 0.798
3.5 0.960 0.906 0.840 0.772 0.976 0.944 0.904 0.838
2.5 0.940 0.876 0.846 0.786 0.922 0.852 0.840 0.824
h ¼ 5
5.5 0.934 0.888 0.784 0.696 0.966 0.944 0.868 0.758
4.5 0.946 0.898 0.792 0.666 0.968 0.948 0.868 0.754
3.5 0.976 0.928 0.826 0.732 0.990 0.944 0.890 0.798
2.5 0.976 0.936 0.864 0.760 0.986 0.922 0.834 0.794
h ¼ 10
5.5 0.970 0.914 0.790 0.686 0.964 0.936 0.858 0.738
4.5 0.970 0.932 0.844 0.664 0.970 0.960 0.888 0.736
3.5 0.970 0.918 0.854 0.716 0.980 0.950 0.886 0.770
2.5 0.992 0.972 0.868 0.762 0.994 0.966 0.852 0.784
h ¼ 15
5.5 0.954 0.920 0.800 0.676 0.964 0.948 0.868 0.724
4.5 0.966 0.932 0.838 0.646 0.970 0.960 0.894 0.724
3.5 0.976 0.952 0.842 0.696 0.988 0.982 0.888 0.764
2.5 0.986 0.974 0.866 0.732 0.992 0.972 0.860 0.758
h ¼ 20
5.5 0.976 0.944 0.832 0.662 0.974 0.970 0.868 0.704
4.5 0.974 0.948 0.864 0.636 0.982 0.982 0.892 0.698
3.5 0.976 0.938 0.846 0.682 0.980 0.972 0.870 0.738
2.5 0.992 0.982 0.866 0.718 0.998 0.992 0.856 0.740

Symmetric interval, Trapezoidal taper
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coverage for c1 is very similar to that obtained with N ¼ 500 observations. Focusing now on the behaviour of cps with respect to h,
we notice that when the memory dominates the convergence rate of bch;N, the cps decrease with an increasing lag.

Now we discuss the results for the acs. The cps from symmetrical confidence intervals for .1 with Trapezoidal taper are displayed in
Figure 7 and example of those (shifted by the true value) in Figure 8. For q ¼ 0.6, the cps for the adaptively selected block, range
from about 86% to 93% and tend to be lower in the memory-dominated region. The intervals for .1 in the region with the standardffiffiffiffi

N
p

convergence rate, are narrower than those in the memory-dominated one. The latter intervals become wider as d increases and
have centres that show a finite-sample bias in estimating .1. We observe little impact of the tail on the cps and the size of the
intervals, which is in accordance with Theorem 4.

Symmetric interval, Trapezoidal taper
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Finally, we apply our methodology to the log-squared returns of Merck & Co., Inc. stock, from 3, January 1995 through 31
December, 2007, with N ¼ 3211 (61 zero values for returns were removed). This transformed series can be consider as a proxy for the
volatility. The returns frtg and the (centred) volatility series fXtg, Xt ¼ logðr2

t Þ, are displayed in the upper panels of Figure 9. Linear
models for log-squared returns have been proposed in a series of articles (Breidt et al., 1998; Harvey, 1998; Deo et al., 2006) and
hence it is not unreasonable to apply the methods of this study to the Merck data. The corresponding 95% subsampling symmetric
confidence intervals for the acvs and acs of fXtg (b from GRBS rule, q ¼ 0.6, Trapezoidal taper) are drawn as thick lines in the bottom
panels of the same figure.

We compare the subsampling confidence intervals with the ones obtained by a ‘standard’ method in which Xts are considered as a
realization from a high-order moving average process [here an MA(20) process]. In such case the 95% confidence interval for ch is
obtained using the Bartlett formula, as described in Brockwell and Davis (1991): CI0:95ðchÞ ¼ bch;N 	 1:96

ffiffiffiffiffiffiffi
vhh
p

=
ffiffiffiffi
N
p� �

; where the
asymptotic variance vii is given by

vii ¼ ðg� 3Þc2
i þ c2

0 þ c2
i þ 2

Xq

k¼1

c2
i þ 2

Xq�i

k¼1

ckþick�i

and for i > q, vii ¼ vqq. The 95% confidence for .h is CI0:95ð.hÞ ¼ b.h;N 	 1:96
ffiffiffiffiffiffiffiffi
whh
p

=
ffiffiffiffi
N
p� �

and

wii ¼
Xq�i

k¼1

q2
kþi þ 2

Xq�i

k¼1

qkþiqk�i þ
Xqþi

k¼1

q2
k�i � 4qi

Xq�i

k¼1

qkqkþi � 4qi

Xq

k¼1

qkqk�i þ 4q2
i

Xq

k¼1

q2
k :

For i > q wii ¼ 1 þ 2ðq2
1 þ . . . þ q2

qÞ. In both cases, the unknown quantities were estimated.
The subsampling confidence intervals for acvs and acs are different from the standard ones and tend to be wider. Both types,

subsampling and standard intervals for the autocorrelations, suggest some degree of persitance in volatility, however in the
subsampling approach fewer .hs are significant at 95% level compared to the standard approach.

6. SUMMARY

In this study we propose a self-normalization for the sample acvs and acs of a finite-variance linear, long-memory time series,
whose innovations may possibly be heavy-tailed with tail index 2 < a < 4. The aim of this construction is to eliminate the
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dependence on parameters d and a from the rate of convergence of the sample acvs and on parameter d from the rate of
convergence of the sample acs. In the case of acvs, this is achieved by combining the sample fourth moment (tail-adjustment) and
the tapered sample acvs (memory-adjustment) – a HAC estimator; in the case of acs, the sample fourth moment is substituted by
the sample size.

New theoretical results establish joint weak convergences of the sample acvs with the HAC estimator, as well as the sample fourth
moment, and are later utilized in the convergence of the sample acs. The fixed bandwidth-ratio approach is taken in the
development of the HAC asymptotics, as in Kiefer and Vogelsang (2005). To our knowledge, this is the first attempt to quantify and
estimate variation in the sample acv and ac through a HAC estimator, such that the result is robust with respect to long memory (let
alone high kurtosis).

The subsampling approach is employed to approximate the quantiles of the sampling distribution of the self-normalized acv
(respectively, ac), as the corresponding nonstandard asymptotic distribution remains dependent upon d and a (respectively, d). The
asymptotic properties of the subsampling estimator is here based upon the concept of h-weak dependence introduced in Doukhan
and Louhichi (1999), and consistency is established under some additional conditions. To choose a block size, an adaptive procedure
of Götze and Rac̆kauskas (2001) and Bickel and Sakov (2008) is implemented.

In the simulation study, realizations from processes with various combinations of tail and memory parameters, and of two different
lengths, 500 and 1000, are investigated; the influence of both tapers and bandwidths is considered as well.

The empirical coverage rates for a 95% nominal level and automatically selected b are adequate, though with some
tendency towards under-coverage in the memory-dominated convergence region. Finally, confidence-interval methodology is
illustrated on the acvs and acs of log-squared returns of Merck stock, suggesting the presence of persistence in volatility for
that time series.

APPENDIX

We begin with two auxiliary lemmas that have independent theoretical interest, and are used in the proofs of the theorems. First
define Wt ¼ Z2

t � r2, which is mean zero and heavy-tailed.

LEMMA 1. Under the conditions of Theorem 1,

Eexp ima�2
N

XN

t¼1

Wt �
x2

2
a�4

N

XN

t¼1

W2
t

( )
! expfgðm;xÞg

with g defined via eqn(1).

Next, we require another result – a generalization of Lemma 4.2 of HK – which uses the concept of a Donsker interpolation, defined
via a collection of random sequences fWN(k)g with the property that for all s < r,

X
½sN��k�½rN�

WNðkÞ)
L

WðrÞ �WðsÞ: ðA:1Þ

LEMMA 2. Suppose each WN(k) has all finite moments, with mean zero and variance N�1, such that (A.1) is satisfied. Let
cNðx; yÞ ¼

P
j 6¼k CNðj; kÞ1½j=n;jþ1=nÞðxÞ1½k=n;kþ1=nÞðyÞ be defined for some sequence of coefficients CN(j,k), and

aNðx; rÞ ¼
P

k ANðk; rÞ1½k=n;kþ1=nÞðxÞ be defined for any r 2 [0,1] for some sequence of coefficients AN(k,r). Suppose that these
functions each converge in L2 to functions c(x,y) and a(x,r) for each r fixed. Then for every r 2 [0,1]X

k

ANðk; rÞWNðkÞ;
X
j 6¼k

CNðj; kÞWNðjÞWNðkÞ
 !

)
L

Z1
�1

aðx; rÞWðdxÞ;
Z Z

cðx; yÞWðdxÞWðdyÞ

0@ 1A
as N ! 1. This result also holds as a joint convergence over any collection fr‘gm

‘¼1.

Next, we present proofs of all the results.

PROOF OF LEMMA 1. Using integration by parts, we can show that
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logEexp ima�2
N

XN

t¼1

Wt �
x2

2
a�4

N

XN

t¼1

W2
t

( )

¼ Nlog 1þ
Z1
�1

exp
im
a2

N

ðz2 � r2Þ � x2

2a4
N

ðz2 � r2Þ2
� �

� 1� im
a2

N

ðz2 � r2Þ
� �

dFðzÞ

0@ 1A
¼ Nlog 1þ

Z1
0

exp
im
a2

N

ðz2 � r2Þ � x2

2a4
N

ðz2 � r2Þ2
� �

2imz

a2
N

� 2x2zðz2 � r2Þ
a4

N


 �
� 2imz

a2
N

� �
FðzÞdz

0@ 1A
�
Z0

�1

exp
im
a2

N

ðz2 � r2Þ � x2

2a4
N

ðz2 � r2Þ2
� �

2imz

a2
N

� 2x2zðz2 � r2Þ
a4

N


 �
� 2imz

a2
N

� �
FðzÞdz

1A
¼ Nlog 1þ

Z1
0

exp imðw2 � r2

a2
N

Þ � x2

2
ðw2 � r2

a2
N

Þ2
� �

2imw � 2x2wðw2 � r2

a2
N

Þ

 �

� 2imw

� �
FðaNwÞdw

0@
þ
Z1
0

exp imðw2 � r2

a2
N

Þ � x2

2
ðw2 � r2

a2
N

Þ2
� �

2imw � 2x2wðw2 � r2

a2
N

Þ

 �

� 2imw

� �
FðaNwÞdw

1A:
Now use the tail behaviour of the right and left cdfs, along with the Dominated Convergence Theorem and the Taylor series

expansion of the logarithm, to obtain convergence to expfg(m,x)g, noting that p + q ¼ 1.

PROOF OF LEMMA 2. Using the Cramer–Wold device, we must examine

Xm

‘¼1

a‘
X

k

ANðk; r‘ÞWNðkÞ þ b
X
j 6¼k

CNðj; kÞWNðjÞWNðkÞ

¼
Xm

‘¼1

a‘

Z
aNðx; r‘ÞWNðdxÞ þ b

Z Z
cNðx; yÞWNðdxÞWNðdyÞ:

If we could substitute a(x,r‘) for aNðx; r‘Þ and c(x,y) for cN(x,y), the result would follow by the functional central limit theorem
assumed for the Donsker interpolation. The discrepancy isXm

‘¼1

a‘

Z
aðx; r‘Þ � aNðx; r‘Þ½ �WNðdxÞ þ b

Z Z
cðx; yÞ � cNðx; yÞ½ �WNðdxÞWNðdyÞ;

which we must show tends to zero as N ! 1. To show the first part is asymptotically negligible, we can take a second moment and
use standard arguments, along with the assumed L2 convergence. For the second part, we can mimic the argument of Lemma 4 of
Surgailis (1982); also see Lemma 4.2 of HK.

PROOF OF THEOREM 1. We begin by evaluating the joint FLT described in the theorem, introducing an independent i.i.d. standard normal
time series fNtg:

Eexp i
XH

h¼0

mhNa�2
N dN;h �

x2

2
a�4

N S
ð4Þ
N

( )
¼ Eexp i

XH

h¼0

mhNa�2
N dN;h þ ixa�2

N

XN

t¼1

X2
t Nt

( )
:

In the second term we can expand X2
t , and retain only the diagonal portion given by

ixa�2
N

X
j

w2
j

XN

t¼1

Z2
t�jNt ¼ ixa�2

N

X
j

w2
j

XN

t¼1

Wt�jNt þ ixr2a�2
N W0

XN

t¼1

Nt:

Here Wt ¼ Z2
t � r2 by definition. Since 2 < a < 4, a�2

N

PN
t¼1 Nt ¼ oPð1Þ. For the off-diagonal term in the expansion of the sum

of X2
t , it is shown to be asymptotically negligible:

a�2
N

X
j 6¼k

wjwk

XN

t¼1

Zt�jZt�k Nt �!
P

0
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as N ! 1. This is established by noting that the above quantity is the normalized partial sum of
P

j 6¼k wjwk Zt�jZt�k Nt , which is mean
zero and uncorrelated in time, so that the sum is OP(N). So the FLT is asymptotic to

Eexp i
XH

h¼0

mha�2
N

X
j

wjwjþh

XN

t¼1

Wt�j �
x2

2
a�4

N

XN

t¼1

X
j

w2
j Wt�j

 !2( )
:

Once again, we can expand the square in the second term, obtaining

a�4
N

XN

t¼1

X
j

w4
j W2

t�j þ a�4
N

XN

t¼1

X
j 6¼k

w2
j w

2
k Wt�jWt�k:

For any h 6¼0 the series fWt Wtþhg is heavy-tailed of index a/2, with rate of growth for the partial sums given by a2
N, utilizing

Theorem 3.3 of Davis and Resnick (1986); also see Lemma 1 of McElroy and Politis (2007). Now in the process f
P

j w
2
j Wt�jg the

MA coefficients satisfy w2
j � C2

d j2d�2, and hence are summable (since d < 1/2). Although the coefficients do not satisfy
condition (4.2) of Davis and Resnick (1986), this assumption is not really needed in their Proposition 4.2, as the proof reveals.
Applying this proposition shows that the off-diagonal terms are OPða�2

N Þ, which only leaves a�4
N

PN
t¼1

P
j w

4
j W2

t�j . Hence the FLT
reduces to

Eexp i
XH

h¼0

mha�2
N

X
j

wjwjþh

XN

t¼1

Wt�j �
x2

2
a�4

N

XN

t¼1

X
j

w4
j W2

t�j

( )
:

Now using truncation arguments – since the sequences fwjwjþhg are summable in j for each h, and fw4
j g is summable as well – as in the

proof of Theorem 4.1 of Davis and Resnick (1985), the result follows from Lemma 1. The derivations for g in Remark 1 are given here for eqn
(2):

gð0; yÞ ¼
Z 1

0

expf�y2z4=2gð�2y2Þz3�adz

¼ �jyja=2

Z 1
0

expf�z2=2gzð2�aÞ=2dz

¼ �jyja=2

ffiffiffiffiffiffi
2p
p

2
2ð2�aÞ=4p�1=2Cð1� a=4Þ

by p.142 of Samorodnitsky and Taqqu (1994).

PROOF OF THEOREM 2. First, note that a representation for a Fractional Brownian Motion (FBM) – in terms of W – is given by

BðtÞ ¼
Z1
�1

ftðxÞWðdxÞ ðA:2Þ

by Proposition 7.2.6 of Samorodnitsky and Taqqu (1994), where ftðxÞ ¼ ðt � xÞdþ � ð� xÞdþ ¼ d
R t

0ðv � xÞd�1
þ dv. We will consider

this representation of FBM for 0 � t � 1, observing that B(0) ¼ 0. Letting Sn ¼
Pn

t¼1 Xt for any positive integer n, the interpolated
process S[Nr] satisfies a functional central limit theorem under a linear hypothesis and second moments condition – see results in
Marinucci and Robinson (2000):

V
�1=2
N S½N�� )

L
B

as N ! 1 on the Skorohod space of functions on [0,1]. The normalizing variance VN is defined to be VN ¼ VarðSNÞ, and is asymptotic
to N2d�1C2

dr2 by standard calculations. (This result requires greater than 2 moments and 0 � d < 1/2.)
Note that the conditions of the theorem guarantee that Lemma 2 holds, and we will extend this result slightly. LetP
j 6¼k CNðj; kÞWNðjÞWNðkÞ be denoted by CN, and consider the sequence of stochastic processes defined via

P
k ANðk; rÞWNðkÞ, called

AN(r) for short. Also let A(r) ¼
R

a(x,r)W(dx), so we have ANðrÞ)
L

AðrÞ for each r 2 [0,1]. If AN(Æ) is a tight sequence of stochastic
processes, then

ðANð�Þ; CNÞ)
L

A;

Z Z
cðx; yÞWðdxÞWðdyÞ


 �
as a convergence of stochastic processes, since the finite-dimensional distributions converge by Lemma 2, and the tightness of CN

(trivial, since it is bounded in probability).
We intend to apply these results with ANðk; rÞ ¼ N�d

P½Nr�
t¼1 wt�k and aðx; rÞ ¼ Cd frðxÞ=d, noting that

N�d�1=2S½Nr� ¼ N�d�1=2
X

k

Zk

X½Nr�

t¼1

wt�k ¼ N�1=2
X

k

ANðk; rÞZk:
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Of course, Lemma 2 has a stringent moment assumption on the Donsker sequence. We resolve this in the same manner as in HK: first
establish the results using an approximating bounded sequence of input variables – as in their Lemma 4.1 – and then check that the error
arising from this substitution is negligible, as in their Lemma 5.5. (The calculations for the partial sum process are similar, and actually easier,
then those for rN,h.)

So modulo this approximation argument, we identify N�1=2Zk=r with the Donsker interpolation process WN(k), so that then
N�d�1=2S½Nr� ¼ ANðrÞ in the notation above. We know from other results cited above, that the normalized sum obeys a functional
central limit theorem, and hence AN(Æ) is tight. Moreover,

X½Nr�

t¼1

wt�k ¼
X½Nr�

t¼1

ðt � kÞd�1
þ Kðt � kÞ ¼ N�1

X½Nr�

t¼1

Ndðt=n� k=nÞd�1
þ Kðt � kÞ;

and so aNðx; rÞ �
R r

0ðv � xÞd�1
þ dvCd ¼ aðx; rÞ, with error of order 1/N by properties of the Riemann integral. We also have L2

convergence of aN(Æ,r) to a(Æ,r) for each r 2 [0,1].
Following the development of Lemma 5.4 of HK, we can let CNðj; kÞ ¼

PH
h¼0 mh

PN
t¼1 N1�2dwt�kwtþh�j with cN(x,y) defined

accordingly; then cN ! c in L2 (we can also apply Lemma 4.3 of HK, since d > 1/4 by assumption). Then we may apply Lemma 2, as
well as its extension to stochastic processes, learning that

N�d�1=2S½Nr�;N1�2drN;h

	 

)L r

Cd

d

Z
frðxÞWðdxÞ; r2

Z Z
cðx; yÞWðdxÞWðdyÞ


 �

jointly in 0 � h � H, as a functional central limit theorem in r. Of course the left hand limit is just B(r), the FBM process, scaled by
rCd/d. Now we use approximation results for VK,M from McElroy and Politis (2011a), obtaining

N�2d VK;M)
L
� r2 C2

d

q2d2

Z 1

0

Z 1

0

€K
r � s

q


 �
BðrÞBðsÞdrds

� 2r2C2
d

qd2
_KþðcÞ

Z 1�cq

0

BðrÞBðr þ cqÞdr þ 2r2C2
d

qd2
_K�ð1Þ

Z 1�q

0

BðrÞBðr þ qÞdr:

Utilizing the expression (A.2), we arrive at the results of the theorem and the proof is complete. Note that the HAC limits in McElroy
and Politis (2011b) involve functionals of Fractional Brownian Bridge (FBB), rather than FBM, since the acv in that work is centered by
the sample mean. The FBB is given by

eBðtÞ ¼ BðtÞ � tBð1Þ ¼
Z 1
�1

gtðxÞWðdxÞ ðA:3Þ

where gt(x) is defined by grðxÞ ¼ ðr � xÞdþ � ð� xÞdþ � rð1 � xÞdþ þ rð� xÞdþ: h

PROOF OF PROPOSITION 1. First, eqn (4) follows from Marinucci and Robinson (2000) and Theorem 5 of McElroy and Politis (2011a), since
only 2 + � moments are required in those results. The sample fourth moment satisfies a Law of Large Numbers whenever E½Z4� <1, so
eqn (5) follows. Third, eqn (6) follows from Lemma 5.2 of HK, whereas eqn (7) follows from Lemma 5.3 of the same work.

PROOF OF THEOREM 3. To organize results, consider four regions of the parameter space, each one a subset of a 2 (2,1) cross
d 2 [0,1/2). Region I ¼ (2,4)·(1/4,1/2); Region II ¼ (2,4)·[0,1/4); Region III ¼ (4,1)·[0,1/4); Region IV ¼ (4,1)·(1/4,1/2). Then we can
summarize the asymptotics of dN,h, rN,h, and S

ð4Þ
N on each region (the convergence of VK,M is the same in all four regions, though in Regions

I and IV it converges jointly with rN,h).

Region I: Na�2
N dN;h)

L
Wh � U by Theorem 1, and also a�4

N S
ð4Þ
N )
L

V . Also N1�2d rN;h)
L

r2
R R

cðx; yÞWðdxÞWðdyÞ by Theorem 2. Note
that Region I is split between cases B and C, along the curve d ¼ 1/a.

Region II: Na�2
N dN)

L
Wh � U by Theorem 1, as well as a�4

N S
ð4Þ
N )
L

V . But a�2
N rN;h�!

P
0 by eqn (6). Region II is wholly contained within

case B.
Region III: N1=2ðbch;N � chÞ)

L
Gh by Theorem 3.3a of HK, so the analysis of dN,h and rN,h becomes irrelevant. Also N�1S

ð4Þ
N �!

P
E½X4� by

eqn (5). Region III coincides with case A.
Region IV: N1�2ddN;h�!

P
0 by eqn (7), while N1�2d rN;h)

L
r2
R R

cðx; yÞWðdxÞWðdyÞ by Theorem 2. Also N�1S
ð4Þ
N �!

P
E½X4� by eqn (5).

Region IV is wholly contained within case C.
These results can now be spliced with some book-keeping. The dominant rate in case B (Region II and part of Region I) is Na�2

N ;
since a�2

N N2d ! 0 (the slowly varying function L grows slower than any polynomial power of N), the remainder term rN,h dies off, as
does the normalization VK,M. This produces the case B asymptotics.

For case A, the appropriate rate is N1/2, noting that N�1=2N2d ! 0 here, guaranteeing that VK,M has no impact. For case C, the
appropriate rate is N1�2d, and this time N�2d a2

N ! 0, in both Regions I and IV. Thus the normalization by S
ð4Þ
N has no impact. This

completes the proof.
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PROOF OF THEOREM 4. We prove the result for the marginals, noting that the joint result follows by Cramer–Wold fairly simply. Let h � 1
be fixed, and let /j ¼ wjþh � .hwj for each j be defined, its dependency on h being suppressed in the notation. Then from eqn (8) we
obtain the decomposition

b.h;N � .h ¼ bc�1
0;NN�1

XN

t¼1

X
j�0

wj/jWt�j þ bc�1
0;NN�1

XN

t¼1

X
j 6¼‘

wj/‘Zt�jZt�‘:

Label the terms on the right as FN,h and EN,h respectively, which correspond to diagonal and off-diagonal terms for the
autocorrelations. Although in the final analysis the convergences only depend upon whether d is less than or greater than 1/4, it is
convenient to proceed according to zones A, B and C, so that we can utilize prior results. Focusing on the numerator of Qh,N, we note
that in zone A the convergence

ffiffiffiffi
N
p
ðb.h;N � .hÞ)

L
c�1

0 ½Gh � .hG0� follows from Theorem 3, which works out to be Gaussian with
variance

ð1þ 2.2
hÞ
X

j

c2
j � 4.h

X
j

cjcjþh þ
X

j

cj�hcjþh ðA:4Þ

(all terms involving the fourth moment g cancel out) divided by c2
0. In zone C we obtain the convergence

N1�2dðb.h;N � .hÞ)
L ð1� .hÞ

c0

Z Z
cðx; yÞWðdxÞWðdyÞ; ðA:5Þ

and the limit is nonzero by assumption on .h; also note that this limit holds jointly with the limit of VK,M. On zone B, we obtain
Na�2

N FN;h�!
P

0 by Theorem 1. So it remains to consider EN,h on zone B; when d > 1/4 we can apply Theorem 2 to obtain the same
limit as in (A.5), and again the result is joint with VK,M. Hence the behavior on this slice of zone B is identical to the behavior in zone C.
But when d < 1/4 some additional analysis is needed, along the lines of Proposition 4.1 of Davis and Resnick (1986). Letting
nt ¼

P
j

P
k 6¼0 wj/j�k Zt�jZt�jþk (which depends on h), we have EN;h ¼ bc�1

0;NN�1
PN

t¼1 nt . These fntg are a covariance stationary
sequence with autocovariance function mn given by

mn ¼ E½nnn0� ¼ r4
X

j

X
k 6¼0

wj/j�k wj�n/j�n�k þ wj�n�k/j�n

h i
ðA:6Þ

after simplifications. This sequence is absolutely summable when d < 1/4 – HK shows it decays at rate n4d�2 – and in fact
P

n mn

equals (A.4). We then establish a CLT for the partial sum
PN

t¼1 nt by first truncating the MA representation of the variables as

nðmÞt ¼
Xm

j¼0

X
k 6¼0

wj/j�k Zt�jZt�jþk;

it is immediate from (A.6) that this new sequence fnðmÞt g is m-dependent. So long as the sum of its autocovariances is non-zero [and
we can choose m sufficiently large to guarantee this is always true, given its limit of (A.4)], we can then apply Theorem 6.4.2 of
Brockwell and Davis (1991) to conclude the CLT holds. Relaxing the truncation (letting m ! 1) now follows standard arguments
(Proposition 6.3.9 of Brockwell and Davis, 1991), noting that the coefficient sequences are absolutely summable. Hence,ffiffiffiffi

N
p

EN;h)
L
Nð0;

P
n mn=c2

0Þ. So clearly the sample ac limit in zone B where d < 1/4 is identical to that of zone A. Splicing all results
together, we have either a CLT for the sample acs when d < 1/4, or the functional BM limit when d > 1/4, and a is irrelevant. The
rate of convergence is N1�maxf2d,1/2g.

As for the denominator, we recall from Proposition 1 that
ffiffiffiffi
N
p

=VK;M�!
P

0 when d > 1/4 and VK;M=
ffiffiffiffi
N
p
�!P 0 when d < 1/4.

Moreover in the former case the convergence of the numerator of Qh,N is joint with the HAC estimator (at rate N�2d), which
establishes the d > 1/4 case of Theorem 4. But when d < 1/4 the studentized statistic is asymptotic to just

ffiffiffiffi
N
p

times b.h;N � .h,
which tends to c�1

0 ðGh � qhG0Þ. This concludes the proof. h
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