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Abstract

Nonlinear prediction of time series can offer potential accuracy gains over
linear methods when the process is nonlinear. As there are numerous exam-
ples of nonlinearity in time series data (e.g., finance, macroeconomics, image,
and speech processing), there seems to be merit in developing a general the-
ory and methodology. We explore the class of quadratic predictors, which
directly generalize linear predictors, and show that they can be computed
in terms of the second, third, and fourth auto-cumulant functions when the
time series is stationary. The new formulas for quadratic predictors general-
ize the normal equations for linear prediction of stationary time series, and
hence we obtain quadratic generalizations of the Yule-Walker equations; we
explicitly quantify the prediction gains in quadratic over linear methods. We
say a stochastic process is SECOND ORDER FORECASTABLE if quadratic pre-
diction provides an advantage over linear prediction. One of the key results of
the paper provides a characterization of second order forecastable processes
in terms of the spectral and bi-spectral densities. We verify these conditions
for some popular nonlinear time series models.

AMS (2000) subject classification. 62M10; 62M20.
Keywords and phrases. Bi-spectral density, Nonlinear prediction, Nonlinear
processes, Quadratic prediction, Polyspectra.

1 Introduction

The problem of prediction can often be parsed as an attempt to find a good
“estimator”’of a target random variable Y given an available data random
vector X. Typically a joint distribution is posited, and the broader prob-
lem of prediction involves determining the conditional distribution Y|X.
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The mean (when it exists) of this conditional distribution is the conditional
expectation E[Y|X], and is known to minimize the mean square error (MSE)
between Y and all functions of X. Because many prediction problems can
be put into this context, much effort has been exerted in solving this general
problem. When the joint distribution is Gaussian, the conditional expecta-
tion is a linear function of X. This linear function is completely computable
in terms of the first and second moments of the joint vector (Y, X), as dis-
cussed in Brockwell and David (2016)(Chapter 2).

Even when the joint vector is non-Gaussian, a practitioner still might use
the linear solution — knowing that this solution has the minimal MSE among
all linear estimators — because it is simple to compute. Nevertheless, there
can be a substantial predictive loss when non-Gaussian features are present
in the data, such as asymmetry and excess kurtosis (cf. Maravall (1983),
Brockett et al. (1988)). Nonlinearity in financial data has been documented
in Hinich and Patterson (1985) and Abhyankar et al. (1997); Ramsey and
Rothman (1996) discuss time irreversibility (i.e., nonlinearity) in macroeco-
nomic data, whereas Harvey and Siddique (2000) discuss the implications of
skewness in asset pricing. Oppenheim and Lim (1981) discuss the importance
of obtaining phase information for applications to image and speech recon-
struction. Mutschler (2018) provides auto-cumulant calculations for popular
econometric models, motivated by known nonlinearities in consumption and
interest rate data. Tjgstheim (1994) provides an overview of the benefits of
nonlinear time series analysis.

One can formulate nonlinear prediction by generalizing the linear mini-
mizer of prediction MSE to a nonlinear solution, leading to the search for a
“universal predictor” (Kock and Terésvirta (2011)). One approach to finding
a universal predictor involves the Kolmogorov-Gabor (KG) polynomial, a
finite-lag version of the universal predictor’s truncated Volterra expansion
(Volterra (2005), Shiryaev (1960), Brillinger (1970)), which is discussed in
Tsay (1986) and Terdsvirta et al. (2010)). Recent work in econometrics uti-
lizing the KG approach include Krolzig and Hendry (2001) and Castle and
Hendry (2010). There is also substantial literature on bilinear processes (Rao
(1981), Quinn (1982), Rao et al. (1983), Hinich and Patterson (1985), Liu
and Brockwell (1988), Liu (1992), and Terdik (2012)) and the uses of bi-
spectral analysis (Gabr (1988) and Rao and Gabr (2012)). In this paper, we
formulate this universal predictor in terms of higher-order moments of a time
series, which potentially could be estimated nonparametrically, avoiding the
need to specify a model.
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To fix ideas, let {X;} be a zero mean stationary time series with
autocovariance function 7(-), and suppose that we observe a finite stretch

X1,..., X7 of the time series. The prediction target is a future value
Y = Xp4p of the {X;} process (for some given L > 1, the forecast lead) on
the basis of the past P observations X = [X7_py1,...,X7| (where 7 denotes

the transpose). In the case that P = T we use all the available samples for
prediction, but it may be advantageous to take P < T when a large value of
P necessitates the estimation of many parameters.

As a first step, one might consider predictors that are quadratic functions
of X, with the understanding that first and second moments will no longer
be sufficient to describe the solution — as established in (4) below. Such a
quadratic predictor could be computed with either parametric or nonpara-
metric approaches: if a particular parametric model is supposed that spec-
ifies the needed auto-cumulants (but perhaps is agnostic about other auto-
cumulants not needed to describe the solution), then one can simply plug
into the formula once the model has been fitted. A nonparametric approach
would forgo modeling, and instead proceed with a consistent estimation of
the auto-cumulants. Adequate estimation of polyspectra has already been
addressed in the statistics literature: see Brillinger (1965), Rosenblatt and
Van Ness (1965), Lii and Rosenblatt (1990), Berg (2008), and Berg and
Politis (2009). In the signal processing literature there is also much atten-
tion given to the subject: Nikias and Raghuveer (1987), Mendel (1991), and
Nikias and Mendel (1993). See also Hinich and Wilson (1990), which inves-
tigates the cross bi-spectrum in spatial data.

Given that much is already known about polyspectral estimation and
the properties of specific kinds of nonlinear models, our focus in this paper
is instead on the properties of nonlinear predictors, elicited through the
analysis of polyspectra and the development of recursive computational algo-
rithms. With a deeper understanding of the properties of nonlinear predictors
(of the multivariate polynomial type), we aim to facilitate the application of
nonlinear prediction to time series data. We remark that the use of polyno-
mials, and the quadratic basis in particular, is not canonical, but is merely
a convenient, agnostic choice that is motivated by the Volterra expansion of
the optimal predictor; this also indicates that taking cubic and quartic terms
will further improve the MSE. One can utilize different bases but in order to
do calculations one must either know the type of nonlinear process or have
to resort to auto-cumulant computations. Our proposal is useful in contexts
where the exact specification of the nonlinear process is not known, or there
are computational difficulties associated with finding its optimal predictor.
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We now briefly describe the specific findings and main contributions of
the paper. For the mean corrected random variates ¥ = Xp . and X =
[X7_py1,...,X7|, the class of quadratic predictors we consider here has
the generic form:

g X)=a+VX+X' BX

for some constant a, coefficient vector b for the linear part, and (symmet-
ric) coefficient matrix B for the quadratic part. The zero mean condition
on Y and unbiasedness considerations suggest taking a = —E[X'BX] =
—tr.(B Yx x), leaving b and B as the free parameters of the quadratic pre-
dictor; here X'y y = Var[X] is the covariance matrix of X with jkth entry
v(7 — k), and tr. is the trace operator. Using some suitable vectorization
steps, we develop below a generalized version of the Yule-walker equations
for the quadratic prediction problem and derive an explicit expression for the
optimal choices of b and B under the squared error loss. We also derive neces-
sary and sufficient conditions under which the quadratic prediction approach
improves upon linear prediction, providing a complete characterization — see
Theorem 2. We call a stochastic process second order forecastable if it satisfies
these necessary and sufficient conditions. Thus, there is a benefit in using
the quadratic prediction approach only for such second order forecastable
processes.

We also give examples of some popular nonlinear time series models, such
as ARCH and GARCH models (which are shown to have some strange behav-
ior) and nonlinear Hermite processes that are second order forecastable. On
computational aspects of the proposed methodology, we give an outline of
an algorithm for computing the higher order auto-cumulants and associated
polyspectra that yield the coefficients in the optimal quadratic predictor.
Numerical results reported in the paper show nontrivial improvements over
linear prediction, with relative gains in mean squared (prediction) error being
as high as 79.76%; see Table 1 in Section 6 below. To summarize, the key
contributions of the paper are to develop a new quadratic prediction method-
ology, provide results for the identification of second order forecastable pro-
cesses (where the quadratic prediction method can offer improvements over
classical linear prediction theory), and develop necessary computing tools to
make the methodology applicable in practice.

The rest of the paper is organized as follows. In Section 2, we describe
the quadratic prediction methodology. In Section 3, we quantify potential
gains from using the quadratic prediction approach over the traditional lin-
ear prediction methodology. In Section 4 we provide a complete characteri-
zation of the class of second order forecastable processes under some regular-
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ity conditions, and Section 5 gives some examples of such processes arising
from nonlinear time series models. Computational aspects and results from a
numerical study are reported in Section 6. Additional simulation results are
given in the supplementary materials file. In Section7 we provide two real
data examples involving the Unemployment Rate and the Wolfer Sunspots
data. The quadratic predictors give reductions of 16.5% and 29.2% in the
mean squared errors in the two cases respectively. The Appendix contains
proofs of the main results, as well as some technical details related to the
derivation of the auto-cumulants of Hermite processes.

2 The Quadratic Yule-Walker Equations and the Best
Quadratic Predictor

To state the formula for the quadratic predictor, we require the notion of
auto-moment. With Z denoting the set of all integers and with ty = 0, for
r > 2, let

’Y(th : EHXtv tl,...,tr,1€Z

denote the rth order auto-moment function of the stationary (mean zero)
process {X;}. In particular, for r = 2, y2(t) = v(t) = EX¢X; is the autoco-
variance function of {X;}.

Next, recall that Y = X7, and X' = [X7_p.1,..., X7] have mean zero.
The entire random vector consisting of X with Y as the final component is
denoted Z. If Z is Gaussian, E[Y|X] = V' X with b = Var[X]_lCOV[Y, X].
Moreover, even when Z is non-Gaussian this same solution minimizes the
linear prediction problem

E[(Y — ¥ X)*] = Var[Y] — 2¥' Cov[X, Y] + ' Var[X]b,

which is verified by computing the gradient and Hessian with respect to
b. Whereas the generic nonlinear prediction problem minimizes the MSE
difference between Y and all functions g(X), the quadratic problem posits
a predictor of the form

%J:HX+XBX—MXBX

—thXT-i—l ¢+ Z By (Xr41-sX7141-0 — 72(u—35)), (1)

1<s<u<P



T.S. McElroy et al.

where b = (by,...,bp) € RP and B is a P x P ((weakly) upper-triangular)
real matrix with entries Byg,. The second term of (1) is a bilinear form,
involving a two-dimensional array (i.e., the matrix B). The centering of
this bilinear form is needed to ensure that the predictor g(X) has mean
zero, as otherwise a bias is introduced. It is important to specify that B
is (weakly) upper-triangular, as we seek to identify the coefficients of B
that minimize MSE, and these will not be identifiable unless we restrict the
bilinear form. The entries of the linear form are not constrained. The optimal
quadratic predictor is obtained by choosing the coefficients b and B such that
E[(Y — g(X))?] is minimized. This can be done by taking partial derivatives
of the quadratic form with respect to the free coefficients {b; : 1 <t < P}
and {Bg, : 1 < s <u < P}. Setting these partial derivatives equal to zero,
one obtains the equations

P
YLA+t=1)=> bppt—t)+ Y Bewys(t—s,t—u)

t=1 I<s'<u/<P

P
y(L+u—1u—s)=> byys(u—t,u—s)
=1

+ Z Bow (qa(u— s, u—u',u—s)—ya(u—s)yp —5)). (2)
1<s'<u/’<P

These are the generalized Yule- Walker equations for the quadratic pre-
diction problem. Note that in addition to the autocovariance function, it
involves the third and fourth order auto-moments of the {X;} process.

The equations in (2) can be expressed in a compact form and solved
for the coefficients by recasting them using suitable matrix notation. To
that end, note that the bilinear form can be expressed in the following two
alternative ways:

X'BX = tr.{X X' B} = vec[B] vec[X X'],
where recall that for an m x n matrix A, vec[A] is the mn x 1 vector obtained
by stacking the columns of A. The upper-triangular structure of B ensures
that we can without loss of generality consider the (weak) vech (where only
the elements on or above the diagonal are included in the column-wise
vectorization of B) in lieu of vec in the above. Let W = vech[X X'], set
B = [b/,vech[B]'], and let X4 g = Cov[A, B] for any random vectors A and
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B. Then, we have the following result on the best quadratic predictor (BQP)
of Y.

Proposition 1 Suppose that Xx x and S = Xw w — Xw x Eilz Yx.w are
invertible. Then, the BQP of Y is given by [X’,E']B where

[ PR Ty - I Sew ST (Swy — S x Sxly Txy )

St (Em,y — Twx Tx'x 2@/)

Note that the optimal weights B depend on the autocovariance function
as well as the third and fourth order auto-moments of the {X;} process,
as expected from the generalized Yule-Walker equations (2). In the next
section, we explore the benefits of using the quadratic predictor over its
linear counterpart, leading to the quadratic prediction principle that gives
a criterion for establishing the superiority of the BQP over the best linear
predictor (BLP).

Example: All-Pass Noise

Consider a nonlinear process {X;} given as an all-pass filter of i.i.d. noise:
let {Z;} be i.i.d. with mean zero, variance ug, and non-zero third and fourth
cumulants pg and pyg; let ¥(2) = (1 — 2z/¢)/(1 — ¢z) for |¢| < 1, and define
X = ¢(B)Z;, where B is the backshift operator. Because 1(z) is a scaled
all-pass filter (i.e., ¥(2)¥(1/2) = ¢72), {X;} is a white noise of variance
02/¢%. However, the third auto-moments are non-trivial: we can expand
P(2) =D >0 ez’ with coefficients vg = 1 and 1y = ¢~ (p—1/¢) for £ > 1,
so that v3(t1,t2) = u3 > pso Yetbest,Yett,- For instance, if ti,to > 0 then
sty ta) = pag" (6 — 1/6)*072(1 — ¢)/(1 = ¢°). Setting L = P =1, we
can apply Proposition 1, obtaining a forecast X;, 1 of the form bX; +c¢(X? —
72(0)). We need to compute the quantities

73(0,0) = ps(1+ (¢ — 1/9)° /(1 — %))
v3(1,0) = p3(¢p — 1/d) (1 + ¢(¢ — 1/9)?/(1 — ¢7))
74(0,0,0) = pua(1 + (¢ — 1/¢)" /(1 — ¢")) + 372(0)*;

noting that y2(1) = 0, we find that g = S~H—~3(0,0)73(1,0) /42(0),v3(1,0)],
where S = 74(0,0,0) — 72(0)* — 73(0,0)?/72(0). In particular, the Yule-
Walker estimator is zero (the best linear prediction is the mean), but for
quadratic prediction the linear weight b is —73(0,0)73(1,0)S~!/72(0), and
the quadratic weight is ¢ = v3(1,0)/S.
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3 Improvement over the linear predictor
Clearly, the quadratic portion of the solution disappears entirely if and only
if
Swy — Zw.x Xxx Zxy =0, (3)

in which case 3 (the first component of B) also reduces to the linear solution
E;{ X ZX,Y- An important observation here is that condition (3) involves the
third auto-cumulant, but not the fourth (and higher) order auto-cumulants.
The quantity on the left of (3) can also be viewed as Z’W, pys where, with

y denoting the BLP of Y = X, 1, the random variable EO =y —y®
gives the error in the linear predictor. Hence it follows that there is no
benefit to quadratic prediction if and only if the error in the linear predictor
is uncorrelated with W = vech[X X' ! ]. This is certainly the case for Gaussian
Z, where all third auto-moments are zero; even though S is invertible (it is
now given by Xy w ), the condition (3) is true. In general, the full expression
for the BQP, Y@ s

YO =YW 4 55, 57" | W —-EW] - Swx Tx'x X] ' @)

This expresses the quadratic estimator as the linear estimator plus a modifi-
cation that is only present if (3) is violated. Also, this modification is based
on the difference between W and its linear projection upon X. It is easy
to check that the minimum mean squared prediction error (attained by the
BQP, Y®) is Xyy — Uy x Iy ¥xy = Yo S Ly gy, where the first
two terms correspond to the predlctlon error for a linear problem. In other
words, the efficiency loss of using a linear estimator when a quadratic is
warranted is the non-negative quantity

Sy

E’\ wa(lﬂ (5)

Eo.w
which is non-negligible when (3) is violated. We summarize this discussion
in the following result.

Theorem 1 Suppose that Exlx and S™1 exist. Then,

(i) the optimal quadratic predzctor of Y under the squared error loss function
is given by (4).

(ii) The minimal quadratic prediction error is given by

—1
vy — yvx EX,X Xy — E(l) W Ch ZW Em:
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(iii) The quadratic predictor improves upon the linear predictor if and only
if (3) fails or equivalently,

EE(U,E S Ewﬁu) # 0.

Theorem 1 gives the formulae for the best quadratic predictor and the
minimal prediction error of a quadratic predictor. It also precisely describes
situations where quadratic prediction may improve upon linear prediction.
Thus, Theorem 1 leads us to the following general quadratic prediction prin-
ciple:

“There is no benefit to quadratic prediction if and only if the linear prediction
error is orthogonal to quadratic functions of the data, i.e., when (3) holds.”

Example: All-Pass Noise

Continuing our prior example of all-pass noise, we see that (4) is Y@ =
v3(1,0)S71 (X2 — 42(0) — 43(0,0)72(0) ' X;), and the improvement (5) to
MSE over linear prediction (which has MSE given by the process variance
72(0)) is v3(1,0)%/S; this is zero if and only if 1+ ¢(¢ — 1/¢)?/(1 —¢3) = 0,
which holds if and only if ¢ = 1,—1/2. Since |¢| < 1 by assumption, we see
that there is improvement for quadratic prediction if ¢ # —1/2.

4 Second Order Forecastable Processes

In this section, we present a characterization of time series models where the
quadratic prediction improves on linear prediction. For definiteness, we shall
restrict attention to the case where the goal is to predict Y = X;y; based
on an infinite past { Xy, X;_1,...}; this is akin to taking the L =1, P = o0
case of the previous section.

We say a time series is a second order forecastable process if and only
if the MSE of its one-step ahead BQP is less than the MSE of its one-step
ahead BLP; this generalizes the classical set of linear processes, for which
the one-step ahead BLP is the conditional expectation. Below, we develop
some key results on linear projections of quadratic terms, and provide a
characterization of second order forecastable processes.

A stationary process with moments of all orders can be described in
terms of its polyspectra; this is the approach to a frequency domain analysis
of time series advocated by Brillinger (1981). We proceed by describing these
results and relating them to the familiar case of a linear process. Any strictly
stationary time series {X;} with moments of all orders has auto-cumulant
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functions x of order r + 1 (for r > 1) defined via

K/’I‘—f—l (b) - Cum[Xt+h1 ) Xt+h27 ey Xt+hr ) Xt]?

where h = [h1, ha, ..., h,]" is a r-vector of lags. Note that the order of the
auto-cumulant corresponds to the number of variables included (r + 1), not
the number of lags (r). Strict stationarity — or more generally, stationarity
of order (r + 1) — guarantees that x,;1 is only a function of the lags, and
hence t is immaterial.

Recall the standing assumption that E[X;] = 0, and also recall the defi-
nition of the auto-moment functions v of order (r + 1):

Yrt1(h) = E[Xeyn, Xevny - Xean, Xil-

For r = 1,2, we have K,4+1 = Yr41, but for r > 3 the auto-cumulant and
auto-moment functions are distinct.

For the discussion below, we fix » > 1 and assume that the order (r+ 1)
auto-cumulant function, denoted simply by k,41(h) = k(h) for ease of expo-
sition, is absolutely summable over h € Z". With such an assumption, the
polyspectrum of order (r+1) is well-defined. The corresponding polyspectral
density of order (r + 1) is given (with i = /—1) by

FA) = k(h) exp{—iNh},

hezr

where A = [A1,..., )] denotes a r-vector of frequencies. Brillinger (1965)
provides an elegant discussion as to why it is preferable to consider the
Fourier transform of auto-cumulants rather than that of auto-moments.
When applying a linear filter ¥(B) = Zjez ¥ B’ to such an {X;}, yielding a
new {Y;} defined by Y; = ¥(B) X, one can relate the polyspectra of the filter
output to the polyspectra of the filter input. Let f, and f, denote polyspec-
tra of order (r + 1) for the {Y;} and {X;} processes; then by Theorem 2.8.1
of Brillinger (1981),

T

FyA) = fo Q) W (5 ) T2 (e ™). (6)

J=1

Recall that it follows from the Wold decomposition (McElroy and Politis
(2020)) that a purely non-deterministic stationary time series {X;} can be
expressed as Xy = ¥(B) Z;, where ¥(z) is a power series such that ¥(0) = 1,
and {Z;} is a white noise process, with its rth cumulant denoted by p,. When
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{Z,} is i.i.d., we say the process {X,} is linear; this appellation is connected
to the fact that the minimal MSE one-step ahead forecast function is linear
in the past data. In such a case, the polyspectrum of order (r 4 1) is given
by

FQ) = pr W (e! 2 Hw ) (7)

which follows from (6) and the fact that all polyspectra for an i.i.d. sequence
are equal to the constant cumulant i, 1. If we relax the assumption that {Z,; }
is i.i.d., the above formula will no longer be valid; potentially the {Z;} has
a non-constant polyspectra. Conversely, given a polyspectrum it is possible
to factorize it under certain conditions; see Tekalp and Erdem (1989). For
the case r = 1, the well-known spectral factorization theorem (McElroy and
Politis (2020)) yields

FA) = pa Wa(e™) Wa(e™), (8)

where ¥s(z) is a power series such that ¥»(0) = 1. This factorization is
possible when the process is invertible, i.e., the spectral density is strictly
positive.

Within the above context we now provide an equivalent characterization
of second order forecastable processes. The endeavor to predict X;41 in terms
of both linear and quadratic functions of past data can be re-expressed as a
linear function of both {Xt—f}ﬁzo and {Xt*th—k}j,kZO' Using Lemma 2 of
Bell (1984) the forecast only depends on the linear portion if and only if

COV[Xt_H, Xt—th—k - Xt—th—k] =0 (9)

for all j,k > 0, where Xt_/jz_k denotes the linear prediction of X;_;X;_j
on the basis of {X;_/} /. In other words, if the above covariance is non-zero
for some j and k, the process is second order forecastable — following the
ideas discussed in Sections 2 and 3. To understand this condition better, we
first derive X;)?t—k; this is expressible as the mean y(k — j) plus some
causal filter TI0F)(B) applied to Xy, i.e.,

X i Xeop =2k — ) + O (BYX, =k — )+ Y 7P Xeh. (10)
h>0
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To state the formula for this filter, we need new notations. Let the order
(r+ 1) auto-cumulant generating function be denoted as

fra1(z) = Z r(h) 2" -2

heZr

which reduces to the polyspectral density f,41(A) when z; = e~ for j =
1,...,7. Next, for any function g(z) that is analytic on an open annulus
containing the unit circle of C, let

(@(), = = / " g(e ™,

:% .

Also, for any Laurent series ¥(z) (see Ahlfors (1979)), let [¥(2)]) =
ijr wjzj for integers r < s. The following result gives the linear projection

of the quadratic term X;_;X;_j for any j,k > 0.

Proposition 2 Let {X;} be strictly stationary with third moments, and
absolutely summable auto-cumulants of order 2 and 3. Suppose the spectral
density is positive, so that the factorization (8) exists. Then for any j, k > 0,
the power series in z defined by

. 1
MOR) (5) = —
( ) H2

. . [e.e]
|29 falay ™)), (=) ()
yields the filter ﬂ(j’k)(B) that generates the optimal linear estimate of
Xt—thfk via (10)

Using Proposition 2, we can now prove our main result about the charac-
terization of the property of being a second order forecastable process. The
main assumption is that there are no zeroes in the spectral density. This
is not a substantially new restriction, because if the spectral density is not
positive then linear forecasting is also impossible.

Theorem 2 Let {X;} be strictly stationary with fourth moments, and abso-
lutely summable auto-cumulants of order 2, 3, and 4. Suppose the spectral
density is positive, so that the factorization (8) exists. Then {X:} is second
order forecastable if and only if the expression

(Y f(2,9) [2(= Ty 7)) (11)

z

is monzero for some j, k > 0.
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Remark 1 The condition (9) is also equivalent to
COV[Xt+1 — )?t+17 thth—k] =0

for all j, k > 0, and therefore by Theorem 2 condition (11) says that the linear
forecast error is orthogonal to all quadratic functions of the past, i.e., the
quadratic prediction principle holds. Note that equation (9) for a particular
j,k > 0 is a special case of (3), and by considering all j, k we generalize the
finite-sample treatment to the case of a semi-infinite sample.

Remark 2 As a consequence of Theorem 2, we shall say that any process
{X:} satisfying those hypotheses is by definition a second order forecastable
process if and only if (11) is nonzero for some j,k > 0. It is immediate
that Gaussian processes and causal linear processes are not second order
forecastable: in the former case, f3(z,y) = 0, and in the latter case, using
(7),

Fa(z,9) W2 (27 1y ™) = s Wa(2) P (y),

on the unit circle, so that (11) equals zero for all 5,k > 0.
Example: All-Pass Noise
Because fo(z) = po/¢?, we find that Ws(z) = 1, and hence (11) is equal
to y3(—j — 1,—k — 1). Choosing j = k = 1, we find that y3(—2,-2) =
p3((¢2 — 1) + ¢2(d — 1/6)* /(1 — ¢*)), which is ¢? — 1 times ~3(1, 0) already
computed above — this is non-zero if ¢ # —1/2, in which case Theorem 2
guarantees the process is second order forecastable. We can also compute
the filter coefficients of ITU*)(z) from Proposition 2: for h > 0 we have

(k) _ /,—hpy(sk) _ qﬁj J=h k=i -1 - ‘7572 ]
T, = (2T Y (2)) = u2< W2y y))y): = M273(h—17h— k).

So the connection to second order forecastability is very clear in this
case: having a non-zero third order auto-moment at negative lags ensures
that Cov[X;y1, X¢—;jX;—x] in (9) is non-zero for some j,k > 0, and since
Cov[XHl,Xt_/j)?t,k] = 0 (because {X;} is a white noise) this guarantees
that the quadratic predictor does not reduce to a linear predictor. Moreover,
the quadratic filter coefficients are proportional to the third order auto-
moments.

To check whether a given nonlinear process is second order forecastable,
one needs the spectral factorization ¥, (see McElroy (2018) for algorithms)
and an expression for the bi-spectral density, so that (11) can be directly
calculated. Hence, Theorem 2 is useful only when the auto-cumulants or
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polyspecta are known. If we know the model for the nonlinear process, we
may be able to compute the polyspectra and verify (11), but in such a case we
might also be able to compute the conditional expectation, which is prefer-
able. If we do not know the nonlinear model, or if it is difficult to compute its
polyspectra (e.g., there are no analytical formulas available), then we can-
not use Theorem 2; in this case, we can still do quadratic prediction based
upon sample estimates of the auto-cumulants, and use Theorem 1 to assess
whether there is a benefit over linear prediction. We present below a special
case of Theorem 2 as a corollary.

Corollary 1 Let {X;} be defined via X; = 1(B)Z; for an invertible power
series ©¥(z) and a white noise sequence {Z;} with absolutely summable auto-
cumulants of g2, g3, and gy. Then {X;} is second order forecastable if and
only if the expression

(T ()9 () gs (2 9)),), (12)

is monzero for some j, k > 0.

Clearly, Corollary 1 generalizes the linear process case discussed in
Remark 2. If {Z;} is an all-pass noise, it follows by similar arguments that
the resulting { X;} is second order forecastable. As another example, suppose
that {Z;} is a martingale difference sequence (so E[Z|Z;—1,Z;—2,...] = 0);
then this is a white noise with third order auto-moment ~3(7, k) = 0 unless
(i)j =k >0,o0r (ii) k =0and j <0, or (iii) j = 0 and k£ < 0. Then
g3(z,y) = @(zy) +9(z71) +v(y~!) for power series ¢, ¥, and v with corre-
sponding coefficients v3(7, 7), v3(—7,0), and 3(0, —j) respectively; since (12)
equals zero for all j, k > 0, causal filters of martingale difference sequences
are not second order forecastable.

In general, a process that is second order forecastable may also be third
order forecastable — this just says that the best cubic predictor has a lower
MSE than the BQP. In fact, writing F; for the class of dth order forecastable
processes, we see that Fo C F3 C ..., since trivially any BQP can be written
as a cubic predictor where the third order terms are zero. In order to partition
the space of nonlinear processes, we take the intersection of each Fy with the
complement of all higher order classes, i.e., Ay is the set of order d augurable
processes, defined as processes in F,; such that the best order k predictor, for
all k > d, gives no reduction to the MSE. This is a stronger condition, so we
refer to an augury rather than a forecast; it follows that Ay consists of all
processes for which the Volterra expansion of the one-step ahead conditional
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expectation truncates to order d. Although the augurable classes are more
elegant since they form a partition, it is more difficult to check membership.

5 TIllustrations of Second Order Forecastable Processes

We have already illustrated the paper’s results on the all-pass noise process,
but we now present further results for two classes of second order forecastable
processes, each of which is simple to simulate and study.

5.1 Hermite Processes A class of nonlinear processes for which the
auto-moments can be calculated fairly directly is the Hermite class. Let
{Z;} be a mean zero, stationary Gaussian with autocovariance c(h) such
that ¢(0) = 1. The Hermite polynomials are defined for k > 1 (Hy = 1) as

(-1)" 22)2 ok —a2/2
Hk(ﬂf) = We a$€ .

This definition differs from some authors (cf. Taqqu (1977)), where division
by k! is omitted. For a sequence of coefficients {Ji}r>, that are square
summable, let g(x) = Y70, Ji Hi(z) and define a Hermite process via
Xt = g(Z;). This is a zero mean nonlinear process; see Janicki and McElroy
(2016) for more details. We describe a general method for computing the
auto-moments in Appendix B. The derivation involves the Hermite generat-
ing function and some combinatorial concepts, and may be of independent
interest; see Appendix B for details.

5.1.1  Exponential Hermite Process. Here we set g(z) = e* — u for
1= /2 5o that {X,} is a lognormal process. The auto-moments are:

v(h) = p? (exp{e(hn)} — 1)
v3(h1yha) = i (exp{e(hn) + e(h2) + c(h1 — ha)}
—exp{c(h1)} — exp{c(h2)} — exp{c(h1 — h2)} +2)
Ya(h1, ha, h3) = pu* (exp{c(h1) + c(h2) + c¢(h3) + c(hy — ha) + c(hy — h3)
+c(hy — h3)} — exp{c(h1 — h2) + c(h1 — h3) + c¢(ha — h3)}
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—exp{c(hz) + c(hs) + c(h2 — h3)}

—exp{c(h1) + c(hs) + c(h1 — h3)}

—exp{c(h1) + ¢(ha) + ¢(h1 — ho)}

+exp{c(he — h3)} + exp{c(h1 — h3)} + exp{c(h1 — h2)}
+exp{c(hs)} + exp{c(ha)} + exp{c(h1)} — 3),

which are easily derived using the formula for the expectation of the log-
normal distribution. For such a process, the minimal MSE predictor among
all function classes is known to be the exponential of the sum of the linear
estimator plus half its MSE; hence we know there is a benefit to nonlin-
ear prediction, and the lognormal process will generally be a second order
forecastable process.

Of course, in practice we may not know that our data follows such a
lognormal process, or may have difficulty fitting the model; if we use non-
parametric estimation of the auto-moments (see below) and utilize quadratic
prediction, we can expect a benefit even when the exact model specification is
unknown. For example, if {Z; } is an MA(q) then the third auto-moment func-
tion is zero whenever |h1|, |ha| > ¢, or |h1|, |h1 —h2| > g, or |hal, |h1 —ha| > q.
In the case ¢ = 1, we obtain

73(0,0)=p> (e* — 3e + 2)
Y3(£1,0)=73(0, £1) = y3(1, 1) =73(—1, 1) = p® (2N — 2"V — e+ 2)
v3(2,1) =73(1,2) = 13(—2, —1) = y3(—1, —2) = p? (> — 2¢°D) 4 1),

all other values being zero. Hence the bi-spectrum is

Fzy) = (¢ =3 +2)
+ (626(1) — 2 4 D (Py+ 22 o+ 2%
(M _9eeM) o 4 9) (x4 2 4y 4y —i—zy—&-z*ly*l)).

However, the autocovariance function corresponds to an MA(1) process, and
hence ¥5(z) = 1 — 0z for some 0 determined from +(0) and (1) via spectral
factorization. It follows that (11) equals Y oo 0°y3(¢—j—1,f—k—1), which
is nonzero in general.
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5.1.2  Squared Hermite Process.  Another case is given by assuming
that only J; and J, are non-zero so that the process is expressed as:

Xy = J1 Hi(Z) + Jo Hy(Zy) = J1 Zy + Jo (Z2 — 1) /V2.

Using the general method in Appendix B, the auto-moments are given in
terms of J; and Jy as follows:

v(h1) = J7 c(hn) + J3 c(h)?

Ya(h, ha) = V2J o (c(ha)e(h2) + c(hi)e(ha — h2) + c(ha)c(hr — ha))

+ (V202)" e(hn) e(ha) c(hy — ha)
va(hi, ha, hs) = JE (c(h3)2 e(hy — h2)® + e(ha)? e(hy — hs)? + c(h1)? c(ha — hg)z)
+4J3 (c(h1) e(h2) e(hr — hs) c(ha — hs) + c(ha) c(hs) c(h1 — ha) c(h1 — hs)
+c(h1) e(hs) e(h1 — h2) c(h2 — h3))

+ J¢ (c(h3) e(hr — h2) 4 ¢(h1) c(ha — h3) + ¢(ha) c(hi — h3))
IR R (c( s) clh1 — h2)? + e(hy — ha) c(hs)? + c(h1 — hs) c(ha)?

te(ha = ha) e(ha)” + e(h) e(hs — ha)* + e(hz) e(hy ))
(h) e(ha)

+2J7 J5 (c(h1) c(hi — h2) c(ha — ha) + c(h1) c(hz2) c(h1 — hs3)
+c(h2) c(hi — ha) c(h1 — hs) + ¢(h1) c(h1 — h3) c(hz hs)
+c(hs) c(hr — h2) e(ha — hs) + c(hz2) c(h1 — hs3) c(h2 — hs)
+c(hs) c(hy = he) c(hy — hs) + c(h1) c(hs) c(ha — hs)
+c(h2) c(hs) c(h1 — h3) + c(h2) c(hs) c(h1 — h2)
+c(h1) e(h2) e(he — hs) + c(h1) c(hs) c(h1 — h2)).

So long as Jo # 0, such squared Hermite processes can be second order
forecastable. For example, if { Z;} is an MA(q), then ~3(h1, ha) = 01if |h1| > ¢
or |ha| > q or |h1 — ha| > ¢. In the case that ¢ = 1, we find that y3(hq, h2)
is given by

(V2J2)" + 3V2J2J,  (h1,ha) = (0,0)
{(\/iJg)?’ c(1)® + V272 J2(c(1)? + 2¢(1))  (h1, h2) = (£1,0), (0,%1), (1,1), (=1, —1)
V272 J2c(1)? (hi,h2) = (1,-1),(=1,1),(2,1), (=2, -1),(1,2), (-1, —2)
Hence the bi-spectrum is non-trivial, whereas the autocovariance function
corresponds to an MA(1) process. For this process to be second order fore-
castable it is necessary for Jy # 0 and ¢(1) # 0 (since otherwise, the process
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either reduces to a Gaussian process — which must be linear — or reduces
to an ii.d. process); an interesting particular case occurs with the choice
J?2 = —c(1)J3 (so ¢(1) < 0 is required), because then v2(1) = 0 and the
process is a white noise. Then the third order auto-moment for (hy,ho) €
{(:l:l,O), (07 :tl)? (17 1)7 (_17 _1)7 (1’ _1)’ (_17 1)7 (2) 1)7 (_27 _1)7 (17 2)7 (_17
—~2)} equals v/2J¢/J3; also (11) simply equals v3(—j — 1, —k — 1), which
is non-zero for several choices of (j,k) € {(0,0),(1,0),(0,1)}, and in these
cases the process is second order forecastable.

5.2 ARCH and GARCH Processes The class of ARCH and GARCH
processes is extremely popular in modeling the log returns of stocks and
indices in the financial sector. The market efficiency axiom indicates that
any forecasts of such a process should have MSE equal to the variance, i.e.,
there is no benefit to be gained by prediction. It is easy to see that optimal
linear forecasts equal zero (the mean), because the GARCH process is a
white noise. (In contrast, the squared process has a non-trivial correlation,
which allows the volatility to be forecasted with some success.) Moreover,
the conditional expectation for the one-step ahead forecast is also zero, so
the best predictor (in the MSE sense) equals the linear predictor, and there
can not be any further advantages in using the quadratic prediction. In
particular, (11) must be zero for all j, k > 0; we verify this below. However,
for one-step behind backcasts, there is a potential advantage to the quadratic
approach.

Conventionally, GARCH processes are defined in terms of driving inputs
{Z,} that are symmetric, the first cases being studied having involved Gaus-
sian distributions (Bollerslev (1986)). This was generalized to fat-tailed and
asymmetric inputs — see Kotz et al. (2001), Trindade et al. (2010) and
Kercheval and Liu (2011). These adaptations were driven by empirical con-
siderations; here, we can show directly how kurtosis and asymmetry in the
inputs impact the auto-cumulants and polyspectra of the GARCH process,
and use them to verify (11). The GARCH(p,q) process is defined by

X =012y
p q
2 2 : 2 2 : 2
Ut :a()"_ a]thj—i- b] O-tfj7
Jj=1 J=1

where Z; ~ ii.d.(0,1). We assume that all the a; and b; coefficients are
non-negative, and that Zj aj + Zj b;j < 1, which is sufficient to guarantee
strict stationarity by Theorem 11.4.3 of McElroy and Politis (2020). Let
w(z) = §:1 ajz? and O(x) = 1 — ?:1 bjrl. Set m(z) = 1 — w(2)/0(2)
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and ¢(z) = 0(z) —w(z), so that m(z) = ¢(2)/0(z). This power series will
be written with a minus convention, i.e., 7(z) =1— 3/, mpz’. Because the
GARCH is a white noise, f(\) = fo(\) = E[X?] for all \, and

-1

f3(z,y) = E[X?] <7r(zy)_1 +r(zh) T+ 7T(y_1)_1 — 2) )

(This is derived in Appendix A.) The expression for the fourth auto-cumulant
function is omitted because it is extremely complicated, although the special
case of the autocovariance for {X?} has a nice formula due to Bollerslev
(1986). Because W5(z) = 1 (i.e., the GARCH process is a white noise), we
can deduce that condition (12) holds, and apply Corollary 1 to conclude that
there is no benefit to quadratic forecasting over linear forecasting.

This result also holds for an ARMA-GARCH process, i.e., an ARMA
process whose white noise innovations are a GARCH process. Letting the
MA (00) representation of the ARMA filter be denoted by v (z), we see that
the ARMA-GARCH process is of the type described in the hypothesis of
Corollary 1, and we need to check condition (12). Hence we obtain, for all
Jk 20,

(T (0 ) (ry) " + 7D T ™) T = 2))). =0,

The calculations in the GARCH case — and in particular, the expressions for
the third order auto-cumulant — show that there is no correlation between
X; and past values of the squared process, and for this reason (together
with the fact that the process is a white noise) there is no additional bene-
fit to quadratic forecasting; however, if we instead examine one-step behind
backcasts, now this correlation between the process and future values of the
squared process leads to improvements in the quadratic predictors. Specifi-
cally, observe that backcasting is equivalent to forecasting the time-reversed
GARCH process, for which we obtain (see Ch. 11, McElroy and Politis
(2020)):

fa(z,9) =EIX?] (m(lz9] ™) "+ () 4 mly) T - 2) , and
(Y4 L ,9) (= 700D, = BIXY Ly Ty,

where >, <, Tpa! = m(z)"'. As a result, the BQP for the time reserved
process will be better than its linear counterpart.
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6 Computational Matters and Numerical Examples

We have implemented the methodology of this paper and applied it to var-
ious nonlinear processes, including the numerical examples reported below.
In this section, we describe how the computations are done, and summa-
rize the results. Recall that W = vech[X X']. Construction of the matrix
Yw . w proceeds by first building a larger 4-array out of the covariance of
vec| X X'] with itself, allowing for redundancies. The indices i,j,k,¢ for the
four dimensions of the array each range from 1 to P. In R, applying the
matriz operator to a 4-array constructs a block matrix, whereby j and /¢
are row and column block indices, and 7 and k are row and column indices
within each block. For example, 3, 1,4, 1 represents the 3, 4 entry in the upper
left block of the matrix. In this ordering, the indices ¢ and j correspond to
various entries in the vector vec[X X'], conceived of as the transpose of
(X' Xr_py1, X' Xr_pio,..., X' Xr], or the collection of X' Xp_p; with i
giving the index within each X. It follows that the i, j, k, £ entry of the array
equals

Cov[Xr—p+iXT—Pj, XTopraXT—pie] = 7a(i = 4,5 — £,k — ) — 72(i — j) v2(k — £).

(Note that auto-moment functions have many symmetries in their argu-
ments, so there are many ways of writing the same quantity.) Once the
entries of the 4-array have been filled in (inefficiently, by utilizing 4 nested
loops over T' elements), then certain row and column entries corresponding
to the lower triangular entries of X X’ are omitted from the matrization of
the array. In a similar fashion, we construct Xx w .

Hence the formulas for the BQP and its prediction error can be applied
once the auto-moments are known. In practice, these can be obtained by
fitting nonlinear models and plugging in the parameter estimates; alterna-
tively, in cases where it is not practical to fit a nonlinear model, we can use
nonparametric estimators. As described in Brillinger (1965), simple estima-
tors of auto-moments and auto-cumulants can be constructed as follows: for
a sample of size T and given a lag vector h = [hy,ha, ..., h,]’, define the
index set 7, = Nj_o{1 — h¢,..., T — h} with hg = 0. Note that if any hy
is greater than T or less than 1 — 7', then 75, = (). Then define the sample
auto-moment of lag h as

Yr41(h Y (Kiwny — X) (X, — X) -+ (X, — X),
=
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where X = T~1 Zthl X, and the sum is extended to be zero in cases where
75, = 0. For any fixed h, these estimators are asymptotically unbiased, with
variance O(T~!) assuming that all auto-cumulant functions are absolutely
summable — see (2.6.1) of Brillinger (1981). However, values of h such that
7, is small imply that there will be some bias in finite samples; note that
|hj| < Pfor1 < j <r,so by restricting P to be much smaller than 7" we can
ensure that bias is minimized. On the other hand, choosing a large P will
make it difficult to estimate the filter coefficients consistently. Indeed, it is
easy to show that the filter coefficients in the quadratic approach with P past
variables can be estimated with accuracy Op(P4T -1/ 2), thereby imposing a
natural upper bound on P.

In the simulations below, we set P to be a moderately large value to
balance the trade off, following the choices considered in existing literature
for other nonlinear prediction methods (cf. Fan and Yao (2008)).

For the simulation study, we consider the five different models as listed
below:

e Model IA: X; = A¢; + Be? | — B (with ¢ ~!4 Unif(-1,1))

e Model IB: X; = A¢; + Be?_ | — B (with ¢ ~"4 Exp(1)-1)

e Model ITIA: X; = Jy H{(Z) + J2 Ho(Zy) (with Z; in (13) below and
e; ~14 Gaussian(0,1))

e Model IIB: X; = J, Hi(Z;) + Jo Ho(Z;) (with Z; in (13) below and
e ~iid Exp(1)-1)

o Model IITA: X; = "o 3 [T)Zg erni—s es—jr (with e, ~9 Exp(1)-
1) -

e Model IIB: X; = Y% [[)_ €tnk—cer—ji (with e; ~i¢ Gaus-
sian(0,1)),

where in Models ITA and IIB, {Z;} is an AR(2) process given by
Zy = 2pcos(w) Zs—1 — p*Zs_o + € (13)

with w = m/4 and p being a free parameter. Also, in Models IIIA and IIIB,
k, ¢ are fixed integers. We considered three subcases of each of these models
using different choices of parameters.

Table 1 gives MSEs for 5 different models for the linear and quadratic
predictions, and also the MSE obtained by using a nonparametric approach
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proposed in Chapter 10 of Fan and Yao (2008). The sample size is taken to
be T'= 100 and the past window length is taken to be P = 20. More tables
are given in the Supplement for different choices of sample size (T) and past
window length (P).

From Table 1, we find that the quadratic prediction engenders significant
improvement in almost in all of the cases over the competing approaches. For
the nonparametric method of Fan and Yao (2008), the improvement obtained
by the quadratic approach can be as high as 92%, although there are cases
where the nonparametric approach is superior (cf. Model IB, case 3). On the
other hand, the quadratic prediction always provided improvements over
the linear prediction, with the amount of improvement ranging from modest
(e.g., 1.09% for Model IB, case 3) to substantial (79.76% for Model ITIB, case
2). Hence, while quadratic prediction may not always provide substantially
better results than linear prediction (say, when the process is Gaussian), it
performs better than its linear counterpart in presence of nonlinearity. On
a cautionary note, we also point out that when the sample size is not large,
the improvement in MSE (5) of using the BQP over the BQL could be offset
by additional error due to parameter estimation uncertainty, in view of the
fact that quadratic filters require the estimation of more filter coefficients.

7 Data Analysis

We consider two real data applications. The first example treats the case of
forecasting the Wolfer sunspots, and the second example examines nonlinear
forecasts of unemployment data.

7.1  Wolfer Sunspots The time series of Wolfer sunspots has been
studied extensively. We consider a monthly vintage starting in 1749. Exam-
ination of the series shows large cyclical movements due to the known solar
behavior, and the oscillations have an asymmetric shape. As the period is
roughly 11 years, or 132 time units, longer-term forecasts should use auto-
cumulants containing this many lags. We instead examine the one-step ahead
forecast, which should not be greatly impacted by the solar oscillation. With
P = 30 as the size of the predictor set used in the quadratic prediction prob-
lem, and with the whole sample used to estimate the auto-moments non-
parametrically, we computed the one-step ahead prediction MSE resulting
from both the linear and quadratic estimators: We found that the quadratic
approach leads to a 29.2 % reduction in MSE.

7.2 Unemployment Rate We also examined unemployment rate data
from the Bureau of Labor Statistics. This series is the monthly Seasonally
Adjusted Unemployment Rate (16 years and over, series id LNS14000000),
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covering the period January 1948 through July 2019, of the Labor Force
Statistics from the Current Population Survey. This was downloaded from
the Bureau of Labor Statistics on 4:30 PM, August 8, 2019 (https://data.
bls.gov/timeseries/LNS14000000). The series is of considerable interest to
economists and policy-makers, and is fairly smooth with occasional bursts
of activity. A crude autoregressive fit indicates an AR(13) may be adequate
from the standpoint of linear time series modeling, and hence we will use
P =13 as the size of the predictor set (though with the entire sample used
to nonparametrically estimate the auto-moments). With this choice of P,
the one-step ahead prediction MSE is 16.5 % reduced by the quadratic
predictor as compared to the linear one.
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Appendix A: Proofs

A.1 Proof of Proposition 1 Write X’ = [X', vech[X X']'] for the complete
data vector, and set 3’ = [b', vech[B]']. Then, we can express a generic pre-

dictor g(X) =X+ X'BX —~EX'BX as g(X) = 3 {X — E[X]}. Next recall
that X4 p = Cov[A, B] for random vectors A and B. Hence, the quadratic
MSE can be expressed as

Q(B) =E[(Y — g(X))?] = Var[Y] — 2 [Zy.x, Syw] B+ 8 Mp,

where M = EX,X Eivw
Swx Xww |’

Now setting 8%7(6,8) = 0, we get the matrix equivalent of the generalized Yule-
Walker equations in (2): M3 = [Yy x, Yy w]. Note that when both Yx x
and the Schur complement S are invertible, the matrix M is invertible, and
it can be directly checked that

Mol [2)_( x T2x XEX wS™ Zw XEX X _EEXZLMSA
—S EW XE)_( X S—1

The proposition now follows by computing [Yy x, Xy.w]M —1 and taking
the transpose. O

A.2 Proof of Proposition 2 Without loss of generality suppose that
E[X;] = 0. Take j,k > 0 as fixed integers throughout the proof. First
we note that the linear estimator X;)?t—k has to take the form (10) by
basic linear projection theory (Brockwell and David (2016)), given that
E[X;—;X¢—x] = v(k — j). The error process for the optimal linear estimator
needs to be uncorrelated with X;_, for all £ > 0, which yields the equations

v3(0 — j, 0 — k) Z 7T(] k) — h), which holds if and only if
h>0

= (ITU%) (2) 27 f(2)),, which holds if and only if
=2 (199 (2) 2~ Wy (2) W (=71)) ..

(Y (=),
(ZY fzy~y),)

z

z

The last line is obtained by using the change of variable z +— zy~! (this
amounts to shifting the frequency A\ in z = e ™, so there is no impact
from the chain rule), and applying the spectral factorization (8). Consider
summing this last equation against §, for £ > 0, where we define these
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coefficients for any desired h > 0 via Gy = Jf—)h for £ > h, and zero other-

wise. Here 1;1(62) is the kth coefficient of Wg(z)_l. This definition means that
S ys0 Bez' = Wa(z) ' 2", and we can provide this construction for any i > 0.

The application of these coefficients yields a new system of equations, which
hold for all A > 0:

(M falzy™ ), W (27)), = pa (TR (2) 27Dy (2)...

Note that ITUF)(2) Wy(2) is a power series (i.e., it corresponds to some causal
filter), and hence the right hand side of the above equation is just ps times
the h'" coefficient of this power series. It follows that there can be no anti-
causal portion of the left-hand side of the equation, i.e.,

S g ), )] =0, and

{Zj@k_j fs(zy ™, y)>y/W2(2_1)Ko = 2 ITUR) (2)0y(2).

Note that o # 0, so dividing by psWs(z) yields the stated formula. O

A.3 Proof of Theorem 2 The theorem claims that (9) holds (for all j,k >
0) if and only if (11) equals zero (for all j,k > 0). Fixing arbitrary j, k > 0,
(9) holds if and only if

y3(—j = L—k—1) =Y 7" ya(~1 - h).
h>0

Utilizing the result of Proposition 2, (9) holds if and only if

(T f3(2,9),), = (TN (2) 2£(2)),

)
= (=) [ oy ), 07D )
)

= (2Ws(2~ )2 (" falzy 1 )), /Pa(z7)),

— (=) [ fay L)), (Y] )

oo’
To obtain the last equality, we have used the fact that a Laurent series ©(z)
can be written as [0(2)]5° = O(z) — [0(2)] ... Next, note that

(W= 1) (Y fy(ay ™), /2= = ey faay ),

z
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Therefore, (9) holds if and only if

0= (a(= ) [ faley ), (] )

—00 z

= o) [ foley ) ] )

—00 z

which uses the fact that for any Laurent series O(z), z[@(z)]_L =

oo
[20(2)]° - The final expression is the integral of the product of two power
series, and hence the product of their index-zero coefficients must be zero;
because W5 (0) = 1, (9) holds if and only if

0= (W fa(zy ™" w)), /Ta(271).

Now applying the transformation z — zy, we obtain (11) equals zero for all
j, k> 0. O

A .4 Proof of Corollary 1 Because {Z;} is a white noise, g2(z) 1, and
fa(2) o< Y(2)p(27Y). By invertibility of ¥(z), the spectral density is pos-
itive and we find that ¥s(z) = 9(z). Also, by (6) we see that f3(z,y) =
() Y(y)(z 'y~ g3(z,y), and hence (11) becomes (12). O

A.5 Derivation of the GARCH Bi-spectrum This derivation is taken from
the solution to Exercise 11.27 of McElroy and Politis (2020). Since o, only
depends on past values X;_1, Xy 9,..., for k1 # ko # 0 the third auto-
cumulant E[X; Xy x, X¢1x,] = 0; this is because one of the three indices ¢,
t+k1, and t+ ko is largest — say it is t. Then X; = Z; 0, and Z; is independent
of oy and X4k, and Xyyy,, so that

E[Xt Xtk Xitk,) = E[Z4] E[lor Xiyk, Xivr,] = 0.

Also, if k1 = ks = 0 then clearly the third auto-cumulant equals E[X?] = p3.
If k1 = ko # 0, we obtain

o0 o0
E[Xo X3, |=E[Z} |E | Xo [ ao/0(1) + > m X7 ;| | =D 7 E[Xo X7 ]
j=1 j=1

when k; > 0, where we have used Corollary 11.4.5 of McElroy and Poli-
tis (2020) to express X ,31 in terms of past squared values of the process.
Otherwise, if k1 < 0 the auto-cumulant is zero, because Zj is independent
of the other variables in that case. Let v, = E[XoX?], which is zero if
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k < 0. Then we have shown v, = > 222, mjvg_j, or m(B)vy = 0; with
vp = E[X3], this homogeneous Ordinary Differencing Equation can be rewrit-
ten as 7(2) v(z) = E[X3], and therefore v(z) = E[X?]/7(2).

Next, considering the cases that ky = 0 # ko and ko = 0 # k1, we obtain

ra(k1, k) = E[XG X)) = E[Xo X2} ] = vy,
k3(k1, ko) = E[X§ X, ] = E[Xo X2, | = vy,

respectively, where ko, k1 < 0. Together these expressions yield the third
auto-cumulant function, and the bi-spectral density is

fa(z,y) =BIX*|+ > v (z9)" + > vp 2F+ > vyt

k>0 k<0 k<0
[X°] + (v(2y) = E[X?)) + (v(z71) = E[X7)) + (v(y ™) — E[X7))
3

) (mey) ™ + 7= T ) T —2).

E
E

Appendix B: Computing Auto-moments of Hermite Processes

Define the generating function h(z,t) = exp{xt — t?/2}, which is related to
the Hermite polynomials via

h(z,t) =S —= Hy(z).

It is known that the autocovariance function is given by y(h) = 3Zy5q J 2 c(h)*
assuming that >, J? < oo (see Taqqu (1977)), and we generalize this
below. It can be shown that the formula for the order (r 4+ 1) auto-moment
is

™

Yri1(h) = Z Jeo < Joy -+ o, H ;" 1z WE [exp {ZSiZt+hi - 2312/2}] |5j:07
1=0 1=0

J
£>0 3=0 Sj

where hg = 0, and £ = [{g, 41, ..., £,]'. (Here we assume that decay conditions
on J; hold, sufficient to guarantee that the above expansion for 7,41 (h) is
valid; Taqqu (1977) has a related treatment and corresponding conditions.)
The expectation can be expanded as follows: let K = {(m,n) : 0 < m <
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n < r}. Then it follows from the formula for the mean of the lognormal
distribution that

E lexp {Z $iZuin, — Y s?/2H =expq Y SmSnclhm —hn) ¢,
=0 =0 (m,n)eK

and by differentiation the auto-moments can be determined. We now consider
the cases of the third and fourth auto-moments. For r = 2 we compute

ol ol ot

asl s s
860 881 662 Z |:867/0+77/18717/0+n285/1+n2
83 a5t sk e nolnilng!

ny,ns>0

exp{sos1 c(h1) + sos2 c(ha) + s1s2¢(hy — ha)}

Sp=81=S82 =0

c(h1)™ e(ha)™ e(hy — m)ﬂ

)
So=81=58>=0

which is nonzero only if 4y = ng + n1, £1 = ng + no, and fo = ny + no.
We can succinctly write these conditions: let Ny = NU {0}, and denote a
vector of indices by n = [ng,n1,n2]’. Then defining

110
A3=1101 Ngz{no,nl,n2€N+ IEZAgﬂ},
011

it follows that

NI , ,
va(hy, ha) = Z Jog - Jo, - o, Z OL2 o (he)™ e(hg)™ e(hy — ho)™

no'ni!ne!
For r = 3 we have

o 9t 9f2 s

95 9st 95l 95t
s182 ¢(h1 — ha) 4+ s153 ¢(h1 — h3) + s2s3 c(ha — h3)} |so=sy=sa=s3=0

ol 9lr g2 9ls Z Sgo+n1+n2 no+ng+ng ni1t+nsz+ns nat+ngtns

7 S5 S5
- Lo 01 Lo l3
680 ds1" Osy 883 ng,n1,n2,n3,n4,n5>0

c(h1)™ ¢(h2)™" ¢(h3)™* c(h1 — h2)"™ c(h1 — h3)"™* c(ha — h3)"" [sg=s1 =sp=s5=0,

exp {5081 c(h1) + sos2 c(h2) + sos3 c(hs)+

no!n1 !712 !’I’Lg !n4 'n5'
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which is nonzero only if £y = ng+ni+neo, {1 = ng+nz+nq, fo = ny1+nsz+ns,
and f3 = ny + ng + ns5. In this case we define

111000
100110
010101
001011

Ay = N = {ng,n1,n2,n3,n4,n5 € Ny : £ = Ayn},

and obtain 74 (h1, ho, h3) is given by

VAo 115!
ZJZO‘J&'JL’Q'J&Z 0+61'62°L3

Inq!nonalngns!
et nen, OIN2ME AN

C(hl)no C(hz)nl C(hg)nQC(hl — h2)n3 C(hl — h3)n4 C(hg — hg)ns.

We can now apply these formulas to the case of a quadratic Hermite process.
For r = 2 (and restricting ourselves to £y, {1, {2 < 2), the only nonzero terms
occur when either £y = 1 = f5 = 2 (which implies ng = n; = ng = 1), or
for ¢/ = [1,1,2] (corresponding to n’ = [0,1,1]), £ = [1,2,1] (corresponding
to n’ = [1,0,1]), or £ = [2,1,1] (corresponding to n’ = [1,1,0]); then we
obtain the stated formula. For r = 3, there are sixteen configurations for the
sum over the ¢ indices, as each can take the value one or two. It turns out
that eight of these configurations can yield solutions in terms of ng,...,ns,
which in turn are each constrained to be zero or one. These configurations
are described in Table 2. By carefully organizing the results, we obtain the
stated expression for the fourth-order auto-moment.

Table 2: Configurations of ¢ and n indices

L Ny
1111 001 100,[10000T1,[010010
1122 00110 1,01 0011,10000 2
1212 001 110,100011,[0100 20
1221 00 1200,100101,010110
2 11 2 002 100,101001,01 1010
21 21 01 1 100,21 1000T1,0020010
2 211 1 01100,200001,[1 10010
2 2 2 2 0 02200,101101,20000 2],
11001 1,/011110,(0200 20

Left column gives values for 4o, ¢1, £2, and {3, and right column gives corresponding possible
values for ng, ni, n2, n3, na, and ns
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