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Abstract

We propose a new model-based, nonlinear method for seasonally adjusting time series in a
multiplicative components model. The method seeks to reduce the bias inherent in linear model-
based approaches, while at the same time preserving the flexibility of parametric methods. We
discuss the problem of bias and the concept of recovery, and demonstrate the favorable properties
of the proposed algorithm on several synthetic series.
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1 Introduction

Many economic time series exhibiting seasonality are naturally explained via a mul-
tiplicative components decomposition; a very common three-component decompo-
sition is given by

Vi =St X e (L.1)

where y is the observed data (with outliers and other regression effects removed),
s is the seasonal component, x is the trend component, and e is the irregular. We
index time with the variable t = 1,2,--- | T. This description of the data is justified
empirically by the observation that the variability in seasonal fluctuations seems
roughly proportional to the trend level for many economic series — see Findley,
Monsell, Bell, Otto, and Chen (1998) and the references therein for additional dis-
cussion. The goal of seasonal adjustment is estimation of s, for each #; we then
obtain the seasonally adjusted data by dividing the seasonal estimate into y;. In the
vast literature on seasonal adjustment there are two main approaches to multiplica-
tive seasonal adjustment: model-based and nonlinear.

In the model-based approach, one typically log-transforms the data, which
makes the components take on an additive structure. One can then develop models
for the components either via direct estimation utilizing the philosophy of structural
models (see Harvey (1989) for a discussion), or by the canonical decomposition ap-
proach of Hillmer and Tiao (1982). Finite sample conditional expectations can be
used to produce MSE optimal estimates of the log-signals — see Bell and Hillmer
(1988) and McElroy (2008). Then one exponentiates the result to translate the es-
timates back into the original domain. This is the method implemented in SEATS,
the widely-used model-based seasonal adjustment software of the Bank of Spain
(Maravall and Caporello, 2004). Unfortunately, the introduction of the two nonlin-
ear transformations — the logarithm and the exponential — actually disrupt the MSE
optimality property, and the signal estimates will always be downwardly biased in
a sense discussed in Section 2 of this paper. To many statisticians this bias is not
problematic, since for asymmetric distributions conditional expectation estimates
obtained from the MSE penalty function are inappropriate — the Mean Squared Log
Error (described below) is arguably a better score. However, there are on the con-
trary many users for which this bias is a concern, there being a division of opinion
about the issue.

Nonlinear methods, in contrast, involve writing down systems of nonlinear
equations relating the desired estimated seasonal and trend components, and solving
these equations via iterative methods. The filters used in these nonlinear equations
are typically nonparametric. The original X-11 program exemplifies this approach:
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the estimated components are related by nonparametric filters, such as the Hender-
son trend, and the resulting nonlinear equations are solved via a simple iteration
scheme (Shiskin, Young, and Musgrave, 1967). Since this method treats the data in
its original scale, it presumably avoids the distortions inherent in the model-based
approach. A drawback is that the filters are typically not matched to the underlying
dynamics of the data, such as would be done in a model-based approach.

The main topic of this paper is a new approach to seasonal adjustment that
attempts to reap the advantages of both the above methods. Component models
are formulated as outlined above, and the corresponding model-based filters are
plugged into the nonlinear components equations. Thus the proposed method is
both model-based and nonlinear. Our particular implementation is via an algorithm
we call Model-Based X-11 (MBX-11). The MBX-11 method seeks to resolve the
bias issue in signal extraction estimates via its nonlinear approach, while retain-
ing the flexibility implicit in a model-based approach to filtering. See Ozaki and
Thomson (2002) for related work on nonlinear parametric methods.

In Section 2 we discuss the bias problem for multiplicative components time
series, and introduce the important concept of “recovery.” Here the signal extraction
bias is given a precise mathematical definition, and it is shown that the basic model-
based procedure always results in biased estimates. Section 3 discusses the MBX-
11 algorithm, and in Section 4 we compare alternative trend estimation methodolo-
gies through the use of synthetic and real data. The study reveals how downward
bias in trend estimates is directly related to the different, somewhat incompatible
definitions of the seasonal component in additive and multiplicative component de-
compositions. The appendix contains some material on alternative error criteria,
which are more appropriate for multiplicative components data, as well as imple-
mentation details of MBX-11.

2 The Bias Problem and Recovery

The general multiplicative model for observed data Y; is given by equation (1.1). If
we take logarithms in (1.1) — assuming that y; is always positive — we obtain the
additive decomposition

Y, =8+X+E (2.1)

where YV; = logy;, S; = logs;, etc. In a model-based framework, these processes
might be assumed to follow ARIMA models (Box and Jenkins, 1976) or Basic
Structural Models (Harvey, 1989).

Let us denote the entire finite sample (1 <t < T') of data by y (or Y for the
logged data), conceived of as a column vector. Note that y may often be reasonably
close to a lognormal distribution in practice, and so we suppose for the moment that
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Y is Gaussian. Then the conditional expectation of the signal at time 7 given the
observed data is identical to the minimal MSE linear estimator, which is typically
what model-based approaches to signal extraction compute. That is, model-based
approaches are able to compute S; = E[S;|Y]; however, we wish to know El[s;|y],
which we denote by s;. The latter quantity is approximated by exponentiating the
former, even though this typically results in underestimation. The following result is
well-known (and was noted in Burman (1980)), but we record it for easy reference.

Proposition 1 Given the above notations,
exp{5;} < 5.
The same holds for X and E in place of S.

In other words, exp§, undershoots 5;, the MSE optimal estimate. This un-
derscores the bias problem in signal extraction for multiplicative component de-
compositions. More generally, given any estimate s; of the signal s;, the error is
sy — s;. The bias is then defined to be the average error, i.e.,

B, = E[§}] — E[s].

For example, the bias inherent in the basic model-based approachis B =E exp{SA} —
Es; < EE[s;|Y] — Es; = 0 by Proposition 1. The bias of an estimate generally de-
pends on the overall level of the series, since B, = E[s;(1 —s,/5;)], and 1 —s,/5; is
“centered” at zero. Indeed, if ¥ and S; are jointly normal then we can use Proposi-
tion 2 below to conclude that the bias for the minimum MSE linear estimator is

B =E [exp{Si} (1-exp{s, S}
= [exp{gt}} (1 —Eexp{S; — §z}>
— exp{ES, + VarS;/2} (1 - exp{MSE:S’\t/2}> .
The second equality uses the fact the signal extraction error §t — §; 1s uncorrelated
with all linear functions of the data Y, and hence independent (by normality) of

:S\’t. The expressions in the third equality follow from facts about the lognormal
distribution:

Proposition 2 Assume that Y and S; have a joint multivariate normal distribution.

Then R R
E[s;|y] = exp{S; + MSES,/2}. (2.2)
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It follows directly from (2.2) that Eexp{S —S } =exp{MSES /2}, and E[exp{S }] =
exp{ES; + VarS, /2} follows by similar principles. Now the term exp{ES,} in B,
shows that the bias will generally increase with the level; the terms exp{Var:S'\, /2}
and exp{MSES;/2} indicate that the error is increased at the boundaries of the
sample.

If instead of exponentiating the minimum MSE linear estimate we utilize
the bias-correction of Proposition 2 — namely we set s; = exp{§, +MSES, /2} -
then we calculate that the bias becomes

B;=E [exp{gt} <exp{MSE§t/2} —exp{S; — @})}

= exp{ES, + VarS,/2} (exp{MSE@/Z} - exp{MSE@/Z}) ,

which equals zero. However, this only corrects the bias when the data is lognormal.
Another concern is that such exact conditional expectation estimates do not have the
recovery property, which states that the product of all estimated components should
yield y. In other words, if we replace the components with estimated components in
(2.1) or (1.1), we still obtain the logged data or the data respectively. The recovery
property is automatic in the additive domain, since §, +X,+E =Y isa property
of conditional expectations. If we use the exponential of these estimates in the
multiplicative decomposition, it is interesting that we recover the data, even though
each estimate is downward biased from the conditional expectation estimate:

exp{E[S,|Y]} - exp{E[X;|¥]} -exp{E[E/[Y]} 2.3)
= exp{E[S,|¥] + E[X,|Y] + E[E[¥]} = exp¥; = .

Note that by Proposition 1, the product of E[s;|y], E[x;|y], and E[e;|y] will be greater
than or equal to y;; hence the optimal estimates do not have the recovery property.
While this property may seem merely a nuisance to the statistical practitioner, it
is extremely important from the perspective of a statistical agency that interacts
with the general public; over- or under-recovery will be perceived as an arbitrary
inflation or deflation of the numbers.

Sometimes it is not possible to make an exact bias calculation for a method;
e.g., for nonlinear methods no model is typically assumed for the data, and hence
theoretical calculations become impossible. However, the bias can still be assessed
in practice by generating a synthetic time series with known components x;, s;, e;;
then apply the method to obtain s; for each ¢. The plot of s5; —s; fort =1,2,---, T
can be used as a proxy for the bias, assuming that the error process is ergodic.
Figure 1 below illustrates the trend bias problem, which in this case arises because
of large seasonal factors (this example is discussed further in Section 4).
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Figure 1: Series A with stable stochastic trend and large seasonal factors. The left
panel includes the seasonal, whereas the right panel omits the seasonal to better
display the bias. The trend estimate in both panels is from the MB method.

In summary, many users find it desirable for a seasonal adjustment method
to have low signal extraction bias. Also, the seasonal adjustment method should
have the recovery property, as well as having low error according to some objec-
tive function. However, these criteria are in tension, as noted in the discussion
following equation (2.3). Typically, statisticians use MSE as the objective function,
though this has the drawback that the resulting estimates have signal extraction er-
rors that depend on the level of the series, so that the error may be larger for more
recent years when the data is trending upwards. The alternative penalty function of
Relative Mean Squared Error (RMSE) does not have this problem. Appendix A.2
provides some details on alternative penalty functions, such as RMSE and Mean
Squared Log Error (MSLE). Proposition 3 of Appendix A.2 shows that the esti-
mator exp{E[S;|Y]} minimizes MSLE, and moreover has the recovery property. On
the other hand, the minimal RMSE estimator is harder to compute, although explicit
expressions can be obtained for the case of lognormal data; however, the resulting
estimators do not have the recovery property.

For these reasons, we advocate using RMSE to assess the error of methods
that have moderate to low bias and the recovery property. These two properties are
crucial for a practical seasonal adjustment method, but use of MSE to assess the
overall error is misleading due to its scale-dependence; instead, RMSE should be
used. As with the evaluation of bias with a synthetic series, a method’s RMSE can
be evaluated by taking the average of (5;/s; — 1)* over available ¢, which should
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approximate the expectation under ergodicity of the error process. In Section 4
three different nonlinear seasonal adjustment methods with the recovery property
are evaluated according to empirical bias and RMSE as described here.

3 Model-Based X-11

The MBX-11 algorithm is a nonlinear model-based signal extraction method, based
on the idea of replacing X-11 seasonal and trend filters with model-based filters.
There is an extensive literature on attempts to match X-11 filters with parametric
filters — see Cleveland and Tiao (1976), Burridge and Wallis (1984), and Chu, Tiao,
and Bell (2007) for example. These authors generally compare specific X-11 filters
with parametric filters chosen from a class of convenient and relevant models (such
as the Box-Jenkins Airline model). Moreover, the focus is on the additive X-11
algorithm, which is appropriate for (2.1). McElroy and Sutcliffe (2006) shows that
if one replaces the X-11 filters with the appropriate model-based filters, then the
algorithm converges at exponential rate to the model-based seasonal and trend es-
timates. We give a brief description here, since it is pertinent to our development
of the multiplicative components case. Consider the so-called “reduced decompo-
sitions” of the form

YS=S,+E  YX=X+E,. (3.1

These are called reduced decompositions, because they leave out the trend and sea-
sonal components (respectively) altogether. Given the component models obtained
from a canonical decomposition routine or structural approach applied to the full
decomposition (2.1), we can compute seasonal and trend extraction filters for the
reduced decompositions quite easily. These are the matrices FSSE and F)?(E for the Y5
and YX decompositions respectively; their formulas can be found in Appendix A.3.
Then FS, can be substituted for the X-11 seasonal filters, and F3; can replace the
Henderson trend filters. The model-based version of the additive X-11 algorithm is

SO g any given vector (3.2)
for i = 1to convergence

X0 = FX(y —§U-D)

SO = FS.(y —=X)
end for

Readers experienced with the X-11 algorithm (see Ladiray and Quenneville (2001)
for a definitive treatment) will recognize that the first two iterations of (3.2) closely
parallel the seasonal adjustment portion of the B, C, and D iterations of X-11. In-
deed, the philosophy behind the X-11 filters is that one first gets a crude trend from
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data that is known to be seasonal, using a pure trend filter (it is a centered 12-term
moving average), and then one follows up with a crude seasonal (a so-called 3 x 3
or 3 x 5 depending on the B, C, or D iteration), which acts as if the data is trend-
less, even though the previous 2 x 12 moving average could not have removed all
the trend from the data. We have simplified the discussion by leaving out the ex-
treme value adjustment portion. The point is, this twofold smoothing process boils
down to iteration one of the above algorithm (3.2) with nonparametric filters. The
next pass through this algorithm we use the same filters, though X-11 switches to a
Henderson trend and a seasonal filter that depends upon the signal to noise ratios.
As shown in McElroy and Sutcliffe (2006), the seasonal and trend iterates then
converge to 5) and X(*), which are given by

§1) = (1= FF) " Fio(1— i)Y = E[SY]
X = (1 FXFS) B (1— FS,)Y = E[X|Y]

respectively (here I denotes the identity matrix). The convergence of this model-
based analogue of the additive X-11 algorithm is interesting, and prompts a similar
type of approach for the case of multiplicative components. In X-11 the iteration
scheme is adapted to (1.1) using the same nonparametric filters; below we formu-
late this algorithm with the same model-based filters utilized in (3.2). For column
vectors a and b, we denote by a + b the component-wise division; also let 1 denote
a vector of ones. The model-based version of the multiplicative X-11 algorithm is

50 = (3.3)
for i = 1to convergence

0 = Bl 0+5)

s =14+ P (y =310 —1)
end for

This bears a close analogy with both (3.2) and the multiplicative X-11 algorithm,
but notice that 1 has been inserted into the seasonal iterate. The reasoning is that
the seasonal iterate should be centered around unity, so that it can be viewed as a
percentage multiplier of the trend. This centering is not appropriate for the trend
iterate, and is unnecessary since 1 is an eigenvector with unit eigenvalue for filters
that pass constants. (That is, for a filter F' such that F'1 = t; this is satisfied by
model-based trend filters where (1 — B) is a factor of the trend differencing operator,
including Henderson filters, 2 x 12 MAs, and all the X-11 seasonal filters.) The
estimated irregular component is defined by e =y = (x- 5), from which it follows
that recovery is automatic for this procedure. Of course the seasonally adjusted
component is just y + 5. Algorithms (3.2) and (3.3) together constitute MBX-11.
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The convergence of the multiplicative algorithm is not guaranteed, and is
somewhat sensitive to the initialization; 1 is the most obvious choice, since it de-
scribes a crude multiplicative seasonal. Other initializations that we considered
were 1+ Foy Y and exp{F5, ;Y }, where F§ , is the filter matrix such that E[S|Y] =
FSSXEY. A partial analysis of the algorithm’s convergence is included in the Ap-
pendix. Code for MBX-11 was written in Ox, and utilizes SsfPack (Koopman,
Shephard, and Doornik, 1999) to do the Kalman Smoothing algorithm. It is easy
to write down the reduced model filter matrices Fi; and Fj. directly without us-
ing state space representations, although in our implementation we use state space
smoothing algorithms due to their numerical efficiency.

4 Empirical Studies

4.1 Synthetic Series

In this section we evaluate the MBX-11 method, assessing its trend bias perfor-
mance on 54 synthetic series. These series are generated by multiplying known
trend, seasonal, and irregular component series, all of which are the output of ei-
ther X-12-ARIMA or TRAMO-SEATS. Then several methods were evaluated on
these series: (1) MBX-11, (2) the exponential Model-Based (MB) method, and (3)
a bias-corrected version (BC) of the exponential Model-Based estimate. We do not
consider the lognormal estimate discussed in Section 2 because it does not have the
recovery property. We next describe the synthetic series, the implementation of the
methods, the measures of performance, and finally the results.

Three estimated trends with varying characteristics were taken from TRAMO-
SEATS, and another three trends (from the same original series) were taken from
X-12-ARIMA. Each of these were paired with one of three estimated seasonals
from TRAMO-SEATS and X-12-ARIMA, such that there was one of each type
of component, model-based and nonlinear. This yields 18 possible pairings, and
3 Gaussian white noise irregular components were simulated with different vari-
ances, and exponentiated. All components were then multiplied to form the input
series, which was of length 144. Note that the same exercise could be performed by
simulating trend, seasonal, and irregular components from Gaussian ARIMA pro-
cesses, and something like this is considered in the Case Studies below. Also note
that defining our target components as the output of other algorithms means that our
“signals” are quite a bit smoother than conventional signal extraction theory would
suppose.

The first step for all the methods is to log-transform the data and obtain a
fitted model. We chose the Box-Jenkins Airline model for our model class in order
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to fix our comparisons, and the parameter estimates were then obtained via maxi-
mum likelihood. There were no convergence problems in the maximum likelihood
estimation procedure for any of the 54 synthetic series. Models for the seasonal,
trend, and irregular components were then determined via the method of canoni-
cal decomposition — this is another motivation for the choice of the Airline model,
since a decomposition is guaranteed for much of the parameter space of this pro-
cess. In this case, all of the fitted models have canonical decompositions, and from
the component models the various filter matrices are determined. These can be ob-
tained from a State Space Form of the fitted Airline model, or can be calculated
directly as described in Appendix A.3. These matrix filters were then used to run
the multiplicative MBX-11 method, as well as to compute the MB estimate — which
is just the MSLE optimal estimate of the given component, i.e.,

B — exp{E[S,|Y]} £ = exp{EIX|Y]} F = exp{E[E|Y]}.

The BC method (which was introduced in Burman (1980)) starts with MB estimates
for the components; then 55 is normalized by its average over all full years, and
eMB is divided by its own average. In order to compensate for these normalizations,
we multiply X8 by the product of these two averages. The resulting component
estimates are X5€, §8€, ¢%C: in many cases, this resolves most of the downward bias
of the type seen in Figure 1. All three methods have the recovery property.

For MBX-11, we report results using the initialization 50) = 1; we also
ran the algorithm with the initializations 1 +FSSX Y and eprSSX £Y (see Section 3),
but the results were the same (i.e., the algorithm converged to the same estimates
independent of the initialization). The convergence criterion used is the following:
we form the ratio of consecutive trend iterates (for each ¢ in the sample), subtract
one, and compute the sum of squares over t. This corresponds to the empirical
RMSE measure discussed in Section 2. If this quantity is less than a given threshold
(.01 in our implementation), then the algorithm has converged.

In order to assess performance, we focus on trend estimates and compare
them to the true underlying trend. We form the quantity x < x — 1 as the relevant
error process, and report the RMSE, where the mean is the average over all times ¢.
(The relative mean error proved to be an unreliable measure of accuracy in practice,
since trend estimates that oscillated about the target trend — in such a way that the
oscillating errors canceled — would often have lower scores than trend estimates that
were closer more of the time.)

We obtained the following results: in all cases MBX-11 converged, with
anywhere between 4 and 18 iterations. The Airline model parameters were gener-
ally within the accepted range of values, such that a canonical decomposition ex-
isted. The empirical RMSE values were similar for all three methods, with MBX-11
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being favored for 21 series, BC for 18 series, and MB for 15 series. Some further
exploration of the methods is given below.

4.2 Simulated Case Studies

Given that the bias behavior of MBX-11 is marginally superior to that of BC (and
MB), we next investigate two concocted examples to see what can go wrong with
MB and BC, and how MBX-11 handles these cases. Series A is generated (with
sample size 144) from a stochastic trend, seasonal, and irregular, where the trend is
an integrated random walk (the initial values and innovation variance were chosen
suitably to generate a plausible-looking stochastic trend). The seasonal is generated
such that the sum over 12 consecutive months is distributed as white noise with
mean 12, where the innovation variance is taken to be fairly large relative to the
initial values. This process then has the property that the average over any twelve
consecutive months is close to unity; however, upon taking logs the annual average
of logs; is not close to zero, and in our particular simulation is biased downwards.
This construction of the seasonal actually produces the downward trend bias in the
MB method. The irregular is just exponential Gaussian white noise, and Series
A is obtained by multiplying the three components. We apply the MB, BC, and
MBX-11 methods just as described in Section 4.1 — using estimated Airline models
— and Figure 1 shows the bias of the MB method. Figure 2, in contrast, shows that
the multiplicative factor of the BC method has resolved the bias; also the MBX-11
automatically produces virtually the same trend estimate. Some discussion of why
this happens is given below.

Series B is generated in a similar fashion, but now there is a regime-change
in the seasonal. This was obtained by generating two seasonal patterns as discussed
above, but with two different innovation variances. The regime-change comes ex-
actly half-way through the series, at time point 72. A stochastic trend very similar
to that of Series A was used. The three methods are applied, and Figure 3 displays
the trend estimates. All of the methods report a kink in the middle of the trend,
which is a spurious result due to the regime-change. The MB method is clearly
downward-biased, and is worse in the latter half of the series. The BC method at-
tempts to correct by shifting the trend upwards, and ends up matching the latter half
of the series reasonably well; but then it overestimates the trend in the first six years.
The MBX-11 method comes closest to giving an accurate trend estimate across the
whole span.

An explanation for the bias in the MB estimate in Series A is as follows
(these arguments are based on some further experiments not reported here; they
do not constitute a rigorous proof). The stochastic seasonal component s, when
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Figure 2: Series A with trend estimates from MBX-11 (left panel) and BC (right
panel).

aggregated over 12 consecutive observations, is roughly equal to 12 (up to random
errors). The MB approach, in contrast, is predicated on the assumption that the
logged seasonal, when summed over 12 consecutive observations, is approximately
zero (up to random errors). Hence the MB seasonal estimate does not have an
average annual value close to one; the resulting discrepancy is compensated by
the MB trend estimate, with the result that there is a constant off-set — the trend is
downwardly biased. The fix that BC offers — namely, to compute this constant offset
by determining the long-run annual average of the seasonal estimate — rectifies the
bias problem in this case. The MBX-11 seasonal estimate generally has an annual
average close to unity, because the seasonal step in (3.3) enforces that the seasonal
estimates is centered about 1. Hence there is less bias in the resulting trend estimate.

However, the solution that BC offers is dependent on there being a constant
offset from unity in the annual averages of the seasonal estimate; if there is a sudden
change in the seasonal factors (like in a regime-change), then the trend bias in the
MB method is no longer constant. This is seen in Figure 3, where the quantity of
the trend bias in the MB method differs according to which half of the series is con-
sidered. The BC method finds a single offset factor, which is really the average of
the two offset factors — one for the first regime and one for the second regime — that
are needed to correct the bias. The MBX-11 does not require the identification of
regimes and bias-correction, since the algorithm automatically centers the seasonal
around unity. Of course, trend estimation for all the methods could be improved by

11
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Figure 3: Series B with trend estimates from MBX-11, MB, and BC.

considering one regime at a time; but this requires dispensing with half of the data
(or implementing a complex seasonal regime-switching model).

These two synthetic constructions — series A and B — demonstrate one of the
sources of trend bias in real series. Essentially, this is due to a discrepancy between
how the seasonal s and log seasonal S behave. The former has annual averages
close to unity, but the latter need not have annual averages close to zero; yet this
is commonly assumed by MB signal extraction techniques. Using the first order
Taylor Series approximation log(1 + z) ~ z for z close to zero, it follows that for
seasonals s; tightly clustered (over time) about unity, the resulting log seasonals S;
will be tightly clustered about zero. However, if the seasonal factors are large, then
there is no guarantee that the sum of ; is close to zero.

By incorporating the correct annual averaging behavior into the seasonal
estimation, the MBX-11 obtains estimates that often have less trend bias. Based on
our studies, this trend bias only seems to arise from the definition of the seasonal;
it does not arise from the trend, since both x and X have similar definitions — the
second (or first) difference is close to zero. The key factor seems to be how the
seasonal is defined, and the extent of the problem depends directly on how large the
seasonal factors are relative to the trend. Note that since the MBX-11 component
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estimates satisfy the recovery property, the reduced bias in the trend and seasonal
estimates (vis-a-vis the MSE optimal component estimates) must be compensated
by additional downward bias in the irregular. This is a zero-sum game in the bias
of the components, which is enforced by the recovery constraint; hence improving
the trend bias must have repercussions on the other components.

4.3 Data Examples

We consider three data examples: U.S. Total New Privately Owned Housing Units
Started (source is the U.S. Census Bureau); Great Britain Production of Commercial
Vehicles (from OECD); Great Britain Production of Passenger Cars (from OECD).
These will be referred to as Starts, GBR2, and GBR3 respectively. These are long
monthly series, with lengths 552, 571, and 571 each. They were chosen to illustrate
differences in the MB, BC, and MBX-11 methods, each having sizeable seasonal
patterns that evolve over the long time span. We begin by fitting ARIMA models
to these series using X-12-ARIMA; automatic model identification yielded Airline
models for all three series, with a log transformation recommended for Starts and
GBR2. For GBR3 the AICC is somewhat higher for the log transformation, but we
will proceed with multiplicative adjustment anyways. Diagnostics (e.g., Ljung-Box
statistics) were generally favorable for the Airline model. We then applied the MB,
BC, and MBX-11 method to each of the three series.

For Starts, 24 iterations were required for convergence of MBX-11. There
was a fair amount of variation in the seasonal pattern in this series, so that the
resulting downward bias in the MB trend is not surprising. Figure 4 displays the
first and last 5 full years of data along with the three trends. Both MBX-11 and BC
seem to be free of the bias problems that afflicts MB — this trend is uniformly lower
than the others. The GBR2 and GBR3 series each (Figures 5 and 6) required 10
iterations of MBX-11, and exhibit the same trend relationships as found with Starts.
For GBR3 this is interesting, since it should be additively adjusted according to the
preferred Box-Cox transformation. In all three examples, the trends produced by
BC and MBX-11 are quite similar. A closer inspection (which is difficult to see
from the displayed figures) reveals that the BC trend is lower than the MBX-11
trend at the beginning of the Starts and GBR3 series, but is higher at the end; this
pattern is reversed for the GBR2 series. It is hard to say which of the two trends, BC
or MBX-11, is more correct, although the discussion of series A and B in Section
4.2 might lead us to view the MBX-11 as being more accurate.

13
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Figure 4: Left panel: first five full years of Starts series with trend estimates from
MB, BC, and MBX-11 methods. Right panel: last five full years of Starts series
with trend estimates from MB, BC, and MBX-11 methods.
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Figure 5: Left panel: first five full years of GBR2 series with trend estimates from
MB, BC, and MBX-11 methods. Right panel: last five full years of GBR2 series
with trend estimates from MB, BC, and MBX-11 methods.

S5 Conclusion

Trend bias can arise in many seasonal time series. This paper first provides a theo-
retical basis for defining and understanding trend bias, and also gives some practical
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Figure 6: Left panel: first five full years of GBR3 series with trend estimates from
MB, BC, and MBX-11 methods. Right panel: last five full years of GBR3 series
with trend estimates from MB, BC, and MBX-11 methods.

indications as to when it can be expected to generate large distortions. In particular,
we show that MB methods generate downward-biased trend estimates, and argue
(based on empirical evidence) that more serious discrepancies tend to appear when
the seasonal factors have large fluctuations.

The MBX-11 algorithm addresses the trend bias problem by estimating the
trend, seasonal, and irregular components in the original domain, without using a
logarithmic transform. Because MBX-11 uses model-based filters in its nonlinear
iteration scheme, it is more flexible than the X-11 algorithm and has a sounder
theoretical basis. The BC method does indeed correct trend bias — so long as the bias
1S systematic across time, i.e., represents an approximately constant multiplicative
offset. When this bias is not systematic — which arises when there is a lot of change
in the seasonal factors over the years — then the BC method seems not to perform
as well, and the MBX-11 method is preferable.

However, it is noted that convergence of the MBX-11 algorithm is not guar-
anteed, and this can be a serious drawback for some series. We ran the method on
50 seasonal time series (for which an airline model for the logged data was rea-
sonable), including 20 export and 19 manufacturing series from the U.S. Census
Bureau, in order to assess empirical convergence. The method converged every
time, with between 3 and 40 iterations (and a median of 8) according to the cri-
terion discussed in Section 4.1. Thus in our experience the MBX-11 method has
good convergence properties for “typical” seasonal time series.

15
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Disclaimer This report is released to inform interested parties of research and to
encourage discussion. The views expressed on statistical issues are those of the
author and not necessarily those of the U.S. Census Bureau.

Appendix

A.1 Proofs for Section 2

Proof of Proposition 1. By Jensen’s Inequality,
exp{S;} = exp{E[S|¥]} < Efexp{S,}[Y] = Els: ],

since Y and y contain the same information (as exponentiation is a bijective map-
ping). U

Proof of Proposition 2. Recall that if G is Gaussian with mean u and variance
02, then expG is lognormal with mean exp{u + 62/2}. Because Y and S; are
jointly Gaussian, it follows from multivariate normal theory that the conditional
distribution of the signal is

S;|Y ~ A (5;,MSES,),

1.e., it has a normal distribution with mean §t and variance MSE§,. See Theorem
3.2.4 of Mardia, Kent, and Bibby (1979) for details. Hence s;|y has a lognormal
distribution with mean equal to

Els:|y] = exp{E[S;|Y] + Var[$;|Y]/2} = exp{S, + MSES,/2}. O

A.2 Penalty Functions

Using the MSE as a penalty function produces the conditional expectation as an op-
timal estimate. However, for multiplicative components data this penalty function
can be problematic, because the error depends on the level of the series (see the
discussion in Section 2). In order to avoid this, it is natural to consider RMSE. This
quantity is important to analysts working with multiplicative components data, as
they are often interested in percent changes and percent error.

The choice of penalty function is dependent on the algebraic structure of
the data as well as the practitioner’s goals for conducting signal extraction. For ex-
ample, RMSE and mean squared log error are appropriate for multiplicative com-
ponent decompositions (1.1), whereas traditional MSE is sensible for additive de-
compositions (2.1). We examine the following penalty functions: Relative Mean
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Squared Error (RMSE), Mean Squared Log Error (MSLE), and Mean Squared Er-
ror (MSE). These are defined as follows:

Prusi(Z,Z) =E[(Z)Z —1)]
PMSLE(Z )= E[(logz— logZ)z]
Puse(Z,2) = E[(Z—Z)z]

The following proposition gives the optimal estimators for each penalty function.

Proposition 3 Suppose that given a random vector y of information, we wish to
predict a random variable Z optimally with respect to a penalty function P, i.e., we
need to find g(y) such that P(g(y),Z) is minimal. These are given by

grmse(y) = E[Z7|y]/E[Z72|y]
gusce(y) = exp{E[log Z|y|}
guse(y) = E[Zb’]

whenever such quantities are finite; moreover, these minimizers are unique.

Proof of Proposition 3. The MSE case is standard (see Bickel and Doksum
(1977)), but we present the proof of the RMSE case for completeness. The MSLE
is quite similar. Define

0(c) =E[(c/Z—1)?]
and so long as this is finite, the unique minimum is achieved at ¢ = E[Z~!]/E[Z?]

by calculus (the function is quadratic in ¢). If we replace the E operator by E[-|Y =
y] in Q and the minimizer, the result is still valid, for any fixed vector y. Hence

Bz Y=y \°
(soy=rz ) :y]

for any g(y), and the inequality is preserved by taking expectations on both sides,
which — using the substitution theorem for conditional expectations — yields

E[Zz71|Y]
E[z—2|Y1’Z>

E[(g(y)/Z—1)*|Y =y] > E

Pruse(8(Y),Z) > Pruse <

as desired. Strict inequality holds except at the minimizer. [
If we apply these penalty functions to signal extraction, say for the seasonal,
then we obtain SRMSE = R[5, |y] /E[s; 2[y], SMSLE = exp{E[S,|Y]}, and SMSE —
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E[S;|Y]. So we see that, by switching our penalty function for (1.1) from MSE
to MSLE, we obtain an optimal estimate that has the property of recovery. An
alternative formula for the RMSE estimator is

E[CXP{%— Si}yl
lexp{2(S; — S¢)}y]

which follows from elementary properties of conditional expectations. From this
formula it follows that the error in the RMSE estimator is scale invariant. In gen-
eral (A.1) is impossible to compute, but if y is lognormal then s*¥5E = exp{:S’\, —
(3/2)MSES, } and E[(sRMSE /5, — 1)2] — 1 —exp{—MSES,}. Notice that this esti-
mate does not have the recovery property, and for more general distributions we see
that (A.1) need not imply this property either.

—ew(S)

A.3 Details of MBX-11

We provide a few additional details about the MBX-11 algorithm. In general we
suppose that ¥; is an integrated process such that W; = 0 (B)Y; is stationary, where B
is the backshift operator and &(z) is a polynomial with all roots located on the unit
circle of the complex plane (also, §(0) = 1 by convention). This §(z) is referred
to as the differencing operator of the series, and we assume it can be factored into
relatively prime polynomials 8°(z) and 6% (z) (i.e., polynomials with no common
zeroes), which are differencing operators for the seasonal and trend components
respectively. The differenced seasonal and trend are denoted

U’=385B)S, UX=58%B)X, (A.2)

and are mean zero stationary time series that are uncorrelated with one another. We
let d be the order of &, and dg and dy are the orders of 85 and 8% since the latter
operators are relatively prime, § = 8° - 8% and d = dg + dy.

Now we can write (A.2) in a matrix form, as follows. Let Abe a (n —d) x n
matrix with entries given by A;; = §;_ ;14 (the convention being that & =0 if k <0
ork >d).

64 - 6 1 0 0
0 o6 - 6 1 0
0 -~ 0 & - & 1

The matrices Ag and Ay have entries given by the coefficients of §5(z) and 6% (z),
but are (n—dyg) x n and (n—dx ) x n dimensional respectively. This means that each
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row of these matrices consists of the coefficients of the corresponding differencing
polynomial, horizontally shifted in an appropriate fashion. Hence

W =AY US=A¢S UX=AxX

where W, US, UXT, S, X, and E are column vectors of appropriate dimension. Now
the so-called reduced decompositions (3.1) ¥ $ and YX can likewise be differenced:

WS =AY =US + AgE WX = AxYX = UX + AxE.

Let X7 denote the covariance matrix for any (stationary) random vector Z. The the
matrices FSSE and F)?(E take the following form:

Fop =1—XpAGT, iAs
Fp =1-ZpAyE, YAx,

where I denotes the n x n identity matrix. This is proved in McElroy and Sutcliffe
(2006), where it is also shown that

S S -1.5
Foyp = (I - FsgFRg) Fyp(1—FRg)
s\l N
Fsgg(E = (1— F)?(EFSE) F}?E(l - FSE)'

Now the multiplicative MBX-11 algorithm need not converge, though we can show
that for data consisting of a deterministic trend and seasonal, the recursive equations
in (3.3) are solved by the exact components. Hence for series with fairly stable
trends and seasonals and moderate irregulars, the algorithm is likely to converge
(by the term “stable”, we refer to components that change very little over time, and
hence are close to being deterministic). The trend x is deterministic if Axx = 0, and
the seasonal s is deterministic if Ags = Agt. This latter condition just states that any
annual average of the seasonal equals 1. Then (s,x) solve the equations

To check this, observe that y = s-x by assumption, so Fix (y+s) = Ffzx = x, using
the formula for 5 and the property that Axx = 0. Secondly,

FﬁgE(y+x_l):F.S§E(S_l):S_(I_F.SsE)S_FgEl:S_<I_F§E)1_F§Elzs_la

using the fact that (1 — Fg)s = (1 — FS,)1, which follows from the condition on s
and the form of F,.
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Of course, we are not interested in series with purely deterministic trends
and seasonals, as these never arise in practice. Based on extensive testing of our pro-
grams, convergence is faster for more stable Airline models (i.e., with seasonal and
nonseasonal moving average parameters closer to unity), and the accuracy is higher
as well. The general problem of obtaining solutions (5,x) to the above nonlinear
system is not tractable analytically, and iterative approaches such as described by
(3.3) must be used in practice.
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