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ABSTRACT OF THE DISSERTATION

Statistical Inference for Parameters of Time Series Exhibiting the

Noah and Joseph Effects
by

Tucker S. McElroy

Doctor of Philosophy in Mathematics

University of California San Diego, 2001

Professor Dimitris Politis, Chair

This work is a study of various long-range dependent heavy-tailed time series models,
which are useful for modeling data in the fields of econometrics, communications, insur-
ance, and finance. We examine self-normalized statistics for model parameters, such as
the mean, in order provide theoretical backing for statistical inference in these models.
These models have in common (in addition to strict stationarity) long-range dependence
(the Joseph Effect ) and heavy-tailed marginal distributions (the Noah Effect ). Most of
the models have a linear dependence structure (such as an infinite order moving average)
and are strong mixing, i.e. asymptotically, the random variables are independent. In
later chapters, generalizations to random fields are considered. My objective has been
to conduct inference for model parameters — e.g. form asymptotically correct confidence
intervals. Thus, the bulk of the results are weak limit theorems for statistics such as the

sample mean.

Two theoretical/practical techniques occur as recurring themes in this work: self-
normalization and subsampling. All of the statistics considered have “unknown” rates

of convergence; this problem is solved by dividing or “normalizing” it by some other



statistic which converges at that rate. A second difficulty is that the limit distributions
generally are complicated functions of stable random variables and filter coefficients,
and thus their quantiles are unknown; this is resolved by using subsampling methods to
estimate the limit cumulative distribution function. Indeed, this work has the motive
of providing a wealth of practical and useful probability models to which the already

existing subsampling methods in [48] may be applied.
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Chapter 1

Introduction

There are several important concepts used throughout this work; the most important
are the “Noah and Joseph Effects”, Marked Point Processes, and Subsampling Methods
— each of which is discussed below. In addition the term “self-normalization” is ubiqui-
tous here. It simply refers to the division of the desired statistic by some other statistical
measure of scale, such as the sample variance. This operation circumvents some unpleas-
ant practical issues, although it makes the corresponding theory more complicated. See

the second section of Chapter Two for a demonstration of self-normalization.

1.1 Noah and Joseph Effects

Noah and Joseph are intriguing epithets for the phenomena of heavy tails and long
range dependence, respectively. Both terms were coined by Mandelbrot when he was
studying hydrology (see [42] and [41]), and he observed that both phenomena seemed to
occur together; see [53] as well as [29] . All of the models that I consider in this work

exhibit both heavy tails and some nontrivial dependence.

1.1.1 Noah Effect - Heavy Tails

A random variable is said to have heavy tails if its probability density function (pdf)

has tails that decay at a polynomial rate (Mandelbrot coined the term “hyperbolic”



random variables — viz. [41], p.204 — due to the asymptotic shape of the tail); in
particular the tails are not exponential, and hence not all of the moments will be finite.
An example is the Cauchy distribution, which has no mean. Many of the heavy tailed
random variables which I will consider lack a second moment, and thus are used in models
which exhibit (or are thought to exhibit) “infinite variance.” This has been called the
Noah Effect due to the infinite variance, which shows high variability, viz. “...all the
fountains of the great deep [were| broken up, and the windows of heaven were opened.

And the rain was upon the earth forty days and forty nights.” (Genesis 7:11-12).

Examples of Heavy-Tailed Data Good examples can be found in the data from
[69] and [22], which exhibit Ethernet traffic and S & P 500 index data respectively.
In the arena of finance, much debate is continuing over infinite versus finite variance
models. “It is a fact...that most financial data are heavy-tailed!” (viz. [22], p. 406)
In some cases second moments may exist, but third or fourth moments do not. In

“...such phenomena as file lengths, cpu time to complete

teletrafficking, Resnick claims
a job, call holding times, interarrival times between packets in a network and lengths
of on/off cycles appear to be generated by distributions which have heavy tails” ([52],
p.1805). For references, see [3], [68], [19], [20], [44], and [69]. Data sets displaying heavy

tails can be found in other fields such as hydrology (viz. [12]), economics and finance

(viz. [33]), and reliability and structural engineering (viz. [27]).

1.1.2 Joseph Effect - Long Range Dependence

The term long range dependence refers to the presence of a slowly decaying auto-
correlation/autocovariance function; indeed, the decay may be so slow (e.g. a polynomial
rate) that the covariances are not summable. We don’t strictly require the word “auto”
above, which is appropriate for stationary data - more general heteroskedastic data may
also be thought of as having long range dependence. It is common to measure dependence
via the strong mixing coefficients of [60] — also see [61]; roughly speaking, exponential

decay corresponds to short-range dependence (e.g. Markov dependence), while polyno-



mial decay corresponds to long-range dependence. This persistence over long gaps or
lags will also be seen in the sample correlation and covariance functions. This has been
called the Joseph Effect due to the persistency of phenomenon over time, viz. “Behold,
there shall come seven years of great plenty throughout all the land of Egypt: And there

shall arise after them seven years of famine...” (Genesis 41:29-30).

Examples of Long Range Dependence Chapter 1 of Jan Beran’s book [2] contains
five diverse examples of long range dependence — hydrology, video conferencing , Ethernet
networks, governmental standardization, and climatology. In all of them we observe the
characterizing behavior: the sample autocorrelations have a persistency over a large
number of lags. This phenomenon appears in a number of other areas, e.g. economics
— see [39], [66]; turbulence — see [40]; weather — see [37]; and communications — see [38].
In finance, “The existence of long term dependence in common stock price series is not
surprising since stock prices are related directly or indirectly to climatological variables,
such as rainfall, in which the existence of long term dependence is well established”

([26]); also see [25]. See [42] and [43] for examples in hydrology.

Additional mathematical examples will be provided in some of the following chapters.
Appendix A provides some background on stable random variables and their domains of

attraction.

1.2 Marked Point Processes

In time series it often occurs that data is collected at random times, or from random
locations if we are considering a random field. The indices of the random variables
themselves are then random variables, and the common model for this is a Point Process.
Often the Point Process is Poisson, which has certain nice properties, but we will consider
more general processes in this work. One probability mechanism governs the scattering
of points, where the observations are taken from, and another mechanism gives the values

of the random field at those locations. It is a common assumption (which we will make)



that these two probability laws are independent.

According to [48] , irregularly spaced data is encountered “in many important cases,
e.g. queueing theory, spatial statistics, mining and geostatistics, meteorology, etc...As a
matter of fact, in case d > 1, irregularly spaced data seem to be the rule rather than the
exception.” (Here d refers to the dimension of the random field.) Also see [58], [32], and
[13].

In this work, we examine some of the models of earlier chapters under the added
assumption of the Marked Point Process, and derive weak limit results for the statistics.
As discussed below, subsampling methods are still valid under the assumption of random

observation locations.

1.3  Subsampling

The Central Limit Theorem has been used to construct asymptotically valid confidence
intervals for the mean in classical time series. This feat relies upon knowledge of the
quantiles of the limit distribution (i.e. the Gaussian). In some scenarios, the weak limit
is not normal, and the quantiles cannot be calculated. Nevertheless, practitioners still

desire to make inference for the mean; subsampling provides an elegant solution to this

difficulty.

Given a weak convergence result, and some other mild assumptions, one can form
an estimate of the sampling distribution via “subsamples” of the data. With these
estimated quantiles, approximate confidence intervals for the desired parameters may be
constructed. The first subsampling theorems assumed independent data, but they have
since been generalized to time series which satisfy a certain asymptotic independence

condition. See the book Subsampling [48] for an extensive treatment of this subject.



These methods are also valid when the statistic is self-normalized, so long as the
resulting quotient statistic has a weak limit. Many of the results in this work involve
self-normalized statistics whose resulting limit distribution is completely unknown, and
cannot be calculated due to its dependence on other unknown model parameters. But
the limiting distribution can be approximated by the subsampling distribution estimator,

so that inference is possible.



Chapter 2

Linear Processes

In this first part our attention will be restricted to linear time series. We will look
at causal and non-causal ARMA (Auto-Regressive Moving Average) processes, which
have a representation as an infinite order moving average. This is a fairly weak type
of dependence (an AR(1) is strong mixing, with an exponential rate of decay), but

nevertheless these models are wide spread in time series applications.

2.1 Heavy-Tailed Linear Models: Background

Consider the linear time series:
JEL
where {Z;} is an ¢id (independent and identically distributed) sequence, and {#;} are

filter coefficients which satisfy a summability condition.

Throughout this chapter, we require that the filter {¢;} € [, for some p € [0, 1] (see

Chap. 13 of [11]) in order that the sum converges almost surely. The input variables



{Z} (for any t € Z ) satisfy the following two properties for some a € (0,2):

Pl|Z > 2] = 27 L(z) (2.2)
P[Z; > «] P[Z: < —x]

PlZ) >« U Pz]>a ! (2.3)

as  — oo. Here p and ¢ are between 0 and 1 and add up to 1. L(z) is a “slowly varying”
function, i.e. L(ux)/L(xz) — 1 for any fixed u. An example of this is the logarithm. Note
that it easily follows that the right and left tails of Z; behave like

PlZ; > z] ~ pa™%L(z), PlZ; < —z]~qa""L(2) (2.4)

[13

where “~” denotes that the ratio tends to unity as z — oc.

A random variable which satisfies the above conditions is said to be “heavy-tailed”
or to possess “fat tails.” Such random variables are in the domain of attraction of an
a-stable law, i.e. if we take an 7id sequence of such Z’s, then there exist constants a,, > 0

and b,, such that

a;’ (Z Zy — bn) £ 5 (2.5)
=1

where S is an a-stable random variable. We then write {Z;} € DOM (). It is common

to see conditions (2.2) and (2.3) stated as
(L= F(2) = p 2"F(—a) — g, (2.6)

where 7 is a common version of the Z,’s, which have cdf F(-). A good treatment of
this material can be found in the book Non-Gaussian Random Processes [64] ; or see

Appendix A.

An example of this is given by Z in the “normal” domain of attraction of an a-stable
law, which means that we can take a, = na. If 7 is itself stable, then the hypotheses
are certainly satisfied. If in addition it is symmetric (Z is sas), then X; has the law of

1
a sas as well, but scaled by (3, |1;]%)=. Note that no generality is lost if one places a



constant C' > 0 on the right hand side of the convergences in line (2.6). This constant
is called the “dispersion” of Z (written disp(Z)). If Z has the S, (o, 3, 1) law, then we
B+1 =1

can take p = == and ¢ = 55—, and the dispersion is

o/T(1 —a) cos 5 a1

20/7 a=1.

We will let €' = 1 for simplicity; also see [11].

There are a few facts about the choice of a,, : firstly, the sequence should satisfy
nPl|Z1] > apz] — 2™¢ (2.8)

as n — oo for every positive z. (So if we take a,, that satisfies this, then we can prove
the limit result for the domain of attraction.) It is easy to check that a, := inf{z :
P[|Z1] > 2] < n~!} satisfies this condition. Condition (2.8) will be very important in
what follows. A change of variable argument, using (2.2), implies that a, = n%L(n)
(not the same slowly varying function in (2.2)); thus the “normal” domain of attraction
has L = 1. Given this, a suitable choice for b, is E[Z;|7Z1| < a,]. This definition is

interesting — it suggests a “natural” truncation for Z;.

1

Notice that since {1;} € [,, they are also in [, since p < a, so (3_; [¢[")> < co. Here
is some notation: ¥ will denote the whole sequence of {¢;}, and ¥, will denote its [,
norm. It is true that {X;} forms a strictly stationary sequence, since applying a shift

operator to the law for the Z-series does not affect the distribution.

When «a is not less than 2, the situation is quite different. From the Central Limit
Theorem, a partial sum of any iid collection of L? random variables has a Gaussian limit
(this is the @ = 2 stable random variable). Thus, DOM(2) D L? (and the containment
is proper). By contrast, the other domains of attraction for a < 2 are characterized
purely by the tail behavior. Our general assumption on Z is that either it is a heavy-

tailed random variable in the space DOM(a) for 1 < a < 2 — and thus it satisfies



properties (2.2),(2.3), and (2.8) — or that Z is square integrable, and hence is in DO M (2).
Throughout, by an abuse of language, we will abbreviate this dichotomy by saying that
a € (1,2].

2.2  Self-Normalized Sample Mean

In this section we are interested in estimating the mean of the linear time series { X;}.
We focus on the sample mean X := n~! ", X; as an estimator for § := EX, which
is assumed to be finite. Our point of view is one of generality: the sample mean is
a ubiquitous estimate of location; in particular, it is generally consistent for € even if
the regularity condition of finite variance breaks down. Nevertheless, statistical inference
(confidence intervals and tests) for § are based on the distribution of X, which is crucially
affected by dependence and/or heavy tails. The purpose of this section is to provide a
way of consistently estimating the distribution of the (normalized) sample mean without
knowledge (or explicit estimation) of either the dependence or the heavy-tailed index (this
tail index measures the heaviness of the tails); we will achieve this using the subsampling

methodology —see [47] or [48].

It turns out that the normalized sum of ¢id (independent and identically distributed)
heavy-tailed random variables converges weakly to a non-normal limit (a stable law);
thus it satisfies a non-central limit theorem. In order to develop confidence intervals for
#, we need the quantiles of this stable law, which, unfortunately, are generally unknown,
because both the scale and the index of stability (the heavy-tailed index) will generally be
unknown. The recourse is to use subsampling methodology to estimate the limit quan-
tiles. A second practical problem is that the rate of convergence of the sum is generally
unknown (it is not the common /n which occurs in the Central Limit Theorem), which
prevents us from forming the correct statistic. This is solved by self-normalization, i.e
by dividing by some appropriate measure of scale, such as the square root of the sample

variance. If this is done, the limit is no longer a stable random variable, but has a well-
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defined continuous cdf (cumulative distribution function), so that subsampling theory

can still be applied.

If the sequence {X;} is ¢id (and maybe heavy tailed), then the limit distribution of
the normalized sample mean is well-studied in [36]. [59] used the limit theory in [36]
in order to show that subsampling works in this case; see Chapter 10 of [48] for more

details. Nothing is yet known if the series {X;} is not independent; this is the purpose
X-0

E;

of this section. To elaborate, we will prove that /n has a limit distribution with a
well-defined continuous cdf; here & is a statistic which measures the scale or size of the
random variables. In [36], both %(Y — ) and \a/—f& are shown to have nondegenerate
limit distributions for an iid time series; they both depend upon an unknown rate a,
(that corresponds to the unknown tail index «), and thus cannot be used statistically.
In that paper, the authors form the ratio of these two quantities, and prove that the
quotient converges to a continuous limit distribution. Since the factor @, cancels in the

&_9 is statistically

division, the unknown rate is eliminated and the resulting object \/n
useful. We prove the corresponding limit theorems in a time series context, and thus
generalize the work of [36] . Other literature on this topic includes: [16], [17], [50], [51],
[14]. The first two papers are primarily concerned with the limit behavior of sample
autocorrelations for this linear model, while [50], [51] consider point process techniques
used to prove many of these results. [14] examines models with long range dependence

which are not linear.

Since the limit distribution depends on the unknown tail index parameter a, one can-
not calculate its quantiles, which are neccessary for the formation of confidence intervals.
For the unnormalized statistic one could explicitly estimate the parameter a, e.g. by
Hill’s estimator — viz. [52] and [56], and the scale of the limiting stable distribution, for
the formation of the desired confidence intervals; also cf. [58]. Alternatively, subsampling
with estimated rate may be used, as in [7]. Our approach in this chapter involves self-

normalization; this bypasses the issue of the unknown rate of convergence but brings in
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a new difficulty: the limiting distribution is no longer stable. Subsampling, nonetheless,
can still be applied since a well-defined limiting distribution exists; hence, this difficulty

is alleviated as well.

So we first assume that the data X, is integrable. To this end, let a € (1,2] (with the
meaning described at the end of section 2.1), so that the mean of Z exists, and denote
it by 5. By the choice of a, we see that the filter coefficients are summable; denote the
sum by 1,. Then it follows that 6 := EX; = t¥,n. In this section we investigate the
limiting behavior of 5,,(#), which is defined to be

P (X —0)
§,(6) = =z A =0 (2.9)
\V e XF

The following theorem gives the main result of the section:

Theorem 2.2.1. Given the assumptions of the model, i.e. that lines (2.1), (2.2), (2.3),
and (2.8) hold, and that {1;} € L,

S ;
S(0) = ﬁl—m/—s_z = (2.10)

where S is an a-stable random variable, and Sq has a totally right skewed (thus positive)

S-stable law; in particular, the limit random variable S has a continuous nondegenerate

distribution.

Remark S. Resnick [50] has proved a similar result for 7id data (which is the special
case where W = {---0,%99 = 1,0,---}). So the above theorem is the natural generalization

of S. Resnick’s result to a linear time series with o € (1,2).

Proof in the case that 1 < a < 2 the proof follows from a more general version of this
theorem for random fields, which is discussed in the second section of Chapter Four. The

L? case is well-known — for example, see [11]. 1



12

Define the following “centered version” of 9,,(8):

Zt I(Xt_e) :\/EXA_Ov (211)

/oL Xy o

where ¢, := \/% Yo (X - Y)Q is an estimate of scale. Then we obtain the following

corollary that includes the regular o = 2 case as a possibility:

Corollary 2.2.1. Consider a linear time series with summable filter coefficients, and
let @ € (1,2]. For 1 < a < 2, this means that conditions (2.2) , (2.3) , (2.8) hold, but
if o = 2 it means that Z is square integrable. Then T,(6) - T, where the random

variable T is either 1{% times a standard normal (for a = 2) or is S (for 1 < a < 2).

Proof The notations A ~ B will mean A = op(l) + B (which is a reflexive and

symmetric relation). We have the following equivalences in probability:
Z? 1(Xt - 0) j{’; Z? 1(Xt —9) P Z?:l(Xt —9)
\/Zt 1 Xt \/Zt 1 Xt - 0) \/Z?:l )(t2

where the second equivalence is only true for a < 2. This statement is really two claims:

, (2.12)

the first claim is the left equivalence and the second claim is the right equivalence.

First Claim Let U, := a,! Yo Yi = %Yn where Y; := X; — 6. It follows from the
proof of Theorem 2.2.1 that U,, = Op(1). Hence

a3 (X - X)) =Y (Xe—0) +(0-X,) = —22 (X, — 6)? —|——U2

=1

(2.13)
Thus

a;? zn:(xt X, =0p (%) +a?) (X -6), (2.14)

which also holds true for the joint law:

( —IZ (X, - (X, - X )2) (2.15)
_op( ) (;1§:Xt—0 n(Xt—o)Q).
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i

Applying the continuous function f(z,y):= 7 to (2.15) finishes the claim.

Second Claim  Here we suppose that 1 < a < 2. Then
“ “ 20 nf?
_ 2 _
=1 =1 =1 n
the second term is —%Yn = o(1) almost surely, since the sample mean tends to 6

almost surely by the law of large numbers (this follows also from Theorem 2.2.1 ) and

L = o(1) ; the third term is nl_%L(n)_IH2 = o(1), where L(-) is slowly varying. Note

An

that we need a < 2 for these conclusions. Therefore the claim holds, by applying f again

to the joint vector.

Now the case of Corollary 2.2.1 where a € (1,2) is clear, because T,,(9) ~ Sn(8) from
the claims; so we can apply Theorem 2.2.1 to get the desired result. Now suppose that
a =2, i.e., Z € L2 Suppose that Z has variance ¢%; then by Theorem 7.1.2 of [11], we
know that

R c
— E X:—0 00 N 2.17
\/ﬁ t_l( t ) = ¢ o ( )

where N has a standard normal distribution. As for the denominator, we have

BN 2 P 52 2

— E (X, —0)" — V30 (2.18)

n

t=1

by Proposition 7.3.5 of [11]. Hence, using Slutsky’s theorem (note that the limit in (2.18)

is nonzero! — see [21]),

P \/Lﬁ Z?:l(Xt - 0)

T,.(0) ~ (2.19)
VETL (X, - 07
£, Yo _ Voo

This proves the corollary. i
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2.3 Self-Normalized Sample Maximuimn

Classical extreme value theory explores the asymptotic properties of the sample max-
imum. The cumulative distribution function of the sample maximum is a quantity of
interest to the financial and insurance communities, due to the need to calculate “value
at risk” (VaR), as well as to probabilists, because of the intriguing mathematics involved

in the asymptotic behavior.

This section examines the limit behavior of the sample maximum for linear heavy-
tailed time series. Heavy-tailed random variables have become increasingly popular as
models for financial and insurance data, and the literature has expanded in the past
few decades to accomodate the growing interest: see [16], [17], [14], [22], and [52]. This
movement was induced by the discovery of high kurtosis in financial and insurance data
(as well as in teletraffic data and many data coming from natural phenomena) which was
not adequately explained by light-tailed distributions such as the normal. Linear time
series have continued to be a popular model due to both the ease of analysis as well as
the extent of applicability. The following two examples demonstrate the utility of the

sample maximum (also see [6]):

Example 1: Insurance Consider a positive claim amount X; to be made at time ¢
(viz. Chapter 1 of [22], where the claim times come according to a Poisson Process). If an
insurance company has an amount of wealth z at time n, they are interested in knowing
what the probability that the largest claim amount (i.e. the sample maximum) exceeds
x, since this would induce bankruptcy. If we let M, denote the sample maximum, we
wish to estimate P [M,, > z]; seen another way, the insurance company may wish to find
x such that the above quantity is smaller than a specified probability p, which amounts

to calculating the pth quantile of M, ’s cdf.

Example 2: Finance In finance we may interpret X; as the value of some asset

at time ¢, and we wish to know the probability that the sample maximum stays above
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some minimum quantity z (this is a “worst case scenario” analysis). In this case we must
estimate the same object and calculate the pth quantile. This number is used to measure
“value at risk” (VaR), a quantity required of all corporate treasurers by the Securities

and Exchange Commission.

So define the sample maximum and sample standard deviation by

M,, = max X, (2.20)
1<t<n

and

(2.21)

respectively. In addition, define the following features of the filter (where a V b denotes

the maximum of @ and b ):

¥y 1= max(y; V 0), o = max(—1; V 0). (2.22)

The main result below is a limit theorem for the self-normalized maximum.

Theorem 2.3.1. Leta € (0,2), and let { X} be a strong mizing linear time series which
satisfies conditions (2.2), (2.3), (2.8). Also require that either 1$p > 0 or ¥v%q > 0.

Then the following weak convergence holds:

M, :/;> Y
On U5y

stable totally right skewed random wvariable, and Y has the following

(2.23)

o

where Sy is an -

distribution:

P[Y < 2] = ap{—e (Wit vz} 2 >0 (2.24)

0 <0
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Proof  This proof relies heavily upon Point Process techniques; a summary of the
requisite background material is provided in Appendix B. We begin with the following
Poisson process convergence result (B.7) which we repeat here for convenience:

o0 £ o0

Zg(gﬂ) = Z Z Ctntidn (2.25)

k=1 " " €7 k=1

on M,((0,00) x (R\ {0})) as n — oo. Next we define the mappings Ty and T as follows:

T1 (Zé(uk’vk)) = \/ Vi (2.26)
k=1

uk<1
and
o0
§ . 2
Ty (Zg(ukﬂf}c)) T Z vkl[uﬁ>6] (2'27)
k=1 uk<1
for each positive é. Notice that \/ denotes the maximum of that collection of random
variables. These maps are continuous with respect to the limit point process — viz. [50]
and [51]. Tt follows that the joint mapping (T4, 7%) is continuous, and by applying this

to line (2.25) above, we obtain the following joint convergence:

(\/ a;le,Za;QX,fl[XgN%é]) :£> \/ (\/ lbijk) 72 Zlﬁ?jzl[mm%g]

k=1 k=1 tr<l \i€Z tr<1 €7

= |V iV (=m)i) 207 D e

<1 €7 <
(2.28)
Next we wish to let é tend to zero on both sides of this convergence. The validity of this
follows the exact same argument as in Theorem 4.2 of [16] , where they take the limit as
6 tends to zero of the same map TQ‘S. The first component of the weak convergence does

not depend on é, so we obtain the joint convergence

(a;IMn,a;QZXz)é V (e vV (=¢-)je) 03 D 7] (2.29)

k=1 <1 <1
Let the first random variable on the right hand be denoted by Y; it follows that Y has
the stated cdf — see Theorem 3.1 of [16] . As for 37, o, Jj#, we know that the ji are the
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points of a PRM (v) on the space R\ {0} (via projecting the PRM (;) onto the second

coordinate). As discussed in [51] , the mapping
Zéjk — Zéji (2.30)
k k
induces a corresponding transformation on the mean measures:
v(de) — %x_%l(om)(x) dr =: vy(de). (2.31)

Thus we see that Ztk<1 Jjt is a PRM(13), and by the Ito representation is an S stable

totally right skewed random variable, which we will denote by S5. Finally, it is easy to

apply the continuous function f(z,y) := 7 to obtain the weak convergence result stated

in the theorem.

We end this section with an application of this result to “Value at Risk.” We interpret
the random variables X; as a claim amount, and we are interested in the maximum of the
claim amounts over a certain time horizon. Since the claim amount is positive, the series
{X} must be non-negative for every ¢ (almost surely); to model this, we must impose
that all the filter coefficients are non-negative, and that the inputs {Z;} are totally right
skewed. This latter situation can be characterized by decreeing that p =1 and ¢ = 0 in
line (2.3), and the limit random variable Y defined in (2.24) has cdf

by < o] 2 JEPETIED)e0 o)

0 xr <0

We are therefore interested in the cumulative distribution function (cdf) of M,,, which
we will denote by Fas(z) = P[M,, < z]; knowing Fis, we can calculate all other interesting
parameters/quantities of M,. Fjs also has the following interpretation: for a given
threshhold x, the number Fjs() represents the probability that no claim amount exceeds

that threshhold.

Thus we can use (2.32) along with subsampling to estimate Z™. An interesting ques-

n

tion for the future is to obtain better practical methods for estimating the distribution
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of M, with the limit random variable W. Even though the practitioner wishes to esti-
mate M, at this point the best one can do is to estimate 671M,, via W. Now W is a
complicated random variable, which depends through % , ¥»_, and ¥4 on the unknown
filter coeflicients; therefore it is impractical to assume knowledge of the exact distribu-
tion of W. Subsampling methods have proved very effective at estimating such limit
distributions in similar contexts, e.g. the sample mean problem of the previous section.

Section five of this chapter describes how subsampling is implemented.

2.4 Self-Normalized Periodogram

In this section we present a result which describes the asymptotic behavior of the
self-normalized periodogram. In classical time series the spectral density function gives
information about periodicities in the time series. It is typically estimated by its empir-

ical version, the periodogram

, (2.33)

n
1 .
n-2 E Xte—zwt
=1

where w € (—m,7]. But since the classical spectral density does not exist in the heavy-

tailed case (since it is a function of the covariances, which are infinite for the model

(2.1)), we must adjust the definition slightly to

n
-1 —wt
a, E Xze
=1

Now we wish to study a “self-normalized” periodogram, with the same motivation as

(2.34)

for the sample mean and sample maximum; thus we must remove the unknown rate
a, from our statistic. The appropriate normalization is again the sample variance (this
time without the square root), and so we arrive at our definition of the self-normalized
periodogram at the frequency w € (—m, 7] :

L ‘2?21 Xte_M‘Q
' S X

I (w) (2.35)
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This object was studied in its unnormalized form in [34], and (2.35) was examined in
[35]. The authors restrict to the case that Z is in the normal domain of attraction of an
a-stable law, and thus a, = na. Our results actually use a different method of proof —
namely we truncate the model to an m-dependent version — and are slightly more general
because Z need not be in the normal domain of attraction. In addition, the results here

are proved for the more general scenario of a random field (treated in Chapter Four).

So we state the following weak convergence theorem, where « is now allowed to range
over (0,2]. As described at the end of section 2.1, this means square integrability for
a =2, and it means Z € DOM (a) and the other heavy-tailed assumptions for o € (0, 2).

Since it could be the case that a < 1, the mean might not exist.

Theorem 2.4.1. Let w € (—m,7|. Then the following joint weak convergence result

holds as n — oc:

(D RTRED SR RSAT) pE i) REA R AEI
t=1 t=1 t=1

where 53 is a totally right skewed $-stable random variable, and U and V are both

a-stable random variables. From this we also know that
5 U2 V2
Fo(w) = 27 (2.37)
52
Remarks Note that we do not need to normalize X, by its mean (if the mean exists,
which happens in the @ > 1 case), which is explained in the proof. The proof of this
theorem is given in the third section of Chapter Four, where the general random field

version is addressed.

2.5 Subsampling Applications

This final section of the chapter describes how subsampling methods may be used to
apply the results of sections two and three. The object of subsampling is to use the
“subsampling distribution estimator” as an approximation of the limit distribution. For

more details and background on these methods, see the book Subsampling [48] .
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Strong mixing is a sufficient condition on the dependence structure which insures the
validity of subsampling. The strong mixing assumption requires that ax(k) — 0 as
k — oo; here ax(k) := sups p|P[AN B] — P[A]P[B]|, where A and B are events in
the o-fields generated by {X;,t < [} and {X;,t > [ + k}, respectively, for any [ > 0.
General conditions for a linear series to be strong mixing are given in [70] ; they require
that the v, tend to zero fast enough (with j), and that Z has an absolutely continuous
distribution. The strong mixing condition is easily seen to be satisfied if the series is an
M A(m) model for some m € N, i.e., when only a finite number of the filter coefficients

t; are nonzero. In addition, if the series has an AR(1) representation, i.e. if
Xt - ¢Xt_1 —|— Zt (238)

for some 1) bounded by one in absolute value, then the time series is strong mixing; see

[46] .

2.5.1 The Sample Mean

Define the “subsampling distribution estimator” of T},(#) to be the following empirical

distribution function (edf):

1 n—b+1
Kb(x) = 771 b1 Z; 1{Tb,i§l’} (2.39)
where T} ; is essentially the statistic 73(6) evaluated on the subseries {X;, -+, Xppi1}

(but with the unknown 6 replaced by the estimate X, ) ; in other words,

1 Yb,i - X,

Ty;:=b2 5o (2.40)
The precise definitions of Yb,i and &y ; are as follows:
. 1 b+i—1
Xpi= 5 ; X, (2.41)
b+i—1

. 1 ~
6= [ 7 37X - X" (2.42)

t=1
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Corollary 2.5.1. Let a € (1,2] (with the interpretation from the end of section 2.1),
and consider a strong mixing linear time series with summable filter coefficients. So if
1 < a < 2, then we assume that conditions (2.2), (2.3), (2.8) hold. Then the subsampling
distribution estimator Ky is consistent as an estimator of the true sampling distribution
of Ty, denoted by J,(z) = P{T,, < x}. In other words, if b — oo as n — oo but with

b/n — 0, we have

sup | Ki(2) = Ju(o)| 20 (2.43)

and in addition
KN 2 7@ (2.44)

for any t € (0,1); here G™1(t) is the t-quantile of distribution G, i.e., G7(t) := inf{x :
G(z) > t}.

Proof This result follows immediately from our Corollary 2.2.1 and Theorem 12.3.1 of
[48] for self-normalized statistics under strong mixing - one of our standing hypotheses
on the time series. The rate of convergence 7, of T},() is \/n, so it is clear that I — 0.
Finally, we note that the limit law in Corollary 2.2.1 has no point masses, since the
random variables § and Sy have continuous cumulative distribution functions (cdfs).

Thus the limit c¢df J(2) is continuous, and the stated sup-norm convergence holds.

From this result, we may use K3(2) as a cdf from which to draw quantiles and develop

confidence intervals with asymptotic veracity. This is done as follows:

L—t =P 1/2) < T, < J7H(1—1/2)] = PIK'(1/2)

IN

T, <K;'(1-1/2)] (2.45)
% <0< X - K t)2)

where 1 —1 is the confidence level. Thus the approximate equal-tailed confidence interval

=PX - K;'(1-1/2)

e

for 8 is

, X — KjN(t)2) - Ly (2.46)

X - K (1-1/2)- = v

4o
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The benefit of this procedure is that the rate a, need neither be known nor estimated
in order to form the above confidence interval. If the {Z;} sequence were in the normal
domain of attraction, then a, = n=. The problem with using this rate is that the exact
value of a is unknown. One can either estimate a empirically, or use self-normalization.
The Hill estimator may be used to first estimate «, but its implementation requires the
choice of a bandwidth parameter, and is not robust under dependence (cf. [52] ). How-
ever, in the case that the domain of attraction is not normal, there will also be a slowly
varying function to estimate, which is a problem of a higher order of difficulty. Providen-
tially, self-normalization avoids the need to estimate a,; in essence, self-normalization

implicitly performs the estimation.

2.5.2 The Symmetrized Situation

We now consider a special subcase wherein the statistic has a symmetric distribution,
ie. T,(9) is equal to —T,,(#) in law. This will permit us to make use of a symmetrized
version of the subsampling distribution estimator. In the a = 2 case this will give a

faster rate of convergence, while still being robust under smaller values of a.

Throughout this section, we assume that the inputs {Z;} are a-stable random variables
symmetric about their mean 5. This will be abbreviated by sas. In modeling of heavy-
tailed data, such an additional assumption is commonplace; sas random variables are
one of the main examples we know of heavy-tailed random variables, which we can
simulate and study fairly easily. If & = 2, then we are referring to a normal random
variable (which is clearly symmetric). The following result specializes Theorem 2.2.1 to

the symmetric case:

Theorem 2.5.1. Let o € (1,2] with the interpretation from the end of section 2.1,
and consider a linear time series with summable filter coefficients and sas inputs. So
if 1 < o < 2, then assume that conditions (2.2), (2.3), and (2.8) hold as well. Then

T,.(0) £ 7T as in Corollary 2.2.1, and the limit T is symmelric about zero.
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Proof Henceforth “symmetric” will mean symmetric about zero, unless another center
is specified. First note that the sum of independent symmetric random variables is also
symmetric. Now in the @ = 2 case, the limit is normal, and hence is symmetric, and the
theorem holds (actually, it is true without assuming that the Z,’s are symmetric about

7). So now we restrict to the case where 1 < a < 2.

The first assertion - convergence - is true from Corollary 2.2.1, as our hypotheses are
only stronger. From the proof of Theorem 2.2.1 we may write 7,,(#) in the following

manner:

¢ooa_1 i1 (Ze — 1)
\112\/ Zt 1 Zt )

The right hand term is symmetric for each n, since it is a sum of iid symmetric random

T,(0) = )+ (2.47)

variables (note that the denominator is unchanged by the mapping Z; — —Z7;). Hence
the limit will also be symmetric (i.e. the random variable S from Theorem 2.2.1 will be

symmetric). This proves the theorem. 7

We now discuss the regular case, in which Z € L2, and perhaps even moments of order

higher than two exist. Consider the following moment and mixing conditions:
ax(k) <d e for some d>0 (2.48)
and
E|Xo|* < oo for some s>5. (2.49)

If (2.48) and (2.49) hold true, and if the Cramér-type regularity conditions (2.3), (2.5)
and (2.6) of [24] also hold true, then the following Edgeworth expansion holds uniformly

P(T, < 2) = ®(x/|duc]) + 0/ ?p(a) + O(n7") (2.50)

where ® is the standard normal cdf, and the p(z) is a well-defined smooth function. If
in addition to the above, conditions A2[2], @3[2], and a4]2] of Bertail [5] hold true, then
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we also have
Ky(z) = ®(z/|vso]) + b_l/zp(x) + Op(b_l). (2.51)

To make use of the higher order terms in the regular case discussed above, we will
employ a notion of “robust interpolation” that was first proposed in [48] in the context

of iid data. For this purpose, define

_ Kb(x) +1-— Kb(—x)

K7 (a) 5

K[(z) := \/glx’b(x) + (1 - \/g) K7 (x). (2.53)

The next result shows the efficacy of Kg(’b.

(2.52)

and

Corollary 2.5.2. Make the same assumptions as in Theorem (2.5.1), and assume that

b— o and%—>0 as n — oo. Then we have
sup | K7 () — Jo(2)] = op(1) (2.54)

as n — 0.

If it so happens that o = 2 (i.e., the inputs Z; are iid Ly random variables), and the
two Edgeworth expansions (2.50) and (2.51) hold true, then in addition we have

sup |Kf(x) — Ju(x)] = Op(1/b). (2.55)
Proof This follows from our Theorem 2.5.1 and Theorem 10.3.1 of [48].

Recall that equation (2.50) implies that

oup [B(z /i) — o (2)] = O (%) , (2.56)
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so that the error in the normal approximation to J,(z) is of order O(ﬁ) Now observe

that, if we let v/n = o(b) (and b = o(n) as always), equation (2.55) implies

sup [ K (2) = Ju(2)| = or (%) , (2.57)

'”b(w) exemplifies a higher-order-accuracy as compared to the normal

showing that K

approximation to J,, ( when they are both applicable ) under the Corollary’s assumptions.

71 0b

However, K;°°(x) remains consistent even when the normal approximation breaks

down, e.g. in the presence of heavy tails; thus the title “robust” is justified for KgOb(x).

As another attractive feature of KZOb

(z) versus the normal approximation (when the
latter is applicable), is that the quantity 1., must be explicitly estimated for the normal
approximation to be used in practice; subsampling does not suffer from this difficulty as

it implicitly (and automatically) provides an estimate of 1.,.

2.5.3 The Sample Maximum and Periodogram

We first discuss how to apply subsampling to the sample maximum problem; all the
notation and results will carry over for the periodogram as well. So let T, denote % ,
and define the “subsampling distribution estimator” of 7,, to be the following empirical

distribution function (edf):

1 n—b+1
Ky(x):= =1 Z; L1, <o} (2.58)
where T} ; is essentially the statistic 73 evaluated on the subseries {X;, -+, Xpyi-1}; in
other words,
Ty = M (2.59)
Ob;

The precise definitions of My ; and 63 ; are as follows:

b+e—1

(2.60)

(2.61)
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Now define the sampling distribution cdf to be W,,(z):

Wy(z):=P[T, < 7] (2.62)

and let W(x) be the cdf of the random variable W = \IJ;\//S_Q from 2.3.1 :

Wi(z):=P[W < z]. (2.63)

Then the following corollary results from a standard application of the subsampling

theory of [48] to our Theorem 2.3.1 :

Corollary 2.5.3. Under the M A(c0) model with the strong mizing hypothesis, the sub-
sampling distribution estimator K, is consistent as an estimator of the true sampling
distribution of T,,, denoted by W,(z). In other words, if b — oo as n — oo but with

b/n — 0, we have

sup | Kp(z) — Wa(z)| == 0 (2.64)
and in addition
KN 2wl (2.65)

Jor any t € (0,1), where G™1(t) denotes the t-th quantile of a given cdf G, i.e. GT(t) =

inf{z : G(t) < z}. Finally, we can also write
Wi (enp(1 =) PT,(0) <epp(l—1)] —1—1 (2.66)

as n — oo, where ¢, ,(1 —t) = inf{z : Ky(z) > 1 -1 for any t € (0,1).

Proof We need to check the hypotheses of Theorem 11.3.1 of [48]. In that theorem,
the rate 7, is just Z—Z =1, and S—Z — 0 as n — 0o. The limit random variable in our
Theorem 2.3.1 has no point masses, and its cdf W(-) is certainly continuous everywhere,
so Assumption 11.3.1 of Politis, Romano, and Wolf (1999) is satisfied. Thus line (2.64)
holds, so that (2.65) and (2.66) follow from this. i
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Now for the self-normalized periodogram, simply let T, = I,(w) for w € (-7, 7], and

define the subsampling distribution estimator by (2.58). In this case we define T} ; by

. 2
b+i—1 /1wt
2imi XV T

Ty =

. 2.67)
b+i— (
PDAED &

Then, using the same notation as above (W, and W defined by equation (2.62) and

(2.63) respectively), Corollary 2.5.3 holds true verbatim. In the proof we use the rate

Tn = -2 = 1, which is the only difference.

This approximation for the self-normalized periodogram suffers from the same diffi-
culties as the sample max, as far as the problem of estimating the distribution of the
un-normalized periodogram is concerned. In terms of applications, the periodogram must
first be smoothed over several frequencies to be consistent for the spectral density (see
[35]); the limit behavior of the difference of the smoothed periodogram and the spectral

density is an interesting topic for future research.

2.6 Simulation Studies

Herein we present the results of simulating the linear time series model given in (2.1),
and we investigate the behavior of the subsampling distribution estimator for the sample
mean problem. We specialize to having I’ be the cdf for a sas random variable; for
simplicity we take 7 (and thus 6 too) to be zero. An AR(1) process and a MA(11)
were considered separately, with the parameter a ranging between 1.2, 1.5, and 1.8.
Then 10,000 time series were generated of length 100 and 1000, each for a different
subsampling length. The length b of the subsampling block was varied between 1 and
25. Confidence intervals for the mean — see (2.46) — were developed from the computed
subsampling distribution estimator at the 90%, 95%, and 99% confidence levels, and we
recorded the fraction of times that the constructed interval contained the mean of zero.
Having done this for each subsampling length, the two tables below give the accuracy

for certain values of b.
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Table 2.1: AR (1) Model Entries are empirical averages of the equal-tailed subsampling
confidence intervals for the mean; the nominal (target) coverage level is given at the top
of each column. This is the case of data generated by an AR(1) model.

AR(1) n=100 a=12 AR (1) n=1000 o=12 |
b 90 % 95 % 99 % b 90 % 95 % 99 %
1 9670 9820 1.0000 | 1 9453 9456 9519
2 8679 9294 9905 4 7425 8214 9138
4 7269 8355 9133 8 6624 7429 9135
8 6896 7317 8005 12 6423 7105 8777
12 6490 16920 7424 16 6273 7004 8635
16 6114 6480 6939 24 6193 6891 7962
| AR(1) n=100 a=15 AR(1) n=1000 a=15 |
b 90 % 95 % 99 % b 90 % 95 % 99 %
1 9912 9935 9999 1 9508 9633 9995
2 9686 9820 9994 4 8982 9371 9569
4 8735 9359 9772 8 8144 8766 9820
8 7829 8325 8905 12 7941 8568 9710
12 7378 7841 8395 16 7639 8334 9493
16 7106 7526 8066 24 7514 8121 9086
| AR(1) n=100 a=18 AR (1) n»=1000 o=18 |
b 90 % 95 % 99 % b 90 % 95 % 99 %
1 9925 9927 1.0000 | 1 9999 1.0000 | 1.0000
2 9930 9937 1.0000 |4 9510 9788 19980
4 9544 9841 9953 8 8969 9436 9940
8 8709 9130 9541 12 8656 9243 9839
12 8251 86683 9179 16 8540 9071 9750
16 7949 8393 8916 24 8395 8949 9568
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Table 2.2: MA (11) Model Entries are empirical averages of the equal-tailed subsam-
pling confidence intervals for the mean; the nominal (target) coverage level is given at
the top of each column. This is the case of data generated by an M A(11) model.

MA (11) n=100 a=1.2 \ MA (11) n=1000 a=1.2 |
b 90 % 95 % 99 % b 90 % 95 % 99 %
1 9992 9998 9999 1 9446 9464 1.0000
2 9973 9995 9998 4 .8903 9381 9693
4 9748 .9956 9973 8 8239 9032 .9988
8 8981 9648 9746 12 7707 8579 L9888
12 8483 8944 9100 16 7285 8179 9697
16 7768 8183 8307 24 .6906 7748 9321
\ MA (11) n=100 a=1.5 \ MA (11) »=1000 a=15 |
b 90 % 95 % 99 % b 90 % 95 % 99 %
1 9995 .9999 1.0000 1 .9999 1.0000 1.0000
2 9991 9995 1.0000 |4 9423 9439 .9999
4 9860 .9982 9998 8 9251 9401 9998
8 9284 9740 9891 12 8984 9280 9991
12 8919 9267 9492 16 8650 9127 .9949
16 8286 8645 .8899 24 8255 8833 9827
\ MA (11) n =100 a=1.8 \ MA (11) »=1000 «=1.8 |
b 90 % 95 % 99 % b 90 % 95 % 99 %
1 .9999 1.0000 1.0000 1 9831 .9949 1.0000
2 9998 1.0000 1.0000 | 4 9696 9811 1.0000
4 9942 .9988 9999 8 9606 9710 1.0000
8 9608 9855 9939 12 9424 9597 1.0000
12 9186 9452 9639 16 9240 9521 9992
16 8765 9035 9226 24 9041 9430 .9959
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The AR(1) process is simply
Xi=5Xi 1+ 2,

fort = 1,2,---,n, and Xg := Zy; the sequence {Z;} are iid sas random variables with

zero mean. It is elementary that the above time series can also be written as

o0

Xi=) (0.5YZ_;

=0

which fits our model assumptions in this chapter.

The MA(11) process is
10
Xo=> W7y
=0
fort =1,2,---,n, and for coefficients {7;} equal to

0.03,0.05,0.07,0.10,0.15,0.20,0.15,0.10,0.07, 0.05, 0.03.

Both models are strong mixing — see the discussion in the beginning of section 2.5 and

line (2.38).

These simulation studies show that the optimal block size b depends both on a and the
degree of dependence. The M A(11) model has less dependence than the AR(1) model,
but the optimal block lengths were larger for the former model. In general, lower values
of a resulted in undercoverage, especially in the AR(1) model; the optimal block size
tended to be quite small (sometimes 1 or 2). For a = 1.8, the coverage was optimized
for larger values of b. Thus there appears to be some relationship between a and the
optimal b. The M A(11) model had coverages closer to the true percentage, and thus
performed better than the AR(1); thus the amount of dependence also seems to affect

the optimal block size.
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Our simulation results are encouraging but also demonstrate the need for a practical
way of picking the subsampling size b , since the finite-sample performance of the con-
fidence intervals depends on b. Some insights on the theory and practice of optimally
picking b are available in the regular iid case; see [28] or [48]. Little is known in the
case treated here where dependence, heavy tails, and self-normalization complicate the

picture considerably. Future work will focus on this important topic.



Chapter 3

Stable Processes

3.1 Stable Moving Average Processes

As discussed in Chapter Two, the common statistical problem of estimating the mean
in a model of heavy-tailed and generally dependent random variables is made intractable
by the following difficulty: the rate of convergence of the partial sums depends directly
upon «, an unknown model parameter which measures the heaviness of the probability
density function’s tails. In the past, the Hill Estimator was utilized to first estimate
a, and thereby construct the correct rate of convergence for the partial sums. The
weaknesses of this approach, namely poor robustness under dependence and difficulty
with optimally choosing the number of order statistics to be used in Hill’s estimator
— see [52] , have instigated the search for a better method; the obscurity surrounding
the limit distribution’s quantiles (since the limit is in general not Gaussian) has further
compounded these troubles. A solution is given by self-normalization and subsampling

in the case of discrete moving average processes, as in section two of Chapter Two.

The goal of this chapter is to apply these same tools to the stable moving average
model presented in [54] (also see [55]). In the first paper the authors study the sample
autocorrelations, with the purpose of demonstrating that a random limit is generally

obtained. Here we study the partial sums and the periodogram, obtain their weak

32
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limits, and present a self-normalized limit theorem to which subsampling methods may
be applied. The rest of this section contains background material on a-stable stochastic
integrals, and the theoretical results are found in section two. The third section discusses

subsampling and its relevant applications.

We now present a definition of the stable integral via a-stable random measures. Thus
we first describe what an a-stable random measure is, and discuss its properties, and
then we exhibit the construction of the stable integral. The principle example that we
are interested in is the moving average stable integral, which is obtained from integrands
with a special form. An excellent source for this material is Chapter Three of Stable
non-Gaussian Processes [64]; additional background material is included in Appendix
C. Throughout the rest of this chapter, we assume that a € (1,2), so that all a-stable
random variables have finite mean. Note that the a = 2 case is well-defined too, and
one obtains a Gaussian random measure. Most of the same results are already known to

hold true in this situation, and thus will not be considered here.

Given an underlying probability space (2, F,P), let Lo(§2) denote the space of all
positive random variables on it. Let (£,&,m) be a measure space, and g : I — [—1,1]

is a measurable function. Let & = {4 € £ : m(A) < oo} be the sets of finite m-measure.

Now we define the desired measure: let M be an independently scattered o-additive

set function

such that for every A € &, we have

1 Ja Blx) m(dz)
M(A) ~ 5, ((m(A))a, Ja Y 0, (3.2)
. . : 1 Ja B() m(dz) ;
i.e. an a-stable random variable with scale (m(A))=~, skewness S and location

0. Independently scattered means that disjoint sets produce independent random vari-
ables, and o-additive refers to its properties as a measure. Then M is called an a-stable

random measure on (F, &) with control measure m and skewness intensity /.
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The following example will be considered: let (R,R,dxz) be a measure space, i.e. the
Borel sets on the real line under Lebesgue measure. We impose that the skewness function
be constant, so (x) = 3. This defines an a-stable random measure with Lebesgue control

measure. Next we define a family of functions f indexed by time t as follows:

filz) = f(t+a) Va (3.3)

Here t € N C R. To make the integrals well-defined, it suffices to take f € LYR,dz);
but we will assume that f is continuous and bounded for almost every z € R (with
respect to Lebesgue measure). This of course implies that f is in every L? space, but

the additional assumption is necessary: the function

Zf(H‘ z)1o1)(x) (3.4)

teZ

appearing in line (3.4) need not be integrable if f is merely integrable. Thus we have

Xt:/th(w)M(dw) :/Rf(t—l—w)M(dx). (3.5)

3.2 Self-Normalized Sample Mean

For the rest of the chapter we assume that the time series has the form
Y, o= /Rf(t +)M(dz) + 6, (3.6)
so that clearly Y; = X; + 6, where X, is given by (3.5). Thus we have observations
Yi,Ys, - Y, (3.7)

The first result concerns the partial sums; thus we are interested in the asymptotic

behavior of
Y — 0, (3.8)

which we will show converges at rate nl=a (here Y denotes the sample mean of the

observations Y;). This expression, when multiplied by this rate, is equal to

Sp=n"T Y X (3.9)
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Theorem 3.2.1. We have the following convergence:
Sp =5 (3.10)

where

5= /OIZf(t—l—x)M(dx). (3.11)

teZ

M is a strictly a-stable random measure with constant skewness as described in (3.2),

defined on (R, dz).

Example : M A(oc) model Let f have the following form for a summable sequence
{¥;},asin (2.1):
Fw) =Y il g (w), (3.12)
JEL
which is bounded and continuous except on the integers, which has measure zero any-
ways. It is a simple exercise to show that
Xe=) oM —t,j—t+1]) (3.13)
JEL
and by the disjointness of the sets (j —¢,7 — ¢t + 1] for fixed t and j € Z , we see that the
latter terms in (3.13) are ¢id a-stable random variables — call them Z;_;. Then we have
Xe=> W7, (3.14)
JEL
the usual M A(oo) model. In [16] and (2.10) of this work,, the partial sums are shown to
converge to
pRIRE (3.15)
JEL
for an a-stable random variable G of appropriate scale. Plugging our choice of f into

(3.11) yields

D /01 M(dz), (3.16)

JEZ

which gives perfect agreement with the numerator of (2.10) if we let G := fol M(dz).
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Proof of Theorem 3.2.1 We consider the random sum

e X, = __ZXt /n ath—l—w (dz)=: 5, (3.17)

which is an a-stable random Varlable with scale

(/R n—%tz:;f(tﬂ)a

Our first objective is to show that this quantity is finite, so that the random variable is

dx) E. (3.18)

well-defined. It will follow that the skewness is finite as well. The ath power of the scale

J

is the following quantity:

dx (3.19)

n‘%if(ww)
/Rth—l—w

=1

- [ lgat@lgn(o) " do
R

1 5
—galloollgal ™1y

dx

/AN

where ¢, (2) :=>_7, f(t+ ) , and we've used the Hélder Inequality.

Claim We claim that h(z) := }_,., | f(t 4+ 2)| has bounded uniform norm, i.e. ||A]| <
C < 00, and therefore ||g,||., < C < oo as well. First note that h is periodic of length
one, so we only have to take its essential supremum over the unit interval. Moreover,
sup,, |gn(2)] < h(z) , so that the second assertion follows at once. Let A := {z € [0,1]:
h(z) = oo}, and suppose for the sake of contradiction that the Lebesgue measure ( A )
of A is positive. Then

/If Idw—Z/ )| dz (3.20)

teZ

/ D If(t+ )] da

teZ

:/0 h(m)dw}/Ah(x)dx
= o M(4) =,
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which contradicts the fact that f € Ly . So A(A) = 0 afterall, and i has finite uniform

norm.

Returning to the inequalities above, we have

[}

/R nh ;f(t—l—x) de < %C/R|gn(x)|a_1 da (3.21)
1 n
< - Oz—ld
<0 Lo

= C'/R|f(ac)|cy_1 dx < o0,

which shows that the partial sums have finite scale for every n arbitrarily large, as

desired.

We must check that the limit random variable S in (3.11) has finite scale; the ath

power of its scale is defined to be

/01 Y flt+2)

teZ

dx:/o lg(2)|" da (3.22)

1
- / 9(2)]lg(2)|° " de
! 1
~ llgtoull / l9(2)" " da

1
. / SO+ ) e

teZ

< [ If@Fe < .
R

where g(z) := >, f(t+2). We need one technical lemma in order to proceed with the

analysis:

Lemma 3.2.1. Define <%> for any real number x to be 2<°> := |x|” sign(x) as in

(C.7). Let 1 < a < 2 and consider any a,b,c € R. Then the following inequality is true:

(@ + )% = (a+ )] < 27(B" + |]") (3.23)
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This proof is technical, and is expounded in section four of this chapter. With this

result, we can now state the following critical Lemma:

Lemma 3.2.2.

1 n <a> 1 <a>
E/R(;f(t—l—x)) dw—>/0 (Zf(t—l—x)) dz: (3.24)

teZ
1 ’ 1
—/ dw—>/
nJr 0

> ft+a)
The proof of this Lemma is deferred until the final section of the chapter, due to its

n

Y flt+2)

t=1

dz

teZ

length; we now conclude the proof of Theorem 3.2.1. We see that the scale and skew-
ness parameters of 5,,, which are decribed in Theorem 3.2.1, converge to the scale and
skewness parameters of 5 since both objects are well-defined a-stable random variables,

weak convergence follows (also see Proposition 3.5.1 of [64]).

Next we examine the heavy-tailed periodogram for the series Y;, which is defined as

n
E Ee_th
t=1

where w € (0,27]. The periodogram is commonly used to give a rough estimate of the

2

N-& , (3.25)

spectral density function of the time series when the latter exists (which is not the case
in our setting); here we shall put it to another use. The following theorem gives the weak
limit behavior of the periodogram of the X; series, and its corollary shows that this is

the same as for the Y; series for certain choices of w.

Theorem 3.2.2. Letw € (0,27]. Then we have the following convergence result:

n
E Xte—iwt
t=1

2

£ W(w)? + U(w)? (3.26)

_2
n «

where

W(w) = /01 Z coswt f(z + t)M(dz) (3.27)

teZ
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and

U(w) := /01 > “sinwitf(z + 1)M(dx) (3.28)

teZ

are a-stable random variables.

Remark As mentioned in the introduction of this chapter, the case that a = 2 is
classical, and is well-known (for example, see [11]). Thus this result gives some robustness

under the possibility of a < 2, as discussed in Chapter Two.

Proof First we notice that the periodogram can be written as

ZXte_m (Z X; - cos wt) + (Z X, -sin wt) . (3.29)
t=1 =1 =1

According to the notation introduced in Theorem 3.2.2, this is equal to

SORISOE .

2

We first claim that

0wy Wy = W(w) (3.31)
=1
nTE Y U = U(w), (3.32)
=1
which follow in the same manner as the proof of Lemma 3.2.1, since
W= X, - coswt = / ft+ z) coswt M(dz) (3.33)
R
and
Uy = X; -sinwt = / f(t+ z)sinwt M(dz). (3.34)
R

Now the new integrands f(¢+ z)coswt and f(¢t + 2)sinwt no longer have the transport
form, but this will not affect the proof for the following reason: in the proof of Lemma
3.2.2, we always eventually estimate the absolute value of f(t+ ), and clearly this is the
same as the absolute value of f(t+z) coswt and f(t+ ) sinwt. Thus the calculations in

the proof of Theorem 3.2.1 are still valid when these trigonometric terms are included.
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Moreover, a joint convergence result holds

n"a (Z Wt,ZUt) £ (W(w), U(w)), (3.35)

which the following calculation demonstrates:

Eexp (mn—% S Wtirnms Yy Ut) (3.36)

= Eexp (in/Rn_é tz:;f(t + ) coswt M(dz) + iT/Rn_i tz:;f(t + ) sinth(dw))

= Eexp (i/Rn_é Zf(t + ) [ncoswt + T sin wi] M(dx))

t=1

— Eexp (2 /01 Zf(t + a) [ncoswt + T sin wi] M(dx))
teEZ

= Eexp (inW(w)+ irU(w)),

for any real 7,7. Since the integrand f(¢ + z)[ncoswt + Tsinwt] is quite similar to
f(t+z), the convergence in the penultimate line of (2.36) holds for the reasons given in

the paragraph above.
Now we apply the continuous mapping (z,y) — 2% + y?, and obtain
cH(Tw) + (L) ) S wersoer e
t=1 t=1
as desired.

In the following result, we replace X; in Theorem 3.2.1 by Y; :

Corollary 3.2.1. There exists a choice of w € (0,27] such that

n
§ ifte—iwt
t=1

In fact, as long as w is not an integer multiple of 27, equation (3.38) holds true.

2
_2 _2

n"al(w)i=n"= £

= W(w)* + U(w) (3.38)
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Proof The periodogram for the Y; series is

2
vt (3.39)
n n 2
= (Z(Xt + ) cos wt) ( (X¢ 4 6)sin wt)
t=1 t=
n n n 2
(Z X; cos wt) + 26 (Z X, cos wt) (Z cos ws) + 6? ( cos wt) (3.40)
t=1 s=1 t=1
n n n 2
+ (Z X;sin wt) + 26 (Z X;sin wt) (Z sinws) + 6? (Z sinwt) . (3.41)
t=1 t=1 s=1 t=1

It is easy to see that the sums of deterministic trigonometric terms are bounded as n
increases. Let 2 = €, and suppose that z # 1 (i.e. w € 277Z). So then

n

E eiwt _

t=1

n

.7

t=1

2

<
S -

(3.42)

holds for every n. However, we now see that (3.42) bounds the trigonometric terms. Let
Re(x) and Im(z) denote the real and imaginary parts of a complex number z. Then
n

n n

2
Zcoswt = Re(Zzt) < Zzt < N (3.43)
=1 =1 =1 | _Z|
i3 i3 i3 2
Zsinwt = Im(Zzt) < Zzt < !
=1 =1 =1 | _Z|

for all n, so that the latter two terms in lines (3.40) and (3.41) are 0p(n§) and 0p(n%)

respectively. Therefore,

n
-2 E Ee_th
t=1

2 2

n-a =op(l)+n"a (3.44)

n
2 E Xte—iwt
t=1

which establishes the Corollary.

Finally, we use the square root of the periodogram to normalize the partial sums, and

thereby obtain a statistic that does not depend upon « :
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Theorem 3.2.3. Let w € (0,27), and define the random variables Wy and U, as in
equations (3.33) and (3.34):

Wy = X, - coswt (3.45)
U, := X, -sinwt

Then we have the following joint convergence:

(sn,n—% iwt,n—%im) £ (5, W(w), Uw)), (3.46)

where the limit random variables are defined by (3.11), (3.31), (3.32). In addition,
WV —0) . 5

e .

L@ VWPt Uw?

(3.47)

Example : M A(o0) model Continuing the example given after Theorem 3.2.1, we
see that the limit in the right hand side of line (3.47) reduces to
2 jez ¥iMI((0, 1)

\/[(Z]‘ez 1b]‘coswj)2 + (Z]EZ ijsinwj)z] (I\/JI((OJ]))2

(3.48)

Note that this is random, and not degenerate (the denominator has the square root of an

S-stable random variable, whereas the top has an a-stable random variable, and these

do not cancel!).

Proof of Theorem 3.2.3  This proof follows along the same lines as the Proof of

Theorem 3.2.2 : it is easy to establish the joint limit result

(n_é zn:Xt,n_%zn:Wt,n_ézn:Ut) =N (S, W(w),U(w)) (3.49)

T

(note that the random variables in the second and third argument are nonzero with

by employing the same techniques. Applying the continuous mapping (z,y, z) —

probability one, i.e. their laws do not contain a point mass at zero), we obtain the
desired result:

> (Vi —0) £ ;9 :

\/(2?21 Y - coswt)? + (X1, Vs - sinwt)? VIV (w)? + U(w)

i (3.50)
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Theorem 3.2.3 demonstrates the power of self-normalization, but its failings are ev-
ident in the enigmatic limit on the right hand side of the convergence. We will not
trouble ourselves with the calculation of its distribution — an endeavor already statisti-
cally fruitless, since the random variable depends explicitly upon the function f, which
is part of the model (and therefore hidden in the data). The next section explains how

subsampling technology advantageously exploits this scenario.

3.3 Subsampling Applications

As in the previous section, we will fix a choice of w € (0, 27) which satisfies Corollary

3.2.1. Let T,,(#) denote the ratio in (3.47), i.e.,
A>T N
V(DI Yi coswt)? + (T, Vi - sinwt)’

We wish to construct an estimator of the distribution of 7},(#), which we do via evaluating

T,.(0) :=

(3.51)

it upon subsamples of the original time series which have length b; more will be said about
the choice of b later on. So we define the “subsampling distribution estimator” of 7;,(6)

to be the following empirical distribution function (edf):

1 n—b+1

](b($) = 771 b1 Z; 1{Tb,i§l’} (352)

where T} ; is essentially 7} evaluated on the subseries {Y;,---,Y,41;-1} ; in other words,
Yii—Y,

Ty = b— =" (3.53)
Iy i(w)

The precise definitions of Ybﬂ' and I /() are as follows:

b+i—1
Vii=y tz_: Y, (3.54)

bti—1 2

E Yte_”‘”
t=1

S
P
€
Sa—’
[l
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The object of subsampling is to use the subsampling distribution estimator as an ap-
proximation of the limit distribution in Theorem 3.2.3 . For more details and background
on these methods, see [48] . The subsample size b must be chosen significantly smaller
than the real sample size n, and in fact we require that b = b(n) is some function of n

such that % — 0 as n — oo, but also that b — oc.

Strong mixing is a sufficient condition on the dependence structure of the time series to
insure the validity of subsampling. The strong mixing assumption requires that ax (k) —
0 as k — oo; here ax (k) := supa p|P[AN B] — P{A]JP[B]|, where A and B are events in
the o-fields generated by {X;, ¢ <} and {X;, ¢ > [ + k}, respectively, for any [ > 0.

The strong mixing condition is easily seen to be satisfied if the series is m-dependent,
i.e. X; and Xy, are independent for every ¢. For the following corollary, we assume
that the time series X is strong mixing; necessary conditions for stable moving averages
of the form (3.5) to be strong mixing are generally unknown. However, if f is compactly
supported (which is stronger than our previous assumptions) almost everywhere, then
m-dependence follows, where m is the diameter of the support region. This is follows
from a result in [64], which says that two random variables X, and X given by (3.5) are

independent if and only if

fi(z)- fo(z) =0 a.e(de). (3.55)
But if |t — s| > m this is clearly the case, so this implies m-dependence. The following
corollary is a standard application of subsampling to the sample mean problem:

Corollary 3.3.1. The subsampling distribution estimator K, defined above is consistent
as an estimator of the true sampling distribution of T,,(9), denoted by J,,(z) = P{T,(8) <
x}. In other words, if b — oo as n — oo but with b/n — 0, we have

sup |y (2) — Jp(2)] Lo (3.56)

and in addition

Cou €) i a0} (3.57)
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for any t € (0,1); here G™1(t) is the t-quantile of distribution G, i.e., G7(t) := inf{x :
G(z) > t}.

Proof This result follows immediately from Theorem 3.2.3 and Theorem 12.2.2 of [48],
using the rate of convergence 7, = n and the fact that the limit distribution has no point

masses.

From this result, we may use Kj(z) as a cdf (cumulative distribution function) from
which to draw quantiles and develop confidence intervals with asymptotic veracity. This

is done as follows:

L—t=P[J7N(t/2) < Tu(0) < J7H (1= t/2)] m P[K;(t/2) < To(0) < K7 H(1 - 1/2)]
(3.58)

bl@) o7 gy )

=P[Y - K;'(1-1/2) . .

]

where 1 —t is the desired confidence level. Thus the approximate equal-tailed confidence

interval for 6 is

Y - K7Y(1—t)2) - IZ(“),? — KN(t)2) - #

(3.59)

As alluded to above, the advantage of this whole procedure is that no explicit knowl-
edge of the value of a (other than that it lies between one and two) is required to form

these approximate confidence intervals.

3.4 Technical Proofs

This section is devoted to the proofs of Lemma 3.2.1 and Lemma 3.2.2.

Proof of Lemma 3.2.1 This result is based on Lemma 3.1 of [54], which states that

(a0 — (a+ )< < 20 + |ef”) (3.60)
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for any real numbers a, b, ¢, and for an exponent 3 € (0,1). So as a first step, let § = 5,
which will be a positive number less than one. Consider the case that (¢ +b)(a+¢) > 0,
and thus let v := sign(a + b) = sign(a + ¢). For any real numbers d and e, it is simple

to establish the following by the triangle inequality:

|d— e’ > |d|” = |e|” (3.61)
and also

le —d|” > |e|” - |d|°. (3.62)

Since the left hand sides of (3.61) and (3.62) are the same, and the right hand sides only
differ by a sign, we see that

[1d” = 1el?| < |d—e]”. (3.63)
Next, if we square out (3.63), we obtain
ld—e|*® > |d]** = 2|d|°|e|® + |e|**. (3.64)
Now if |d| < |e|, then (3.64) is bounded below by |d|*’ — |¢|*. In the other case that
|d] > |e|, we have
jd = e = e —d* > |e|* = 2]el’|d|” +d** > |e* - |d]*; (3.65)
thus in all cases, we have (letting @ = 23 now)
[1d]™ = Tel™ [ < |d — €] (3.66)

Using this with the numbers d = ¢ + b and e = a 4 ¢, and utilizing Jensen’s inequality,

we obtain
(a+6)%" = (a+¢)~*7| = [yla+ " = yla+ || (3.67)
= [la+b" = la+c||
<llatd)—(at o)
=[b—c
< (6] +[e)”

<27 (b 4 Jel).
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Now we consider the case where (a+b)(a+¢) < 0. It must be that either a(a+0b) <0

or a(a 4 ¢) < 0. In the first case we have ab < 0 and |a| < |b], so

(a4 = (a4 )< = [a+ b +]a+ (3.68)
< JBf" + 277 (Jal* + |

<2771 20b]7 4 [e]).
Similarly if a(a 4 ¢) < 0 we find that
(@ +0)"7 = (a+ )7 [ < 271D + 2|e[*), (3.69)
so that the overall bound for all the cases, using (3.67), is
max {27 (B + [¢[*), 277 (B + |e[*)} = 27(B" + |¢[*), (3.70)

as desired. i

Proof of Lemma 3.2.2 We will establish the first result, which is actually harder;
the second result has a very similar proof. First, we know that the limit is finite due
to the calculation of the scale above. As in [54] , we just consider the case of an even

sample size, say it is 2n. Define the following terms:

2n <a>
A, = % A (; i+ x)) da (3.71)

1 n n—1 <ao>
By = 5~ 3 (Z flt+ x)) dz (3.72)

t=—n

/01 (z_: flt+ w)) dx (3.73)

C,:

t=—n

First we look at the limit behavior of the term C, :

(i f(”f)) < (Zlf(ﬂrw)l) (3.74)

t=—n tEZL
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and

/01 (Z 1t + x)|) do < oo, (3.75)

teZ

as shown above. Thus we may use the dominated convergence theorem to obtain

Tim €, = /01 (Zf(H— x)) dz. (3.76)

teZ

Next, we will examine the difference between A, and B,. Note that by change of

variable, we may write

A, = % A (z_: flt+ w)) dz. (3.77)

t=—n

Below we introduce the notation g,(z) := 7= f(t + ), which is bounded almost

surely by C, just as in (3.20) above. So we have the following estimate:

1 n—1 <a>
|An = Bu| = 5~ /MM (Z f(t+ x)) dz (3.78)

t=—n
< zn: flt+ )ad
= 2n |x|>n v v
t=—n
1
L
2n |x|>n
= 50 [ @ llon@) ™ e
C o
< 2_ |gn($)| ! d$
n |z|>n
< Q/ zn: (1 +2)° " de
= 2n |x|>n i ’

which tends to zero as n — oo by equation (3.4) of [54] , using the value of 5 = a—1 < 1.
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Finally, it will be shown that the difference of B, and C,, also tends to zero, which

will conclude the proof:

|B,, — Cy| (3.79)
1 n—1 <a>

=13 ]_X_:n/ (t;n flt+ w)) de — C,
1 1 n—1 <a>

:%]Z_:n/o (:_nft—l—]—l—x) dx — 2nC,
1 1 [ nti-1 <o <a>

:% Z/ Z flt+2) dyc—Z/ (th—l—w) dz

j=-n t=—n+j j=—-n t=—n

1 n—1 n4j5—1 <o n—1 <a>

gQ—Z/ Z flt+2) —(Zf(t—l—x)) dz.
K Jj=—n t=—n+j t=—n

We then apply Lemma 3.2.1, to obtain the upper bound

1 n 1 |n+5-1 o 1 n 1 |—n+s5-1
— t d 2¢ — t .
"Z/o Zf(-l—x) T+ QRZ/O t_z_:nf + )| dzx (3.80)

o
—n—1

QnZ/ th—l—x de +2° Z/ thﬂ d

t=—n+j t=n+j

=th+h+3+1

The first term [y is easily handled:

dx (3.81)

- 2%1%2 [ @l o
<207t Z/ Z|ft—|—x | L da

<2ie [Tyt da,

for g, () = 1777 f(t 4 ) (which is bounded almost everywhere by C').

t=n
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For I, we have:

dx (3.82)

The term I3 is similar to I; , and we use the same techniques:

[}

-1 1| —n—1
o 1
2 %Z/O > S+ de (3.83)
J=—n t=—n-+y
C -1 1 —n—1 )
<2t S S [N o) e
j=—n 0 4=

_ 2a_10/_‘” ()" da.

And lastly, we have an estimate of I, :

[}

za%i /01 S 4| de (3.84)

Jj=-n t=n+j
C -1 1 o
S DOl B SRV y ®
(L s ——
O~ [
Y / ()" da.
n j=—n n+j
Placing these four estimates together, we see that the difference between B, and C,, is
bounded by
1 n—1
210 [ f(a) e + 2010t Z/ ()] da. (3.85)
|z|>n n =0 |z|>7

The limit of the first term is clearly zero, by the Dominated Convergence Theorem;
the second term likewise becomes negligible, since it is the Cesaro sum for a vanishing

sequence. See [54] for more details.  {



Chapter 4

Random Fields

4.1 Heavy-Tailed Linear Random Fields

Consider a strictly stationary random field {X;,¢ € K}, for some finite observation
region K C Z?% We are interested in estimating the mean of this random field under
the assumption that the marginal distributions are heavy-tailed. In the next section
we focus on the sample mean |K|™* > ek X¢ as an estimator for § := EX;, which is
assumed to be finite. See the second section of Chapter Two for the motivation of this
study; the only difference is that now the observation region can be a subset of Z¢ |
the finite-dimensional integer lattice. In the third section we study the asymptotics of
the periodogram, as well as a self-normalized periodogram. This generalizes the one-

dimensional results of section four of Chapter Two. See [62] for a reference on random

fields, and also [15], [1], [31].

Therefore the propositions here obtained are very similar to those of Chapter Two.
The proofs are presented here, and by taking d = 1 we easily obtain Theorem 2.2.1 as a
special case. The requisite background material is quite similar to that of section 2.1, but
there are some additional nuances in the higher dimensional case, which are discussed

below.

51
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Let Z¢ denote the integer lattice in d-dimensional Euclidean space, and let K be a
subset of Z? which is the “observation region” of the data, i.e. the locations at which
the data is collected. We consider a random field {X(¢),¢ € Z?}, which has a linear
dependence structure:

X(1) =) v()Z(t~]) (4.1)
jezd

This is a generalization of infinite order moving average time series to random fields.
Throughout this chapter we will use the term “linear” to denote this infinite order
moving average with iid residuals. We require the filter coefficients {¢(j)} to be in [,
for some p € [0,1] (see Chapter 13 of [11] ) in order to ensure that the sum on the
right hand side of (4.1) converges almost surely; the random variables {Z;, t € Z?} are
independent and identically distributed (hereafter abbreviated as iid; we use Z without
an index to denote a common version which is equal in distribution), and satisfy the

same two “heavy-tailed” properties discussed in Chapter Two, i.e. for some a € (1,2)
Pl|Z] > z] = 27 L(x) (4.2)
P[Z > ] P[Z < —x]
PlZ[>2] D PZ]> a]

as  — oo. Here p and ¢ are between 0 and 1 and add up to 1. L(z) is a “slowly varying”

—q (4.3)

function, i.e. L(ux)/L(z) — 1 as ¢ — oo for any fixed u ; an example of a slowly varying
function is the logarithmic function. Note that it easily follows that the right and left
tails of Z behave like

PlZ > 2] ~ pa™L(2), PZ < —2] ~ gz L(x) (4.4)

[13

where “~” denotes that the ratio tends to unity as z — oc.

The rest of the material on heavy tails carries over verbatim, as well as most of the
notation. As before, ¥ will denote the whole lattice of {1(j), j € Z%}, and ¥, will denote

its [, norm when treated as a sequence, i.e.

v,= [ G| - (4.5)

JEZE
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It is true that {X;} forms a strictly stationary random field, since applying a shift
operator to the law for the Z-series does not affect the distribution. Now when a > 1,

as in section 4.2 below, the mean does exist, and we shall call it n := E(Z;). Thus

EX; = toon =: 6, where 1, := ZjeZd U(j).

4.2 Self-Normalized Sample Mean

For notation, let n be the d-dimensional vector with components nq,ns,- -+, ng, and
let N = H;lzlni. Also, let 1 be the vector in Z¢ with a one in each component. It will be
clear from the context that when we are refering to vectors and when we are refering to
scalars. By op(1) we denote a random variable that tends to zero in probability as each
of the n; — oo (so that all components grow, though not necessarily at the same rate).
The observation region K mentioned in the previous section will be the d-dimensional

cube (0,n1] x (0,m9] X - -+ x (0,1,] intersected with the integer lattice Z.

This section is broken down into the following subsections: first there is a treatment of
the convergence of the partial sums, and then a discussion of the partial sums of squares
(the sample variance statistic), and finally these results are combined into the desired

joint limit theorem.

4.2.1 Partial Sums

Let D0, = D f Dot - > te,, and let a, be the rate which satisfies line (2.8)
for the given random field {Z;,¢ € Z?}. The size of our observation region is N, so we

will use apn as the appropriate rate. We begin with the following basic lemma:

Lemma 4.2.1.

n

320 = op(1) + - Y2 ) (4:6)

a
N t=1

for any j € 7%
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Proof For any fixed vector j = (j1,J2, - ,ja), we examine the difference
Ly zin- Ly zi-4) (47)
) ) ’ '

so we can clearly assume without loss of generality that Z has mean zero. The above
difference (4.7) is equal to
1

— >z (4.8)

N ek AK-j)

where A denotes the symmetric difference of two sets, and the set K — j denotes K
shifted by the vector —j. Upon examination of the set KA(K — j), we see that we
can chop it up into (overlapping) blocks of various sizes: there are two blocks of size
J1 X ng X -+ X ng, and two blocks of size ny X j3 X --- X ng, and so forth. Thus in the
first pair of blocks, there are n’ = N - 2—11 terms present in the sum; these terms are 7:d,
and converge to an a-stable law at rate a;,l . Therefore, if we denote this first block by
A, then we have

a— >z (4.9)

tEA
Now

(4.10)

S50

LZZ(t):ail Ji L) 3" z(1) ( LEE?\%) (4.11)

teA L(N teA

/ 1
The term ﬁgﬁ,; cannot tend to infinity (if it diverges at all) faster than nf, since L is

slowly varying. Therefore the whole expression above tends to zero. Since this can be

easily established for each of the 2d blocks, the Lemma is proved. §

Lemma 4.2.2. Assume that the random variables Z(t) have been centered to have mean

zero. Then

izn:Z(t) =9 (4.12)
an t=1
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as min; n; — oo, where S is an a-stable law with scale o (the same as that of 7 ),

skewness 3, and location 0.

Proof The random variables Z(t) are summed over the region K; so the left hand side
is a sum of N = |K| ¢id random variables. The result then follows from the fact that

7 € DOM(a). 1

Proposition 4.2.1.

n

! D (X(t) - 6) = - S (4.13)

a
N t

as min; n; — oo, where Yo, = Zjezd P(F).

Proof The proof of this proposition will be broken into several parts, due to the
intricacy of the calculations. For notational convenience, we introduce the centered

versions

Y(t)=X(1) -0 W)= Z(t) - 1. (4.14)

Let B,, be the cube in 7% of width 2m+1 centered at the origin, so that the coordinates
of each side run between —m and m. We arrange the sequence W(t — j) for j € B,,
in one vector of length d x (2m + 1), and we also construct the corresponding vector of
¥(j)’s for j € B,,. The result of Lemma 4.2.1 holds true for this vector of W’s, and
it also holds true under the continuous mapping of inner product against the vector of
filter coefficients; thus we obtain

33 W= =+ =30 Y G, (1)
t=1j€EBm t=1j€Bm

Let us denote the sum on the left hand side by

$ zn:ym)(t), (4.16)
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where
Y@y = 3" d(j)W(t - j). (4.17)
J€Bm
Then it follows from Lemma 4.2.2 — since W (¢) has mean zero — that for fixed m
1 n
Y= 3w S, (4.18)
an .
t=1 ]eBm
where §'is an a-stable random variable (the same as that occurring in Lemma 4.2.2). We
wish to now let m — oo on both sides of this convergence; the right hand side converges

almost surely to 1., - 5. For the left hand side we have the following Lemma:

Lemma 4.2.3. Consider the difference

LS v - 23 vy, (4.19)

an =1
the limit as m — oo of the limit superior in probability as min; n; — oo of this expression

18 zero.

Proof The difference easily decomposes into three terms:

1 « , .
Q—Z > (i) (W= gw(—j)iany = ON) (4.20)
N t=1 jE€BE,
1 & , ,
+ Q—Z D WHWE = D sant (4.21)
N =1 jeng,
Nb ,
+ a Al Z ¢(])7 (422)
N JEBE,

where by was defined in (2.5). We divide each of these terms up into 2d terms, according
to a division of B, into (overlapping) chunks. Each piece is defined by fixing one index
Ji to range between either m+1 and co or —(m+ 1) and —oo; all other indices may take
on any integer value. This produces 2d blocks, and the sum over each individual block
will be shown to tend to zero in probability. The proof for each block is quite similar,

so we prove only the first case:

Dy :={jeZ: j >m). (4.23)
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Thus, we must show that

P Z D) (W= D w(e—j)i<an) — ON) (4.24)

t=1 ]€D1
+ —Z > wl DLW (t=j)|>an} (4.25)
t=1 ;€D
+ X bN PRLC; (4.26)
J€D,

has the desired limit behavior described in (4.19) — see [8] for details on this method of

proof.

The Third Term (4.26) First note that

by = E[Wlgwicany] = E[W] = E[Wlgwisayy] = —E[Wlgwisaxy]»  (4:27)

so that the absolute value of the third term is bounded by

— Z P(5)lbn] < Z [DIE[IWILwsayy] — (4.28)

J€D1 J€D1 ]€D1

by Karamata’s Theorem — see [23] — where the limit is taken as N — oo (which is implied
by min; n; — o00); thus the limit of this as m — oo is zero, due to the summability of

the filter coefficients.

The Second Term (4.25) If we write out the second term in full vector form, we

consider the following probability, and use Markov’s Inequality (see [21] ) for any real
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v >0, with the L! norm:

Play' > D> vl DLW (-j)l>ant| > 7 (4.29)
teK j€D;
< ——E DD RDIWE = DI gw(e—pisan)
teK j€D;
= Z o DIEWIL gwysan]
tEIX JE€ED,
= Z [CDIEWILwisan]
]ED
]€D1

as N — oo, due again to Karamata’s Theorem. Recall that the set Dy was defined in
line (4.23). Finally, we let m go to co and obtain zero, due to the summability of the

filter coefficients.

The First Term (4.24) First we introduce the notation Dy := {k € Z% : ky >
m —nq} and O := (0,m] X -+ x (0,n4] (N Z4", which is a subset of the hyperplane on
axes 2 through d. The first term has the following form:

an' Y > ) V(=D gwe-jican — ) (4.30)

teK jeDy
]_\71 Z Z Eklﬂh(k?‘l’t%"' 7kd‘|‘td) (W(_k)lﬂw(—k)KaN} _bN)
k€D1 teCy

where = is defined as follows:

_ Ppm+1,8)+ -+ (i +ki,8) —nmi+m+1<Ek <m
Eky oy (8) 1= (4.31)

¢(k1+178)++¢(k1+178) k1>m
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for any s € Z9~!. Now we apply the Chebyshev Inequality (see [21]) to the following
probability:

P |ay Bty (k2 +tas - kg +ta) ¢ (W(=E)lgwp)i<any — ON) | > 7
keD; \t€Ch

(4.32)

11 — N
< ?N Z Z :kl,nl(k2‘|‘t27"' 7kd‘|‘td) @V(M‘ <W1{|W|<aN}> .
keD; \t€Ch

In squaring out (4.30), we note that any “off-diagonal” terms are independent, and thus
the expectation of those terms is zero (since by is the centering of the random variables).
So this leaves only the “diagonal” terms in the squaring, which are written in the second
line of (4.32). The last term has finite limit superior as min; n; — oo, due again to

Karamata’s Theorem. As for the sum of coeflicients, the following claim holds:

Claim 4.2.1.
2

. . 1 -
lim limsup v Z Z by (ko +to, - kg +1t3) p =0 (4.33)

min; n; —oo kED1 teCy

The proof of this is quite technical, and is deferred to the final section. Together, the

three parts of the difference over block Dy tend to zero, and the Lemma is established.

f

The Proof of Proposition 4.2.2 now follows immediately from (4.18) and (4.19).

4.2.2 Sample Variance

The proofs for the sample variance are extremely similar, so some of the more laborious

details are omitted. As in the previous section, we have the following lemma:

Lemma 4.2.4.

n n

S 20) = opl1) - 3 231 - ) (4.34)
9N =1 9N 1=

1

for any j € 7%
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Proof The proof is almost identical to Lemma 4.2.1, once we realize that the 7:d
random variables Z2(t) are in DOM (%), and thus (using the same notation as in Lemma

4.2.1)

1
= > " Z3(t) = Op(1). (4.35)
n' teB
Since
1
o (N
aN = Qp' -+ Li ( ), (436)
JrL(n’)

it follows that

=Y 2= (TP S 2w —op (R

a 02 z
N teB n' \n{L%(N)/ teB

This estimate establishes the Lemma.

Lemma 4.2.5.
1 & 9 L

=D ZH) = S (4.38)
aN t=1

as min; n; — oo, where Sy is an §-stable law with scale o (the same as that of Z),

skewness 1, and location 0, i.e. it is a totally right skewed stable random variable.

Remark Note that, unlike in the previous section, these random variables need not
be centered by the mean. In fact, it is easy to establish, using the fact that a € (1,2),
that the same result is true if we replace Z(t) by Z(t) — n (recall that n:= E(Z)).

Proof The proof is identical to the proof of Lemma 4.2.2, since Z2 € DOM(%). i

Proposition 4.2.2.

n

1

2 L. 5?2
2 (1) = V35, (4.39)

t=1

[T

as min; n; — oo , where ¥y = (ZjEZd Y24(4))? and Sy is the § totally right skewed stable

random variable from Lemma 4.2.5.



61

Proof Because the random variable X (¢) is squared, this proof is a bit more compli-
cated than that of Proposition 4.2.1. Thus, we first establish the following preliminary

Lemma:

Lemma 4.2.6.

%Zx?() +a1 PR OIVAEN) (4.40)

2
N =1 N =1 jezd

Proof of Lemma  The difference between the right and left hand sides is
Z Yo Z(t—)Z(t—§) (4.41)
N =1 i#;ezd

which in the L' norm is bounded by

LSS aleuE Zo) < \NE|Z| ST (4.42)

N t=1i#£;5€74d 1E€EZ

and this tends to zero as N — oo. This proves the Lemma. §

Now we return to the proof of Proposition 4.2.2 , which follows similar lines to that

of Proposition 4.2.1 . By Lemma 4.2.6, it suffices to examine the convergence of

LSy - (1)
N t=1 jez4d
Again we consider this sum on the d-dimensional cube B,,, and by Lemma 4.2.4 we have
DI TP IENE) 3 pRTs (1)
t=1 j€Bm t=1 j€Bm
so that
/L .
22 N WANZ - )= D W) S (4.45)
t=1;€Bm j€Bm

by Lemma 4.2.5 . The idea is now to let m increase to infinity on both sides of this

convergence. On the right side this is clearly valid, and almost sure convergence to
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W2 . S5 is obtained. As for the left hand side, we must demonstate that the limit as

m — oo, for any choice of v > 0 , of

limsup P a]_\,zz Z VA > (4.46)

min; n; —0o =1 jeBC
m

is zero, just as in (4.19). We decompose this sum into two terms:

Z > D2 = Dzt-si<an) T 3 Z Y VD2 = DLzi-san)

N t= IJEBC t= IJEBC
(4.47)

and each term is further divided into 2d overlapping blocks as in. Considering only the

sum over the first block Dy — see (4.23), we have

n

1
Z W2 = Dlzp-dicont T o D D VDL — Dlz—i)san)-

a2
a t=1 j€D; N t=1 jeDy
(4.48)

The Second Term of (4.48) Choose any ¥ > 0, then by the use of Chebyshev’s

1
inequality with E| - |2, we have

P Z D 2 = Dz sany| > (4.49)

t=1 ;€D

_IZ Z [CDIEZ(t = 5)Lgzi—5)>an}]

t=1 j€D,

< IZ > WDENZI1z15a5]

t=1 j€D,

Z [DIE[Z11 21501

]ED

H—Zw

]€D1

//\

where the limit is as min; n; — oo, and we have used Karamata’s Theorem. The sum of

the coeflicients now tends to zero as m — oo, and thus the second term is accounted for.
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First Term of (4.48) Now the first term can be rewritten as

A Y DT Yy (ko b,k L) ¢ 22 (—R) L7k <an) (4.50)
keDl t€C1

with ©Q defined for any s € Z%! by

PAm+1,8)+ -+ v3Hny + ki,s) —mtm+1<k<m
Qpy g (8) 1= (4.51)
Oy + 1,8)+ -+ P2k +1,8) kb >m

We next apply the Markov Inequality to get the L' norm of the previous quantity, for

any v > 0:

P a]_\,z Z Z le,nl(k2+t2,“‘ ,kd—l—td) Zz(_k)1{|Z(—k)|gaN} >y (4.52)
keD; L t€Ch

11
ST D32 Qi (ko to - kit ta)] § E[Z2(=R) Lz hyjcan)]
N rep, Ltecu
1N 1
= LR 2 ] 5 Y 8D (bt bt 1)
N keD, \t€C1
The first term in the product has finite limit superior as min; n; — oo. The following

claim finishes the proof of the proposition:

Claim 4.2.2. The sum of the filter coefficients inside the curly brackets in the final line

of (4.52) above are bounded as min; n; — oo, and the limit of this as m — oo is zero.
The proof of this claim is in the final section of this chapter. i

4.2.3 Joint Convergence

In this next part we demonstrate the joint convergence of the random variables previ-
ously studied, i.e., sample mean and sample variance. As a consequence, a limit theorem

for the self-normalized quantity
Z?:l (Xt B 0)

\/ Z?:l th

is obtained.
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Proposition 4.2.3.
( D (X -9), fo) £ (1005, U35,) (4.53)
t=1 N t=1

and thus
Sy (K= 0) & deS

(4.54)
\/ Z?:l th \112\/5_2
as min; n; — oo.
Proof We begin by introducing some notation:
(m) . LN~ (xm) _ ptm)
V= ; (Xt 0 ) (4.55)
m LN ()2
Wi = o3 (x) (4.56)
N t=1
where
X e= 3T w2t - j) (4.57)
JE€Bm
and
o) = ]E{Xt(m)} = 3" w(i) (4.58)

JE€Bm

with B, defined in the proof of Proposition 4.2.1. From that proof we also know that

T Lt L wm) (4.59)
with
T = 3" p()s, W= Y w()s, (4.60)
JEBm JEBm

(this restates lines (4.18) and (4.45) ). More precisely, we can write, from (4.15) and
(4.44) ,

U = op(1)+ T, T £ 70m) (4.61)

WA = op(1) + WL S ) (4:62)



65

where
H{m . 1 & Trim . 1 &
TV = Y )= d(Z—m. W = Y ) Y20 (463)
JjEBm M= JE€EBm N o¢=1
We may concatenate these statements to produce the joint convergence
(5 w?) = op(t) + (T4, W) (4.64)
(747, W) = (10, W) (4.65)

This second line (4.65) holds true because it holds true for iid sequences (see [36] for
the first demonstration of this in the case that the inputs Z are actually stable random
variable; page 95 of [50] handles the case for ¢id inputs in DOM («) ) and therefore also
for finite linear combinations of such. Thus putting (2.64) and (2.65) together, we find
that

(7§ W) S (10, W) (4.66)

All that remains at this point is to take the limit in probability of (4.66) as m tends to

00, as in the other Propositions. Now we also know that

lim 70" =Ty,  lim WY = wy (4.67)

(the limits are in probability) from Lemma 4.2.3 and (4.46) , where
1 < 1 <
Tn:i=—> (X¢—0), Wy:= — X7 (4.68)
N =1

a
N t=1

On the right side of (4.66), we also know that
70 LR = S, WU ER W= s, (4.69)

Thus we apply the continuous function f(z,y) = ﬁ to the above convergence (4.66),

and obtain

(4.70)
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We may safely let m tend to infinity here, due to the continuity of f, as the following

calculation demonstrates:

(m)

T
lim —2 = tim (T, W) (4.71)
N
= f(lim 77, tim ()
Tn

=f(IN,WyN) = —

S (TN, WN) e
with a similar argument for the right hand side. This proves the proposition. i

4.3 Self-Normalized Periodogram

For a discussion of the relevance of periodogram estimation, see section four of Chapter
Two or section two of Chapter Three. Here we emply the same notations as in the
previous section of this chapter. One major change is that a € (0,2], so that we no
longer impose that a > 1. Of course a = 2 is our short-hand for the fact that Z € L2

The periodogram for a heavy-tailed random field is defined as follows:

2
i3
L (w) := |ay! Ze“/‘” (4.72)
=1
where w = (w1, -+ ,wq) for frequencies w; € (—m, 7], and #w denotes the scalar product

of the vectors ¢ and w. Now equation (4.72) depends upon the rate ay, which cannot
be calculated from the data; hence it is advantageous to use self-normalization, as in
the case with the sample mean, to remove that rate. We will normalize by the sample

variance, though we do not take the square root in this case:

2
~ n it w
) L) D™
Jp(w) = (bf) = tnl 5 (4.73)
a]_\720'2n Doy Xi

We begin by establishing the following joint limit result, which is the building block

for the full theorem on the convergence of .J.
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Proposition 4.3.1. Fiz w such that each component is a rational multiple of 27. Let
€ (0,2], with the meaning as in section 2.1, but if « > 1, assume that EZ = 0. Then

the following joint convergence result holds:

(a]_\,z Z 7z, a]_\,l Z Zicost'w, a]_\,l Z Zy sin t’w) N (S, U, V) , (4.74)
t=1 t=1 t=1

where 53 is a totally right skewed §-stable random variable, and U and V' are a-stable

random variables.

Proof Tix w, and let U; := Z;cost’'w and V; := Z;sint’w. Then choose any real

numbers 7y, 72, 773, s0 that the characteristic function of the left hand side of (4.74) is

Eexp {ima]_\,l Z U; + inga]_vl Z Vi + inga]_vz Z th} (4.75)

t=1 t=1 t=1

= Eexp {ia]_\,l ZZt (771 cost'w + 1 sintw —|— 1130 N ZZQ}

=1
Now let f(t) := ny cost’'w + mysint’w, and notice that this function is periodic in each
component t; if we fix the other components, due to the choice of the w;’s. This makes f
into a periodic function on Z% with a finite orbit, say of length L. Thus we can partition
the observation region K into regions Gl , each of which consists of all points t € K
such that f(t) is constant. Thus we have f; to be the value of f(¢) on the set GI¥, and

we know the size of GV is G = % Now we use this in (4.75) along with independence
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of the inputs to obtain

Eexp < iay Z Z Zif(t) + inzay’ Z Z 7} (4.76)

I=1teql I=1teql

= I Eexp iay' Z Zifi + inzay} Z 7}

teGlY teGN
L L(N) _ L(N)
= TIE, Eexp zfl(La G ) 2 Zt+m3( 1 ) N
teGY teGY

— L Eexp {iflL—%sl + mgL—%Sl}

L L
= Eexp {iL—% > hSi+ iL—%ngzﬁl}
=1 =1
L L

L
= Eexp {imL_é chlsl + 7:7721/_% ZC%S[ + inng_% Z 51} .
=1

The limit in the middle lines was taken as min; n; — oo, which forced N — oo and

G — oo. Also we used the simple identity ay = L= %ag, and % = LL((Lé’;) — 1 as

(G — oo since the function L(-) is slowly varying. Finally, cll and cl2 are the constants
obtained when we decompose Zle fi = mel + mel. Now S is an a-stable random
variable, and S is a totally right skewed S-stable random variable. The third equality

is valid due to the joint convergence of the terms for [ = 1,2,---, L.

One other issue must be addressed in the above calculation: we used the fact that
aél ZteGlN Zy :£> 5. Now if a@ > 1, we need to use the normalization bg as described in
(2.5). Asymptotically this is the same as subtracting the mean EZ. So we can place the
mean into the statement (4.74) in the case that @ > 1, or just say that Z has mean zero
in the a > 1 case. The argument in (3.44) will show that when we finally look at I,, , we
won’t have to worry about the mean at all, since the periodogram is asymptotically the
same with or without the mean. As for the partial sums of the Z2’s, no normalization

by by is necessary.
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Thus from (4.76) we may conclude that

n n n L
(a]_\fQZthaa]_Vl ZUt,ZVt) (L" > S, L7 Zc}sl,]:—é ZC;S,) :
=1 =1 =1

=1 =1
(4.77)
which is the right hand side of (4.74) when we make the following associations: let

Si=L 2yl S U:=1"5yL 5, and V= 175 YL 2 i

We will now develop this result to investigate the joint asymptotic properties of fn(w)

and the sample variance (;Qn. First observe that

z”: Z Vi Z(t—j)cost'w (4.78)

t=1j€Bm
n—j n—j
= g ¥; cos jlw Z(s)coss'w — E ¥ sin j'w E Z(s)sin s'w
F€Bm s=1—j JE€Bm s=1—j
=oplan)+ g ¢]COS]w§ Z(s)coss'w — g Qb]sm]wg Z(s)sin s'w
]EBm ]eBm

by the law of cosines and application of Lemma 4.2.1. In a similar fashion, we obtain

DN ¢zt — j)sint'w (4.79)

t=1 ]eBm

play) + Z %coswaZ sin s'w + Z zb]sm]wZZ ) cos s'w

JEBm JEBm
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by using the law of sines. These statements (4.78) and (4.79), together with (4.34),

produce the joint statement

ZZ Z ¢2 i—jr @ IZ Z ¥ Zy—jcost'w, ay Z Z ;i Z;_;sint'w

t=1 j€Bm t=1 j€Bm t=1 j€Bm

= op(1 ( Z zbza]_vz Z¢2Z2
JEBm
Z%cosngZ cos s'w — Zzb]sm]wZZ ) sin s'w,
]EBm ]eBm
Z%cosngZ ) sin s'w + Zzb]sm]wZZ coss’w)
]EBm ]eBm
E ~

= | DD Sl = VIV 4 U

JE€Bm

(4.80)

by using Proposition 4.3.1. The constants ¥]* and 9] are defined by the formulas

Pt = Z ¥; cos jlw (4.81)
JEBm

= Z ¥; sin j'w.
JEBm

Next apply the continuous mapping (z,y, z) + (z,y? + 2?) to the weak convergence in

(4.80), and we obtain

OID IR N = S SR I (152)

t=1 jEBm t=1j€Bm

L m

= | > ¥is, + (G5 + V)
]eBm

after some delightful algebra. So we are finally in the situation of Lemma 4.2.3 | so that
we should take the limit as m — oo in the convergence (4.82). The right hand side
clearly converges almost surely to (W25, | > iezd zbjeij/‘”|2(U2 +V?)). So if we can handle
the left hand side of (4.82), we have proved the following theorem:
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Theorem 4.3.1. Let a € (0,2], with the interpretation from section 2.1, and consider
a vector of frequencies w such that each component is a rational multiple of 2n. Then

the periodogram and sample variance converge jointly

2
(twron) Lo |32 we™] (024 v2), 038 (183)
jezd

as mingn; — 00, and the self-normalized periodogram therefore obeys

Py L [2jenatie e (U2+V2)
) = ws

(4.84)

Proof The previous discussion leading up to (4.82) is the bulk of the proof. We must
show that the periodogram for the truncated series is asymptotically the same as the
periodogram; as for the sample variance, this was already established in (4.40) and (4.44).

But by applying the same techniques used to prove (4.19), we can establish

n
a]_\,IZXtcost’w =op(1) +ay' Z Z ;i Z(t — j) cost'w (4.85)
t=1 t=1 jEBm
n
a]_\,IZthint’wZOP —|—aN Z Z ;i Z(t — j)sint'w
t=1 t=1 jEBm

with some minor adjustments (since Z;cost’'w and Z;sint'w are not identically dis-
tributed; however, by partitioning them into orbits, as in the proof of Proposition 4.3.1,

after much labor we get the same result). Put in a vector format, we have

(a]_\,l Z X cost'w, ayt Z Xy sin t’w) (4.86)

i3
=op(l) + a]_\,lz Z ;i Z(t — j)cost'w,ay Z Z ;i Z(t — j)sint'w
t=1 j€Bm t=1 jEBm,

where op(1) here is a short hand for the limit superior of the probability of the difference
over min;n; — oo tending to zero as m increases to infinity. Now applying the continuous

functional (z,y) + 22 + y?*, which preserves the op(1) relation, we have
2

In(w) = op(1) + |ay Z > Z(t— et . (4.87)

t=1 ]eBm
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All of this argument goes smoothly for a < 1; in the case that a > 1, we should replace
Z by Z — EZ to make Proposition 4.3.1 work out correctly. However, it is easy to check
that this makes no difference asymptotically to jn(w), because both its numerator and
denominator grow at rate a%; (also see equations (3.39) through (3.44)). Finally, the case
that a = 2 —i.e. Z is an L? random variable — is already well-known, but we include it

for completeness (see the remark below). T

Remark As mentioned in [35], the self-normalized periodogram has the nice property
of being independent of the possibly unknown parameter a. Just as the self-normalized
sample mean enjoys robustness under a € (1,2] as discussed in section two of Chapter

Two, the self-normalized periodogram is robust for a € (0, 2].

4.4 Subsampling Applications

The objective of the limit results in section two is to establish confidence intervals for
the mean via the quantiles of the limiting distribution. Self-normalization by the sample
variance was used to remove the unknown rate an of convergence — see (4.54) — so that
the ratio of partial sums and sample variance could be formed by the practitioner. The
second ingredient we need is a way of estimating the quantiles of the limit, which is the
complicated random variable

o/ Sy

this can be accomplished by subsampling. Section five of Chapter Two gives a treatment

(4.88)

of this method applied to the one-dimensional time series case.

The concept of subsampling is developed in the book [48] . Subsets of the observation
region K are chosen, for each set K, and the statistic is calculated over the random
variables in that subest. This is done for all the subsets that can fit into K, and then an
empirical distribution function is calculated from those values. The result is an estimate

of the limit cdf, and its quantiles may be used as approximations.
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Let us denote the ratio in (4.54) by

T (0) := Vil =8 Xiex (X6 (4.89)

~ b
OK /1 2
N ZteK Xt

where 0 := % > oitex Xt and Gx = \/ﬁ D otek X2, From here we utilize the notation

of Chapter 5 of [48] , so let b be a vector whose components give a subset of K (and

b= H;lzlbi), and B will denote this set. The vector q gives the positions of the various
subsampling blocks, and so ¢ = Hleqi gives the total number of those blocks. Next we
define the “subsampling distribution estimator” of Tk (6) to be the following empirical

distribution function (edf):

1 q
Lnp(z) = gz L, <o) (4.90)
i=1

where Ty, ; is essentially the sum Tk (6) evaluated on the subseries {X;} with ¢ in a scaled
version of K with side lengths given by the vector b (but with the unknown 6 replaced
by the estimate OAK) . Thus
Ty = Vo 2E 78 (4.91)
OB+i
Now we must briefly discuss mixing conditions — again see chapter 5 of [48] for details.

Let ax(k;ly) be the mixing coefficients introduced on page 122 of [48], i.e.

ax(kil)i= swp [P (A1 N AQ) — P (A1) P (4] (4.92)

with Ay € F(FEy), Ay € F(Fy), |F1| <11, and p(Fyq, Fq) > k. Also Eq is a subset of yAS
and t € Z%. This is actually a weaker condition than strong mixing — general conditions
for a linear series (the d = 1 case) to be strong mixing are given in [70]; they require
that the (7) tend to zero fast enough (with j), and that the Z;s have an absolutely
continuous distribution. The strong mixing condition is easily seen to be satisfied if
the random field has a compactly supported filter function . We make the following
assumption on the mixing coefficients of the random field:

N7 Tk ax (ksb) — 0 (4.93)
k=1
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where n := max; n; . Now we can state the desired corollary:

Corollary 4.4.1. Let J(-) be the cdf of the limit random variable (4.88) , and choose
the vector b = by such that b; — 0o and b;/n; — 0 as n; — oo, for i =1,2,---d; also

assume that the mizing condition (4.93) holds. Then
Lyp(z) — J(2) (4.94)

for every continuity point x of J(-).

Remark It follows from this result that we can form the asymptotically correct confi-

dence intervals for 6 :

b — L= (1= 1/2)- T G, — 1= (1/2). 2K
K n,b( /) \/N K n,b(/) \/N

for a 1 — ¢ confidence level (here, L=1(+) denotes the quantile function of the edf L(-) )

(4.95)

— see (2.44) .

Proof This follows immediately from (4.54) and Corollary 5.3.1 of [48] (notice that

Tu = /U, 80 T,/ — 0, as required). T

As for the periodogram, subsampling can also be used to approximate the limit dis-
tribution of J,(w), although as mentioned in section five of Chapter Two there is no
application to the formation of confidence intervals (since there is no parameter). But
Corollary 4.4.1 above will hold for the self-normalized periodogram if we just let J(-)
be the cdf of the limit random variable of J,(w), which is given by (4.84). Also we let
Ly () be the subsampling distribution estimator for the self-normalized periodogram.
Thus equation (4.90) remains the same, and now T}, 5 is defined by
Thi = M; (4.96)

02B+i

then the corollary still holds as stated.
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4.5 Technical Proofs

This final section contains the proofs of three claims, previously deferred.

4.5.1 Proof of Claim 4.2.1

Since the function v is summable, we also assume that it satisfies certain monotonicity

properties, i.e.

[0 = [0+ 1) (4.97)
if 7 > 0 and if j < 0, then
[()] = |40 = 1. (4.98)
We consider
2
SN Bt tay e k1) (4.99)

keD; Lteth

— Z ZZ ZEkl,nl(k2‘|‘t27"'7kd‘|‘td)

ki=m+1-—n1 ko €EZ ka€Z teC

+ Z ZZ ZEkl,m(kz‘Hza“',kd-l-td)

k1:m+1 kQEZ kdEZ t601

2

2

=L+
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Let Z%1 denote the d — 1-dimensional integer lattice on axes 2 through d, i.e. Z4~1 :=
{(kg,---,kq) ke €Z,--- kg € Z}. Yor the first term [, we have

2

1 1 —
WII < mnl Z ZZ¢(m+l,k2+t2,"',kd—|—td) (4100)
kEZd_l t601 =1
2

ny
gﬁ Z ZZW(W-I-l,kz—I—tQ,---,kd_|_td)|

kezd—l t601 =1

gﬁ Z ZZ|¢(lvk2+t27"'7kd+td)| : Z Z|¢(m+]78)|

keZd—1 | I>mteC seZd—-17=1
1 .
A DIDDID DTN SR RN TR} 88  3) STIR
2 d teCy I>m pe7d—1 s€Cy gj>m

The second term here clearly tends to zero as m — oo, regardless of n. For the first
term, restrict to the case that d = 2 (the higher dimensional cases are extremely similar,

but difficult to write down):

n% i > i [O(l1, k2 + )] + n% i: > f [0(lh, ka + 12)] (4.101)

to=11[1>m ky=0 to=111>m ky=-1
1 = 1 —
<——ng ) Y [lhke t D+ —na Y Y [k o+ )
2 l1>m k=0 2 l1>m ky=—1
< Z Z (11, ka)| + Z Z (1, k)|
li>m ko €Z lh>m k€L
=2 Z Z [¥(l1, k2|
l1>m ko €EZ

The bound in the d-dimensional case will be

2d—1) Y > > ll kg, k) (4.102)

l1>m ko €7, ka€Z

which tends to zero as m — oo, regardless of n. Thus it is true that %Il — 0.



Next we consider the term I5. We have the following bounds:

1
— 1
nl---nd
1 ™
So—o D | X (X Dl bkttt )
! dk1>m peza—1 | tecy =1

{ > iwﬁﬂ,s)}

se7,d—1 j=1

<ﬁ > {ZZ¢(k1+l,kz+t2,---,kd+td)}

kl >m kezd—l t601 =1
{s el
SEZ

As for the first term of (4.103) in curved brackets, it is bounded as follows:

Z {Zi¢(k1+l,k2+t2,'--,kd+td)}

kezd—l t601 =1

<n1 Z {Zlb(k‘l—l_lvk‘?—l_t?v?kd—l_td)}

kezd—l t601

o0 T2 g
<nlz ZZ Z"'ZW(kl-l-lakz-l-tz,"'7kd+td)|

k2:0 kgEZ kdEZtQZI tg=1

—00 no ng
30 Y Y Y D Rk Lkt Rt 1)

ko=—1 k3€Z ka€Z t2=1 tg=1

o0 n3 nq
<nlz Z"'anz"'z|¢(l€1+17k2+17"'7kd+td)|

k2:0 kgEZ kdEZ t3=1 tg=1

—00 na ng
+ nq Z Z"'ZnzZ"'ZW(lﬁ-l-l,kz-l-nz,'”,kd-l-td)|

ko=—1 k3 €Z ka€Z t3=1 tg=1

na ng
<2n1n22 ZZ Z“‘Z|¢(lﬁ‘|‘1ak27"'7kd‘|‘td)|-

ko €Z ks €Z kq€Z ta=1 tg=1

7

(4.103)

(4.104)
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By repeatedly breaking each sum over the k indices into two parts, and simplifying, we
obtain the overall bound of
2 g ong > e > [k kg, ka)l. (4.105)
ko €Z kq€Z
Putting this together, we have
1

1 4.106
N2 ( )
1
<3 2 g g Y ek Lk k) S Ju(s)]
" td ki1>m keZd—1 sezd—1
<SPS ) o | D0 DD (k4 Lk, k)l
s€Zd k1>m pe7,d—1

notice that the term in the square brackets tends to zero as m — oo, independent of the
behavior of n, while the other parts are bounded. Thus N~1I, — 0 as desired, and the

claim is proved. 1§

4.5.2 Proof of Claim 4.2.2

Here we prove that the following term is bounded as n increases to 0o, and that the

limit as m — oo of this is zero:

1 o0
T 20 D [k (hr t taka )] (4.107)
keDl tecl

Once we assume the same monotonicity conditions on the filter coefficients as in the

previous claim, the result immediately follows, since

D Qi (ka+ ta, -+ kg + 1) (4.108)
teC
2

< Zékl,nl (k2+t27"'7kd+td) )
t601

where = is the same as = except that every () is replaced by a [1b(5)|. If we then make

these substitutions in the previous claim, we are finished. §



Chapter 5

Marked Point Processes

5.1 Observation Regions : Background

When random field data is collected, it can happen that the positions of the data
occur randomly. According to [48] , “...in many important cases, e.g., queueing theory,
spatial statistics, mining, and geostatistics, meteorology, etc., the data correspond to

observations of X (t) at nonlattice, irregularly spaced points.”

This situation is often modelled by a Poisson Point Process, i.e. one assumes that
the observation points ¢ are generated by a Poisson Point Process on the (compact)
observation region K. We investigate such a structure in this section, and assume that
the Poisson Point Process is independent of the law of the random field. It is necessary
to define the stochastic process over the entire plane, not just the lattice, because the
observation points from the point process can be located anywhere in the plane. The
observation region K in which the points are constrained to lie is (0,7n1] X -+ X (0, nq],
so that if we intersect this set with the integer lattice, we get the observation region of

Chapter Four. Also, we still have | K| = N.

The next section of this chapter generalizes the results from Chapter Three to a discrete

random field situation, and the third section generalizes this to a continuous random field

79
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(i.e. astochastic process). Next, the fourth section builds on the continuous random field
model by placing the additional assumption that the observation locations are distributed

according to an independent Poisson Random Measure. Thus our model is
X = P(t+ ) M(dx) (5.1)
Rd

for any t € K our observation region. Depending on which section of the chapter, K
could be a subset of Z? (the discrete context), a subset of R? (the continuous case), or in
the marked point process case K is in R? but the t’s are the points of a Poisson Random
Measure falling into K. In each case we are interested in the asymptotics of sample
mean, sample variance, “heavy-tailed” periodogram (cf. equation (2.35)), and joint
limiting behavior of these. Thus we will define and investigate the stochastic integral
X () N(dt). (5.2)
K
In the final section of the chapter on subsampling, we discuss some possible statistical

applications of these weak convergence results.

5.2 Discrete Time Results

The purpose of this first section is to generalize the results of Chapter Three to a
higher-dimensional random field model, as given by equation (5.1) with t € K C Z%
The key observation is that we can generalize Lemma 3.2.2 from R to R?, by using
arguments very similar to those presented in Chapter Four. We assume throughout that
1 is an integrable function (on R%) which is bounded and continuous almost everywhere.

Also, let B denote the unit cube in R%

Theorem 5.2.1. Let the partial sums, periodogram, and sample variance of the random
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field be denoted by

Spi= N2 Y X, (5.3)
=1
" 2
(w) = N7&|) it (5.4)
=1
0% = N™a Y X2, (5.5)
=1
respectively. Here w = (w1, -+ ,wq) with each w; € (—m, 7|, and t'w denotes the scalar
product of the two vectors. Then the following convergences hold:
(Sur Lnfw)) = (5, W(@)? + U(w)?) (5.6)
02, == 5, (5.7)
and hence
S
(5.8)

oo o

where W(w) and U(w) are defined similarly to (3.27) and (3.28):

/ Z cost'w(x + t) M(dx) (5.9)

tezZd

/ Zsmtwlb x4+ t)M(dz).

teZd

Also, 5 and Sy are a-stable and positive 5-stable random variables respectively. They

are defined as follows:

5 —/ > (w + t) M(d) (5.10)

teZd

Sz_/2¢ z + 1) M(dz)

tezd

where M is a positive 5-stable random measure, and can be thought of as the “square”

of ML
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Proof This theorem has the same proof as the results in Chapter Three, but we need
to generalize Lemma 3.2.2 to a random field setting. The convergence of the sample
variance follows from the Lemma 5.2.1 below, following along the lines of the sample

variance result in [54].

Lemma 5.2.1. Let o € (0,2). Then

<a>

1 n <a>
N Jo (; ¢(t+x)) A(dz) —>/B > Wt + ) A(dz) (5.11)

teZd

[}
[}

/\(dx)—>/B St +2)| Alde)

tezZd

Y Wt )

1
N Jpal?

as each n; — .

Proof This proof follows the same lines as Lemma 3.2.2, and much of the same notation
will be used. We will establish the top line (the skewness) of equation (5.11). Below
we will restrict to the case that a > 1, since the a < 1 case is easier, and is obtained
by generalizing Lemma 3.2 of [54]. So we start by dilating K to 2K, so that each
component n; is an even integer — of course N increases to 2¢N. Thus 2n denotes the
vector (2ny,2ng,- -+ ,2n4), which gives the outer bounds of 2K, and let K denote the
set of real vectors  with —n; < 2; < n;. Thus we have skewness A, , and B, and C,

defined as follows:

A, = ﬁ/w (;MH x)) A(dz) (5.12)

B, = ﬁ/l (t;nlb(t—l—x)) A(dz) (5.13)
c, ::/B (ti ¢(t+x)) Adz). (5.14)

Now the bounds in (3.74) and (3.75) will hold, since ¢ € L'(R?), so we find that
<a>

- /B Sutta)|  Ada). (5.15)

tezZd
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Now we can write A, in the equivalent form

A, = ﬁ/w (Z e x)) Ada) (5.16)

t=—n

analagous to (3.77). Next we examine the difference between A, and B,:

n <a>
1
|An - Bn| = W /Rd\lz' (t;n ¢(t + $)) /\(d$) (517)
1 d }
< 2N Y t;n i+ )| A(dz).

Notice that the set R\ K is just the complement of a d-dimensional cube, and may thus

be segregated into overlapping portions Dy, Do, ---, Dy, where D; is defined by
D;:={x e R: |z > n;) (5.18)

which is a very similar construction to (4.23). Now it is simple to bound (5.17) by d
integrals, each of which covers one region D;; we will prove that for ¢ = 1 the integral

tends to zero, and the other cases are exactly similar. Thus we must examine

5w+ a)

t=—n

_ /
QdN |x1|>n1 Rd-1

where we have rewritten the expression as an iterated integral (so we use the notation

[}

! A(dz) (5.19)

21N Jp,

Z P(t+ )| day-- -dacd] dzq,
t=—n

Adz) = dzydzy - - -dxg). Now the part of (5.19) in the square brackets is a function of

21 which depends on n, so let’s name it g,,(«1). We need to arrive at a convenient bound
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for this function, so

gn(x / Z P(t+ ) d$2 ceodrg (5.20)
Rd-1 |, T
t=—n
\ sup Z Z t1+$17t2‘|’y27"'7td+yd)
YERIT |y T, ty=—nyg
a—1
/ Z¢t+$ drg---dxg
Rd-1 |, 7
t=—n
\ sup Z Z t1+$17t2‘|’y27"'7td+yd)
yERd ! to=—n2 td_—nd

DOl IR
t=—n

does the job. Putting this into (5.19), we obtain

sz/ Z¢t+x /\dac) (5.21)
Dy |=—p
oz 1
EI PR B R
< sup Z |(t+ )
2€B (cza
1 S oz 1
e Z /|1, - [2d 1N/Rd 1 Z Z Ot + )| day - -day| day
t1:—n1 1 1 t =—n2 td —ng

2n1

1
C— / It + z1)dzq
2m tlz::() |21 [>11

where (' is a finite constant bounding sup,cp > ,c74|¥(f + )| — see the claim following

(319) and l(t1+$1 = 2d 1N fRd 12252_—712 . th—_nd |¢(t+$)|a_1 d$2“‘d$d. Now
if we can show that [ is in L'(R), then (5.21) will tend to zero as ny — oo as in equation

3.4 of [54], since it is a Cesaro sum.

Now if we first simplify h(#1 + 21) via a change of variable, we obtain

h(ty +21) = /d ) |h(th + 21, ug, - - 7Ud)|a_1 dug - - -dug (5.22)
-
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from which it follows that

[ = [ [ el v dugdn (5.23)
= [ Jo@l ™ M) < .

as desired. Since arguments of this type can be applied to each block D;, we see that

|A,, — Bn| — 0 as the various n; — oc.

Next we must show that the difference |B,, — C},| — 0 as well. First we introduce the

following notation: E := K (Z% and F; := E\(E + 7).

v ), (Z Ui+ w)) Adz) = C, (5.24)

JEE teE

(Z W(t + x)) A(dz)

tell

:ﬁ Z/B (Z¢(t—|—j—|—x)) /\(dac)—Z/B

JEE tel JEE

<a> <a>
1
< WZ/B Z 4¢(t‘|‘$) - (Z¢(t+$)) A(dz)
JEE tEE+j teE
20{
<o | X | | X vtk a)] M)
JEE te E4+j\F} te E\F}
a—1 a—1
S 2 [| X wtro] +| X wera| A
S 2IN £~ [ ,
JEE te E4+j\F} te E\F}
CQa o — o —
300 D DI ) SN E Y
JEE teE+5\F} tEEN\F;

by using the bound C stated after equation (5.21), and also by using Lemma 3.2.1. Now
we want to divide the sets 247\ F; and I\ F; in a strategic manner. So we divide each of
these sets into d overlapping subsets G; and H; respectively in the following manner: the
1th coordinate of elements of ; obey the constraints for the ith coordinates of elements
of the set I2 + j \ F;, and all other coordinates of elements of G; are only restricted to
lie in '+ j. Also H; has the analagous definition for £\ F; . Since the arguments for

the various blocks are identical, we will focus on the case ¢+ = 1. Then we may rewrite
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the last part of (5.24) as

20 & o
2731 Z [/ Z Z 9d— 1NZ|¢t+$ Aldz)

j1——n1 J2=—n2 Ja=—"ngq teGy
a—1
LN it S )|
Ja=—n2 Ja=—ngq tEH,
e n1 11+ —1
< in . / |:/ / Qd lN Z Z
J1= t1=ny Ja=—n2 Ja=—"n4q
n2+72
> Z |¢(t+$)|a_1d$2“'d$d]d$1
to=—na+72 tg=—"n4
9o n1 1 —n1t+a—1
[ [ ey
J1= 1=—"n1 J2=—"n2 Ja=—"n4g (5‘25)
Z Z (t+ )"~ Ydwg - dxd] dzq
to=—n2 td_—nd
020* -
m X[ S [y Y
- t1=—n1+n J2=—n2 Jd=—"nd
n2+72 ng+id

Z Z |¢(t—|—x)|a_1dx2---dwd] day

to=—no -I-jz tqg=—nq+ia

L o
-5 Z [ / / U 1N S
Ly O ti=ni45

] ="m 2=—"2 Ja=—ngq

Z Z (t+ )"~ Ydwg - dxd]dxl.

ta=—n2 tg=—nd
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Let us label each of these terms as [y, I3, Is, I4 resepectively as in (3.80). Then for [y

we have
1n1ta—1
2n1, [//0 201N 1N Z Z
= t1 =n1 Ja=—n2 Ja=—nd
na+j2
Z Z |¢(t—|—$)|a_1d$2---dxn] day
to=—n2+j2 tg=—ngqg
a—1 n1 1n1+]1 -1
02 / / /Z D N+ @) ey - - day | dan
71=0 t1=n1 to EZ tq€EZ
(90— 1 n1 1n1+]1 -1
= / / |h(t + 2y, ug, - - ,ud)|a_1du2---dud dzq
J1=0 ti=n1 - Rd-t
c20-1 &
< Z/ Z k(ty + 1) dxq

]1001517%1

= CQa_l/ k($1)d$1

1

(5.26)

where k(y) 1= [pao [90(y, ug, -+, d)|a_1du2 -« +-dug is an integrable function. We are

now in the same framework as (3.81). Similar calculations will produce bounds for the



other three terms:

o2 ”1

2ny
Ji=

/ —n1+71—1

1=—n1

—n1+71—1

>y

t1=—n1

to=—no tg=—ngqg
20— 1 n1
<
51=0
C20t &

/1 —ni1+j-1 p
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[/ /leN Z Z

Ja=—n2 Ja=—"n4g

Z Z Pt 4 )" Ydwg - dxd] dzq

/ /Z D+ )| ey day, | day

tQEZ tdEZ

/d 1|¢(t1+9€17U27"' cu)|* " dug - - dug | day
Ri—

J1= 0 t1= —n1
(29— 1 n1 1—n1+]1+1
< / k(ty + 1) day
J1=0 t1=—00
Coo-1 —n1+j1
= k(xy)dx
X / (21) da
20— 1 "
= Z/ $1 d$1
J1=0

and
o2
N 2711
t1=—n1+j1
na+j2 na+jq
ta=—n2+j2 ta=—na+jd
20— 1 —n
e D>
J1=-n1 0 t1=—n1+j1
_C2! ZO Z‘”l
J1=- 0 t1=—n1+j1
Sy

=<

2ot /_nl

h:zo—:/o Z [/ /leNZ Z

k($1) d$1

(5.27)

J2=—n2 Ja=—"n4q

|(t + x)|a_1dx2 . -dwd] day

/ /Z D et + )| ey - day, | day

tQEZ tdEZ

/d 1|¢(151—|—9617U27"'7ucl)|cy Yduy - - - dug| da
R

_z: k(ty + z1) dzq

(5.28)
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and

e S [ S A s

J1=-n1 t1=n1471 J2=—n2 Ja=—"n4q
Z Z Pt + 2)|"” Yday - dxd] dzq
to=—n2 td_—nd
2ot o ,
<= z/z//z S e e
1 —n1 Y9 t=ng t2€7  t4€T

201 —
- / Z /d 1|¢(t1+9€17U27"' vug)|* " dug - - dug | day
Rd—

b J1=-n1 ti=ni+s1 -
201 =
< k(1 d
L[S e
J1=-n1 t1=n1+71
CQa—l 0 o]
= k d
Y /W (1) day
J1=—n1
CQa—l 0 o]
= k dxy.
n Z -5 (xl) o
J1=—n1

(5.29)

So putting these bounds for the four terms together, we see that (5.24) is bounded by

o0 —n]
CQa_l / k($1) d$1 + CQa_l / k($1) d$1 (530)
nq -
201 1 —J1 201
+ " X:O/OO k($1) d$1 + Z / $1 d$1
n= 1=—n1

1 &
= (207! / k() dey + — Z/ k(1) day
lz1]>n1 ! 41=0 lz1|>41

which will tend to zero as n; — oo by the Dominated Convergence Theorem and the
property of Cesaro Sums. Since this result can be produced for each ¢, this shows that
|B,, — C| — 0 as each n; — oo. This completes the proof of the Lemma in the case that
a > 1. For a < 1, similar techniques can be used, and the proof is actually easier (we
can use the triangle inequality directly in many cases where we had to first factor and

take a supremum). T
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Remark All of the other corollaries and statements made in Section 3.2 can be ex-
tended to the random field case, by using techniques similar to those used in the proof

above.

5.3 Continuous Time Results

In this section we consider some limit results for a continuous time stochastic process.
The first part deals purely with the theoretical results, whereas the second part delivers

statistical applications. We first wish to consider the model
X, = / Pt + 2)M(dz), teR? (5.31)
Rd

defined on all of Fuclidean space. The integrand function ¢ must satisfy some regularity
conditions: ) € ]Ll(Rd, A) where A is Lebesgue measure on R? : in addition, ) must be
continuous and bounded almost everywhere. This is called a “moving average” model,
because of the form of 1; there is a simple connection to “MA (c0)” models encountered

in classical time series, as the following example demonstrates.

The following theorem deals with the statistics problem of the asymptotic distribution
of the partial sums. We consider a sampling region K = (0,n1] x -+ x (0,14 from
which the random field is observed. Let N = II"_,n; be the total volume of the sampling
region; the appopriate rate of convergence will then be N#. We wish to sum X; over all
points in K, and so to that end we must calculate

X A(dt). (5.32)

X
Now a discrete sum of the random field is certainly well-defined by the linearity of the
a-stable random integral, but it is not a priori clear that (5.32) makes any sense. Thus

we make the following definition:

Definition 5.3.1. Let Gy := [pa¥(t + 2)M(dz), for any t € R%. When we write (5.32),
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we mean the limit in probability as m — oo of the following:
Y [Guyy — Gu] At (5.33)
ti€Km
where K, is a mesh of m points t; in K, and the mesh gets progressively more fine as
m is increased (this is the usual Riemann sums construction). Assume for simplicity
that the spacings between mesh points are uniform, and thus let At; = A denote that

distance.

We must prove that this definition makes sense. By using the linearity of the stable

integral, line (5.33) becomes

/ D (Wt +2) — Pt + 2)) At; M(dz) = /RdFm(x)M(dx) (5.34)

ti€EKm
say. Now it follows that the limit in probability as m — oo of (5.34) is [, F/(z)M(dz)
for F(z fIx (t+ z) A(dt) so long as

/Rd |Fo(2) — F(2)|* A(dz) — 0 (5.35)

as n — oo. The integrand in (5.35) is clearly bounded above by an L' function: first
we may break it into three parts by gaining the constant 3*~!. The first term is then

bounded above as follows:

o a—1
D7 Wltipr + )AL = | D Yt + )AL | > Bt + 2)AL (5.36)
ti€Kn €K, t,€Kn
NPl N - Y (g + @) HAR*
tHEeEKm

Taking the integral over R? of this gives a bound (after swapping order of integration
and using shift invariance of Lebesgue measure) of
o [ P de 3 AP < . (5.37)
Rd tiel\/ym
Therefore the function in the last line of (5.36) is an L' function which bounds the first

term. Similar bounds for the other two terms may be determined, so that the Lebesgue
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Dominated Convergence Theorem can be applied. Taking the limit as m — oo inside

the outer integral in (5.35) produces the desired result, since F}, converges pointwise to

F.

Thus we have established that the expression (5.32) makes sense, and also that it is

equal to

/ P(t+ ) M dt)M(dz). (5.38)
REJK
We may now state the following theorem:

Theorem 5.3.1. The weak convergence of the partial sums is given below:
N7 [ X;A(dt) = ( () /\(du)) . M(B) (5.39)
K R4
where B denotes the unit cube. It follows that the right hand side is an a-stable random

variable with scale [pa1(u) A(du), mean zero, and skewness zero.

Proof First we partition the set K into cubes of unit size (so they are vector shifts of

B, the unit cube). Utilizing (5.38), we have

. Ll sl Jat1
N% [ X Mdt)=N-5 3 .. Z / / X, A(dt) (5.40)
K e :
L ad ”d . J1t1 ]d+1
=N"%a / [/ / P(t+ ) (dt)] M(dx)
. Rd LS

s
=
Il
- O

3
oy
|

ndl

Z/R[/ /WHM (dt)]M(dx)
_N“ /Rd[/zthr]er (dt)]M(dw),

where we have abbreviated 2?11:_01 . -Z?::_Ol by Z;:& Now in Chapter Three, we

[l

=
2 e
1]

o
=

3
H Il

demonstrated that
<a> <a>

/Rn—l Z¢(]+x) Aldz) —>/ Zqﬁ (j+2) Aldz) (5.41)
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as n — oo. This was the d = 1 case, for a discrete sum of the X;’s. In the previous
section, our Lemma 5.2.1 extended this to a greater dimension d, so that we have the

result:
<a> <a>

/Rdzv— ;m + ) A(dz) %/B > o+ ) A(dz) (5.42)

Jezd
where j and z are now vectors. The significance of (5.42) was to establish convergence
of the skewness parameters of the partial sum to the skewness parameter of the a-stable
limit random variable. Similar results hold for the convergence of the scale (just replace
| -] by (-)* in (5.41) and (5.42) ). These convergences were shown to be valid for
any function ¢ which is continuous and bounded almost everywhere (with respect to the

control measure A), and in L'(R%, \).

So let us now consider the scale and skewness parameters of the a-stable random

variable

N—%g/w [/B Wt + —|-ac)/\(dt)] M(dx) (5.43)

:/Rd N-%;/BQﬁ(tJerrx)/\(dt) M(dz)

for every vector n. First we should establish that (5.43) is well-defined, which is accom-
plished by showing that is has finite scale for each fixed value of n. The ath power of
the scale is defined to be:

[}

/Rdzv—l ;/}3¢(t+j—|—x)A(dt) Ada). (5.44)

Now let ¢(u) := [5(u+t) A(dt); it then follows from elementary arguments that ¢ is
continuous and bounded almost everywhere, just like v, and is an L' function as well.

Using this substitution, (5.44) now becomes

o
n—1

/Rdzv—l D (i + )| AMdz). (5.45)

=0
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In a similar vein, the ath power of the skewness works out to be

<a>

/RdN—l z_:¢(j+ ) A(dz). (5.46)

To prove the finiteness of (5.45) — and also of (5.46) — we use the following calculation:

[}

/RdN—l i(b(j + )| Adz) (5.47)
- ;qxwx) - ;qux) A(dz)

n—1
<Nl N[ Sl + )l A
J=0

= N -|8ll - [1l15 71 < oo,

a—

where we have used the fact that ¢ is bounded and summable. This bound is not
particullarly tight, but it establishes the finiteness of (5.45) and (5.46). Thus (5.43)
describes a well-defined a-stable random variable. Turning now to the proposed limit

random variable

/B ( Rd¢(t+x)/\(dt)) M(dz) (5.48)

— which actually does equal in distribution the limit random variable described in (5.39)

— we calculate the ath power of its scale as follows:

J

Thus the limit random variable is well-defined, and we only need prove that the scale

[}

Aldz) =

[}

“A(B) < [I9II5 < oe. (5.49)

{1+ 2)A(dt)
Rd

b(t)A(dt)
Rd

(5.45) and skewness (5.46) parameters of our partial sums (5.43) converge to the corre-
sponding parameters of the limit random variable (5.48) (all the random variables have
mean zero). For skewness (and the argument for scale is even easier) we utilize (5.42),

which is valid, because our choice of ¢ is continuous and bounded almost everywhere,
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and integrable. Thus, substituting ¢ into (5.42), we obtain

/RdN—l z_:qﬁ(j—l—x) Adz) (5.50)
:/Rdzv—l ;/}3¢(t+j+x)/\(dt) A(dz)
_>/B Z/]3¢(t+j+x)/\(dt) A(dz)

JELA
:/B( Rd¢(t+x)/\(dt))<a>A(dx)

which is the skewness of (5.48), as desired. Since all the parameters converge, the weak

convergence is establilshed. .

Now some simple extensions of this proof technique give us a similar limit theorem for
the periodogram. Recall that the periodogram is used in classical time series to estimate
the spectral density function. For non-square integrable time series or random fields, the
N1 rate is adjusted to N_%, and the limit theory is somewhat different in the ¢id case.

Our periodogram is defined by

2
I(w):= N7a| [ Xe“A(dt) (5.51)
K
, 2 2
=N"%a ( X cos t'w/\(dt)) + ( X sin t'w/\(dt)) )
K K
where w = (wy,---,wy) is a vector of frequencies, so w; € (0,2x]. It is of interest to

explore the joint limit behavior of (5.51) with the partial sums (5.32), in order to form
a normalization as in Chapter Three. It suffices to look at the joint convergence of
(N—% X Mdt), N™5 [ X, costwA(dt), N™5 [ X, sint'w /\(dt)) . (5.52)
K K K
and then apply the continuous function (z,y, z) — (2, y* + 2?). Let’s first examine the

middle term of (5.52). Using the same techniques as discussed above, we see that we
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have the following equivalence just like (5.43):

N~ X cost'w \(dt) =N= Z/ / (j+t+ ) cos(t + 7)w ANdt)M(dz).

K
(5.53)

Now the ath power of the skewness (and the scale is quite similar) is

n—1
/ Nt Zcosj’w / D(t+ 7+ x) cost'w A(dt)
R4 B

7=0
<a>
— sin j'w / (t+j+a)sint’w /\(dt)) Aldz) (5.54)
B
n—1 <oz
= [ v (Zaj GG+ )~ by (i + x>) A(de)
7=0
for ¢°(u) = [5b(t+u) cost'w A(dt) and ¢*(u) = [51b(t+u) sin t'w A(dt); a; = cos j'w and

b; = sin j'w. Now in the proof of (5.42), we must establish that g,(z) := Zn ! a;o°(j +
z) 4+ b;¢*(j + «) has bounded L* norm and bounded L*~! norm. But it is easy to see
this:
l9a()] < D 167G + @) + 16°(i + @) (5.55)
jezZd
and both ¢¢ and ¢° are bounded functions, since they are integrals of the bounded
function 1 over a compact set against the Radon measures cost'w A(dt) and sin t'w A(dt)

respectively. Thus g, € L°°, and by a similar calculation

|gn(2 Z 6°G + 2)* T 4+ |9° (G + o) (5.56)
7=0
so that we have
N‘l/ lgn(2)]° 7" A(dz) (5.57)
Rd

n—1
<N / S0 + )P 4 160 + )] Alda)
Rd ]:0

= 2/Rd|q§($)|a_ Adz) < 00
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So we can apply all the same techniques to (5.53) that we did to (5.32). Also, the third
term in (5.52) can be treated to the same analysis. So each of these terms can be shown
to converge individually (their limits will be described below). But they also converge

jointly, which is easily shown as follows:

Eexp {2 (771 X Mdt)+ne | Xy cost'wA(dt)+ms3 [ Xy sint'w /\(dt)) } (5.58)
K K K

= Eexp {2 (/Rd i (2 +1) (1+ cost'w + sint'w) A(dt) M(dx)) }

so that we only need to consider the integrand function ¥ (x4 ) (1 + cos t'w + sin t'w),
which we can analyze as we did above. Now (5.58) converges to the characteristic function

of
/ P(z + 1)(1 + cost’w + sin t'w) A(dt) M(dz). (5.59)
B JRd
Summarizing all of this, we have the following theorem:

Theorem 5.3.2. Let a € (1,2). Then we have the following joint convergence:

(N_é X /\(dt),N_é X; cost'w /\(dt),N_é X; sint'w /\(dt))
K K K

= (/ B(x + 1) Mdt) M(da),
B JRd

(5.60)
/ (x4 t) cos t'w A(dt) M(dx),
B JRd
/ (x4 t)sint'w A(dt) M(dx)) .
B JRd
Thus it follows that
Ju XeAdt) ¢ (5.61)
Ln(w)
Ji fRd 4 1) A(dt) M(dx) ‘
\/(fB Jpat(z 4 1) cost'w A(dt) M ) + ([ Jpat(x + 1) sin t'w A(dt) M (dw))2

Remark Thus the periodogram provides a useful “self-normalization” for the sample
mean. The statistic on the left hand side of (5.61) can be calculated without fore-

knowledge of the model parameter a.
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Finally, we can prove a similar result for the sample variance fK XZA(dt). First, from
the paper [54], we have
N=% [ XZA(dt) = op(1) + N—%/ b2z + 1) A(dt)M(dx) (5.62)
K RIJK
where M is an 5-stable totally right skewed random measure. Now if we look at the §th
power of the skewness of this, we obtain

/Rdzv—l ;/Blp?(t—l—j—l—x)/\(dt) /\(dac):/RdN‘l ;mﬂ) Mdz)
(5.63)

where ¢(u) := [5¢*(u 4 t) A(dt). Now this function ¢ will be continuous and bounded
almost everywhere, and is in L% as well. Thus by applying (5.42) with a replaced by ¢,

we obtain the following result:

Theorem 5.3.3. The sample variance obeys the following weak convergence:

N=% [ X2A(dt) = | ¢%(u) \(du)M(B). (5.64)
K Rd

In the next section we will consider the additional assumption that the location of the

data points are given by an independent Poisson Point Process.

5.4 Poisson Random Measures

We will now consider a more intricate situation, wherein the locations of the data are
themselves random. It occurs many times in statistical problems that random field data
is not distributed at lattice points, but instead is scattered all around the observation
region. Generally speaking such a situation can be modeled by a Point Process on the
region, which is simply a positive integer-valued random measure. If we wish to impose
that the distribution of points does not depend on the location of the observation region,
but only on its size and shape, then we say the random measure is spatially homogeneous

(this is like a stationarity assumption). Also it is sensible that the distribution of points in
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one observation region should be completely independent of the distribution of points in
another disjoint observation region — this is called the “independent scattering” property.
It turns out that Poisson Random Measures (PRM ) satisfy these properties, and will

serve as a decent model.

Therefore let N denote a PRM with mean measure A (so N is sometimes denoted

PRM(A) ), ie.

Definition 5.4.1. We say that N is PRM(A) on the measure space {R% B, A} (where
B are the Borel sets in Rd) if and only if it is an independently scattered, o-additive

random measure which satisfies

A(4)
ko

for every A € By :={B C B: A(A) < 0o}. In other words, N(A) ~ Pois(A(A)) . We

PN(A) = k] = exp{—A(A)} k=01 (5.65)

call A the mean measure of N.

Remarks More generally, we could just define the mean measure to be A(+) := EN(-).
Now if we impose that A be a translation invariant measure on R? then spatial ho-
mogeneity follows at once from (5.38). Of course, A must then be Lebesgue measure
(denoted by A, as in the previous section) modulo some constant positive multiplicative

factor, i.e. A =7\ for some r € RT.

Now we are interested in investigating the partial sums’ limit behavior over the obser-
vation region K (we preserve the notation from last section), where the data locations

are now determined by the random measure N. Thus we wish to study

_1

N(K)™= [ X;N(dt) (5.66)

K
as K expands to fill the positive orthant of R? i.e. taking the limit as the vector n

1
tends to infinity in each component. We have included the factor A(K)” = since it is
the appropriate rate of convergence (and can be calculated from the data, whereas N—=
cannot — see the later discussion on statistical applications). First, we must ensure that

(5.66) makes sense.
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It is a fact that any point measure m can be written as
mi=Y e, (5.67)
7

where t; are a collection of points in the underlying space (in our case this is R?, so the
t; would be real-valued d-vectors), and ¢, denotes the “point-mass” measure at z, i.e.
ex(A) :=14(z). So we see that m(A) just counts up the number of points ¢; that fall in
the set A. Now our random measure N can be viewed as a mapping from the underlying
probability space into a space of point measures on R? — that space will be denoted by
Mp(Rd) from now on. In other words, for each w € Q the underlying probability space,
we have N(w) is some point measure m, which is completely determined by its points ¢;.

It follows that we can write
N() =) en() (5.68)

where the 7; are now random elements of R%. Then we may interpret (5.66) as

1

N(K)™= | X,N(dt)= N(K)™= Y X(T)), (5.69)

K iTEK
which is still a bit troubling — what is the meaning of X (7;) for a random 7; ? Generally
speaking, a-stable integrals are only well-defined objects for deterministic integrands.
The precise answer is to look at the characteristic function of (5.66), and define the
summation conditionally on N being a particular point measure m:

X, N(dt)
K

{N=m}=* /KXtm(dt): > X(t). (5.70)

it €K

Both (5.69) and (5.70) are useful; the former for the calculation of the statistic and
visualization of the inference problem, and the latter for carrying out the probabilistic

analysis.

Before stating the main theorems, we note that it follows from the Law of Large

Numbers, independent scattering, spatial homogeneity, and shift invariance of A that
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2% 1 as each component of n tends to infinity. Thus we will simply replace N (K)

N(K)
A(K)

by A(K) in the statements of all asymptotic results below. But note that A(K)"= =
r‘éN_é, so up to a constant factor, in the limit, we can just use N~# as the rate of

convergence.

Theorem 5.4.1. The following limit result holds true:
N=% [ Xy N(dt) == (/ o(t+ ac)M(dac)) N(dt), (5.71)
K R4 B
where the left and right hand sides of (5.71) are defined conditionally on the event {N =
m} . We may also formulate the same result, by the comments in the previous paragraph,

as

_1

N(K)Y = [ X,N(dt) = . (/B ¢(t+x)M(dx)) N(d1). (5.72)

K

Proof It suffices to prove the convergence conditional on the event {N = m} for each
point measure m, since that is the interpretation (via the comments after (5.69) and
(5.70)) that we should give to (5.71). Let’s first demonstrate that the right hand side of
(5.71) is bounded in probability. Solet § := [o. ([5 ¥ (t + 2) M(dx)) N(dt), and consider

K15

M]. The random measure M can be viewed as a random variable taking values in




the space of signed measures on R? taking one element y of this space, we have

E[ISI

:/Rd

M:u]

/Rd/Blb(t—l- x)M(dx)N(dt)‘ ‘M _ M]

[, [ st omtanian|

(][ v+ natan | wan)
/B {1+ 2)p(de)

A(dt)

< /R d /B [t + )] |l (dz) A(dt)

_ / / (¢ + 2)| A(dt) |l (d)
B JRd

_ /R )] Adu)|al(B)
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(5.73)

by using the triangle inequality for signed measures, Tonelli’s Theorem, and shift invari-

ance of the measure A. Thus in other words, we have E[|S||M] < [pa|t(u)| A(du)M|(B).

If we now remove the conditioning on M by taking a second expectation, we have

E[]5]] < /Rdlzb(U)lA(dU)E[lMl (B)] < o0

(5.74)

since [M|(B) is an L! random variable. Thus S is bounded in probability, as desired.

We will now establish the convergence result (5.71). Let’s fix a point measure m

throughout the discussion, where m is given by (5.67). Then the situation is quite

similar to the discrete case — see (5.42) — and the left hand side of (5.71) may be written

N-h Xtm(dt):N—%/Rd [ oo 1y i)

K

= N~a . (nz ¢(t—|—x)m(dt)) M(dz).

j=0 B+j

(5.75)
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So if we consider the ath power of the skewness, we obtain

<a> <a>
/ Z Wt + ) m(dt) Adz) = / Z¢ j+a) Adz),
B+j
(5.76)
where ¢(u fB (t + u)m(dt). Note that since m is a point measure, it is shift
invariant, so it follows that
o) = [ 6l i+ aymid) (5.77)
B
= > W(titj+a)
:t,EB
= > dti+a)
it €EB+j

| wte+oyman
B+;

as desired. Now we can apply (5.42) if we show that our function ¢ in (5.77) is continuous
and bounded almost everywhere, and is summable. In order the establish these proper-
ties, we must assume that m(B) < oo for each choice of m, or at least for almost every
m with respect to N in the space Mp(Rd). In order to perform the following calculation,
we must first view N as a mapping from the abstract probability space to Mp(Rd), S0
that we get the distribution = as the push-forward measure of the random variable N
(where its values are point measures!). If we let £ := {m € M,(R%) : m(B) = o0} be the

set of bisbehaving point measures; we wish to show that =(F) = 0. This is beneficial,

EE exp{inS}|N = / E [exp{inS}
Mp(R9)

/ E E(dm) —I—/ E [exp{inS}
B Mp(RO\NE

=0 —I—/ E [exp{inS}
My(RO\E

because then

N=m| Z(dm) (5.78)

exp{inS}N=m N=m| Z(dm)

N=m| Z(dm)
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for any n € R and any random variable .5, so that we can restrict our attention without

loss of generality to M,(R?)\ E. But it is easy to see that
S(E)=P{w:Nw)€ E} = PN(B) = o] = 0 (5.79)

since B € By (recall that B is just the unit cube). So we have proved that N(B) < oo

with probability one.

So the boundedness and continuity of ¢ are now straight-forward to establish:

foll < [ 0l m(@n) = 0] - m(B) < . (5.50)

Also for any m € E, the expression [ 9(t+ u) m(dt) is really a finite sum of the almost
everywhere continuous functions {¢(¢; + -) : ¢; € B}, and hence ¢(+) is also continuous
almost everywhere. Lastly, integrability trivially follows from a calculation just like

(5.78).

Hence we may apply (5.42) to the ath power of the skewness, and obtain the limit

result
<a>
/ Z o(j+ ) A(dz) (5.81)
JELA
<a>
= d Ald
/ XZ; [ vt man | )

:/B( Rd¢(t+x)m(dt))<a> Ada).

With a similar result for the skewness, we have established

N~ [ X, N(dt)
K

N=m (5.82)

:»/ [ o+ @) m(dn) M)

/Rd/W” (dz) m(dt).

Now this is actually the desired result, because (5.71) is to be interpreted as true condi-

tional on the set {N = m} for any m € M,(R?). T
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Similar results can be proved for the periodogram and the sample variance, by applying

similar methods to the previous section. The periodogram in this case is defined by

2
Ih(w) = N(K)™ & / X, exp{it’w}N(dt)| , (5.83)
K
where w = (wq, -+ ,wq) is a vector of frequencies, so w; € (0,27]. Here we need to prove
the joint convergence, conditional on N = m, of the vector
(N—% X,N(dt), N~ | X;cost/wN(dt),N"= [ X,sint'w N(dt)) . (5.84)
K K K

The argument is just like the one used in the proof of Theorem 5.3.2, with ¢°(u) =
S5 (t 4 u) cost’'wm(dt) and ¢°(u) = [5(t + u) sint'wm(dt). After establishing the
appropriate continuity, boundedness, and summability properties, we have the following

result:

Theorem 5.4.2. Let a € (1,2). Then we have the following joint convergence:

(N(K)—% X N(dt), N(K )™ Xtcost'wN(dt),N(K)—% thint’wN(dt))

K K
:‘>(/Rd(/¢t+x dx)
Rd(/wﬂmmmx)m{
[ ([ st oysintorman)) v )

It also follows that we have a self-normalized convergence result, like (5.61).

(5.85)

Finally, with the choice ¢(u fB (u+1t)m(dt), we obtain a sample variance result

too:

Theorem 5.4.3. The sample variance in the marked point process context has the fol-

lowing asymptotic behavior:

N(K) & Kxf N(dt) = /Rd/Blp?(H—x)M(dx)N(dt). (5.86)
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5.5 Subsampling Applications

We now investigate subsampling when the observation points are given by a Poisson
Point Process, as in Section 3. The discussion here follows Chapter 6 of [48] quite closely,
and we will apply several of their theorems. First, we define the data to be of the form
Y: = Xy + 0, so that the data has mean 6 (when a > 1). See section 3.2 for a similar
setup. Next, let @x(k;l1) be the mixing coefficients defined on page 141 of that book.

Also make the following notation:

O = @ /K Y (1)N(dt) (5.87)

which estimates 6. By (5.71), we have the following asymptotic result:
N(K)'"= (éK - 0) £ 5 (5.88)

where S is an a-stable law. In fact, since N(K) ~ |K| = N as min; n; — oo almost

surely, we may replace ax by an(x) in the above statement. So we can define
=% = o (5.89)

and find that condition (6.6) of [48] is satisfied with ( = 1 — L; also o € (1,2) implies
that ¢ € (0, 3).

Thus it follows that
\1-L 1-L 511
Ta) = ME) @ =r"aN"a (5.90)
since A is r > 0 times Lebesgue measure. Therefore

TA(K) (éK - 9) = op(1)+ N(K)' "= (0}( - 0) = 5. (5.91)

Denote the diameter of K by §( K) ; then 6(K') = max; n;, and it follows that é( K') —

oo as min; n; — oo. Therefore Assumption 6.3.2 of [48] is satisfied. Finally, choose any
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sequence by such that bWN — 0 as N — oo but by — o0; choose ¢ := ﬁ , 80 that

c=c¢(K) € (0,1)tends to zero and

N
c-6(K)= bo T X (5.92)
N

as N — oo. We may now state a corollary that is essentially Theorem 6.3.1 of [48] applied
to our context. Let Ky_.:={y € K : B4y C K} for B:= ¢k, and OAKB’y is the statistic

g evaluated on the set B + y for any y € Kq_.; in this case it is

A 1
0]{7371/ = m/B—H] Y(t)N(dt) (5.93)

where we have restricted N to the region B + y. Finally, we need a condition on the

mixing coefficients, just like (4.93) :
(1=c)A(K)
|I(1_C|_1/ wlay (u;cd|K|) du — 0 (5.94)
0

as min; n; — oo ( A(K) is defined to be the infimum of the diameters of all [* balls
which contain K'). Note that this condition is easily satisfied in the d = 1 special case if

the random field is strong mixing.

Corollary 5.5.1. Make the above mizing assumption (5.94) , and let J(x) be the cdf of

the limit random variable S , and define the subsampling estimator to be

-1
Lip(@) = [Ki—] / 1{TN(CK+y)(éK,B,y—ék)él’} dy (5.95)

I\/l—c

Then Lk () il J(x) for every continuity point x of J(z).

Proof This follows immediately from Theorem 6.3.1 of [48] , as all the hypotheses are

satisfied.

This is a first result of some theoretical interest, but because the rate of convergence
Ta(x) depends on o, which are generally unknown in practice, this corollary has limited
application. We wish to have a similar result for the self-normalized asymptotic result
in Theorem 5.4.2, since the rate of convergence there does not depend on a. So we
first present a theorem along the lines of Theorem 6.3.1 in [48] , which is valid for

self-normalized statistics.
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Consider now the statistic & which is an estimate of scale (in our context, it will be the
square root of the periodogram), and suppose we evaluate it on the observation region
K. Then we may form the ratio

M (5.96)

TA(K) o1

where 7, = u has been chosen as the appropriate rate of convergence, such that the ratio
has a nontrivial weak limit. Now we adjust the definition of the subsampling distribution

estimator accordingly:

Licg(e) = | Ky / 1 (marin) o dy, (5.97)

Ki—e {mN(B4y) 5K By
with 6k B, defined similarly to O g .

Theorem 5.5.1. Assume that the ratio

é[{ - 0

OK

TA(I() (598)

converges weakly to a nondegenerate random variable. Let 8 be real-valued and assume
that T, has the form given by equation (6.6) . Let 6(K) — oo, and let ¢ = ¢(K') € (0,1)
be such that ¢ — 0 but c6(K) — oo. Finally, assume the mixzing condition (5.94) . Then
the following conclusions hold:

i. L () il J(z) for every continuity point x of J(z).

. If J(-) is continuous, then sup, |Lx p(z)— J(z)| 0.

wi. Let
cx.p(l—t)=inf{z: Lgp(z) > 1—t}. (5.99)
If J(x) is continuous at x = inf{z : J(x) > 1 —t}, then
P{rau) (B —6) <erm(1-) = 1-1. (5.100)

Thus the asymptotic coverage probability of the interval [OAK - TN(K)_chB(l —t),00) is

the nominal level 1 — t.
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Proof This proof follows the same structure as Theorem 6.3.1 of [48] . Using the same
arguments, we quickly see that TA(B)/TA(K) — 0, and TA(B)/TN(B_H/) 2% 1. Let & be
a continuity point of J(z) . We use an argument similar to the one used in the proof

of Theorem 11.3.1, together with the fact that TN(A)/TA(A) 2% 1, to show that we can

replace
x5 v~ Ok
o ———— | £z 5.101
(s ( P ) <) (5.101)
by
Ok By — 0
. By %) 5.102
(aceo ( 2l <o) (5.102)

up to a penalty that is op(1) (note that the only difference here is that 6 in (5.101) is
replaced by 6 in (5.102) ). Therefore, it is sufficient to show that Uk (z) il J(x), where

Up () := | Kq_o|7! 1 s dy. 5.103
Ix($) |X1 | /K (QI‘B e)gx} Y ( )

(1 1TA(B4y) 5K By

From here onwards, the remainder of the proof is identical to the proof of Theorem 6.3.1

of [48]. i

We will immediately apply this to (5.96), with the periodogram as the estimator of

scale:

0K =

/K Y (1)t N(dt)‘ : (5.104)

Here w is a vector of frequencies w; each of which is in (0,27) (so they are not an
integer multiple of 27). Now the convergence result in Theorem 5.4.2 can be written as

a self-normalized result:

N(Ig’)élz; o £
(5.105)
Joa (f ¥t + 2) M(dz)) N(dt)

\/(fRd ([ ¥(t+ x)cost'w M(dx)) N( ) + (Jpa (Jg ¥ (t + 2)sint'w M(dz)) N(dt))zl
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This uses the fact that

o K =

/KY(t)e”/“’ N(dt)‘ = op(Nw)+

X(t)e't' N(dt)‘ (5.106)
K

so long as the components of w are not integer multiples of 27 — see (3.44). Finally,
notice that in (5.105) we have 7, = u. Using these facts, we can establish the following

corollary:

Corollary 5.5.2. Let J(x) denote the cdf of the limit random variable in (5.105) , and
make the mizing assumption (5.94) . Then, with the subsampling distribution estimator

as defined above, we have Ly p(x) il J(x) for every continuity point x of J(x).

Proof We have the following simple calculation:

=
TA(K)T (5.107)
- A(I()OI;K b
A(Ix) fB ox ) ()
_ A(K) N-= S X (1)N(dt) c

N(K) N=w [, Y( eﬂf’w N(dt)|
fos U 00+ 2) M) NGt |
\/(fRd ([ ¥(t+ x)cost’w M(dx)) N( ) + (Jpa (Jg ¥ (t + 2)sint'w M(dz)) N(dt))2

This establishes the convergence result neccessary for Theorem 6.3.1 of [48] , and all the

other hypotheses are satisfied, just as in Corollary 5.5.1. This finishes the proof. i

Remark We may now apply this result to develop asymptotically correct confidence
intervals for the mean (see the previous subsection). Since the subsampling distribution
estimator involves Riemann integration, some numerical approximation must be made

in its calculation — see section 6.4 of [48] for further details.



Chapter 6

Conclusion

We have studied several time series models that exhibit long-range dependence and
heavy-tailed marginal distributions — in particular, infinite order moving averages, sta-
ble integral moving averages, and marked point processes — and have repeatedly used
self-normalization together with subsampling to handle some otherwise intractable prob-
lems. Data possessing the Noah and Joseph Effects seem to be extremely prevalent in
nature, and thus there is a great need for effective methods for handling the correspond-
ing models. We hope the reader is convinced of the efficacy of self-normalization and
subsampling toward this end, even in the more difficult context of random fields and
marked point processes. Future investigations should explore heavy-tailed models with

more complicated dependence structures.

Following are four appendices. The first gives background material on stable random
variables, and thus is relevant to the whole work. The second appendix sets up the
notation for Point Process techniques, which are used in the third section of chapter
two. The third appendix treats a-stable processes and random measures. The last
appendix describes a central limit theorem result for triangular arrays of non-stationary

random fields.
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Appendix A

Stable Variables

Herein I will present several equivalent definitions of a-stable random variables. They
are real-valued random variables, and 1 will consider only nondegenerate ones. 1 follow

the notation of Non-Gaussian Stable Processes [64] .

A.1 Basic Definitions

Definition A.1.1. A random variable X is said to be stable iff for all constants A, B >
0, 3C > 0 and D such that

AX) +BX,="CX +D (A.1)

where X1 and Xo are independent copies of X.

We say X is strictly stable iff D = 0. It is a fact that C“ = A% + B“ for some

parameter o € (0, 2] (see Feller for a proof).

Definition A.1.2. A random variable X is stable iff Vn > 2,3C, > 0 and D, such
that

X1+ Xo+-4+X,=2C, X+ D, (A.2)

1
a

where X1, X, -+, X, are independent copies of X. Note: we can take C,, = na.
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Definition A.1.3. A random variable X is stable iff it has a “domain of attraction,”

i.e. 3Y1,Ys, .-+ and positive numbers d,, and real numbers a,, such that
Yi+Yy+---4Y,
s 2; LIS (A.3)

We can take d,, = n%L(n) where L is a slowly varying function, i.e.

L(uz)
L(z)

1 (A.4)

as x tends to co. We say that X has a “normal domain of attraction” iff d,, = n}I, i.e.

we can do without the slowly varying function. We say that the Y;’s above belong to the
domain of attraction of X, which is written ¥; € DOM ().

Definition A.1.4. A random variable X is stable iff 3o € (0,2],0 > 0, 3 € [-1,1]

and real p such that

: exp{—0o®|0|“(1 — iB(signb) tan Z2) + iuf8} o #1
FeifX — ( ( ) ) (A.5)
exp{—0°|0|"(1 + i82(signf)log|0]) + ipf} o =1

The parameters o, 3, and p are unique.

Note a few facts about these parameters: a = 2 corresponds to the normal, and in
this case the § parameter is irrelevant. stgma is the scale parameter, 3 is skewness, and

1 is location, which is the mean if @ > 1. Thus we write
X ~ Solo, B, 1). (A.6)

We say X is symmetric a-stable iff 5 = 0 (shorthand: X is sas). A 1-stable random

variable is a Cauchy.

The tails of these random variables possess many interesting properties:

Lemma A.1.1. Suppose X ~ S,(0,3,1) for 0 < a < 2. Then we have
1+05
—0

2

1-p

2°PIX < —z] ~ CaTaa (A.8)

2*P[X > 2] ~ (s (A7)
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where Cy = (fy" 27 %sinx dw)_l, and ~ means that the ratio tends to unity as x tends

to oo. We will call C,o® the “dispersion” of X.

Remark This result also holds for random variables in DOM («). It is here that we
see the “heavy-tails” rigorously presented; the decay of the left and right tails is roughly
like =%. This justifies Mandelbrot’s designation as “hyperbolic” random variables. Note
that, of course, the a = 2 case is excluded, since Gaussian tails decay at an exponential

rate.
A.2 Product Decomposition of a-stable random variables
First we consider the case of a symmetric a-stable random variable, i.e.
X ~ 5,(0,0,0)
and has characteristic function
E[e] = exp (—a®|t|*), (A.9)

and we will denote this by saying X is sas. It has scale parameter o; we say X is

“standard” if o = 1.

Proposition A.2.1. Let X be sa’s where 0 < o’ <2 and 0 < a < o'. Also let A be an

- stable random variable totally skewed to the right with Laplace transform
Eexp (—vA) = exp (—’y%) (A.10)
for v > 0. In other words,

Arusﬁ_(gns%%)%}Lo). (A.11)

Assume that X and A are independent; then

7= A7 X ~ S.(,0,0). (A.12)
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Remark 1 This is easily proved by looking at characteristic functions and Laplace

transforms.

Remark 2 If we let o’ = 2 in the above, we obtain the representation

Z = A3X ~ sas (A.13)
where X is Gaussian.
Remark 3 If X is skewed, e.g.
X ~ S (o', 4,0) (A.14)
and o/ # 1, then we obtain
7= AV X ~ 8, (0,5,0) (A.15)
if a# 1, and if @ =1 we find
7= ATX ~ 8 (0,0,p). (A.16)

A.3 Series Representation for a-stable random variables

Let N be the number of “customer arrivals” in [0,?]. The process {N, ¢ > 0} is
a Poisson process with rate A. ( PP(X) ) iff the interarrival times are exponentially

distributed:
Tig1 — Ty, ~ 1id exp(A) (A.17)

and EN; = At
There are two key properties of this process to enunciate:

(1) Thinning: We can eliminate an arrival with probability p € [0, 1), independently
of one another, to get a PP(A(1 — p)).
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(2) Adding Poissons: Let N!' and N? be independent Poissons with rates Ay and Ay;
then N1 4+ N2 is PP(A + Ag).

Proposition A.3.1. Let {r;} be the arrival times of a PP(1); let {R;} be iid random

variables independent of the {r;} sequence. If

=1
ZTZ» *R; < (A.18)

=1

almost surely, then the sum converges to a strictly a-stable random variable.

Remark The idea of the proof is to verify A.1.1. If we let X denote the convergent
sum, and take two independent copies X' and X?, and any constants A and B such that

A%+ BY =1, then

AX' 4+ BX? =) (A—ar})‘%R} +Y (B—arf)‘%R?. (A.19)
=1 =1

Now A7%7! and B™%7? are the arrival times of Poisson processes of rates A% and B®
respectively. Then superimpose these two independent Poisson processes, and the sum

will be X.

We wish to generalize this a little more. Consider the following setup:
{ei} ~ iid Rad (%)
{W;} ~ iid elements of Ly,
{I';} arrival times of a PP(1),
where all the above sequences are independent. Rad refers to a Rademacher random
variable which takes on values 1 and —1 with probability % each. Then the following

theorem holds:

Theorem A.3.1. Suppose 0 < a < 2. Then
= _1
D el W (A.20)
=1

converges almost surely to

X ~ 8o ((CRI )7, 0,0) (A.21)
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where C 0% is the “dispersion.’

Corollary A.3.1. Any sas random wvariable for 0 < a < 2

, i.e. 1t has law S,(0,0,0),
has the series representation, i.e. it is equal in law to

(]E|W1 ) Ze F_é

(A.22)
Remark 1

This corollary is immediate from the theorem, and the proof of the
theorem can be found in [64] .

Nevertheless, the following heuristic gives us some intuition
into why it is true: the waiting times are strictly increasing, so

(A.23)

Thus the first term of the sum is the dominating term; let’s investigate its tail behavior

_1
P |:|€1F1 O“VV1| >z

= [P < wte™) Fyy (dw)
0

(A.24)
= /000 (1 — exp(—waw_a)) F|W1|(dw) ~ E|W;|"2~¢

as ©t — oo, by a Taylor series expansion. But this is the tail behavior of an a-stable
random variable.

The other terms give the neccessary corrections to make the sum
stable.

Remark 2 A similar representation can be found in the nonsymmetric case, i.e. when
the skewness 3 of X is nonzero.



Appendix B

Point Process Techniques

This is a brief introduction to point process techniques — see [51] for additional details.

Let £ be the space (0,00) X R\ {0} with the o-field £ of open sets, and define

1 reF
ex(F):=1p(x) = (B.1)
0 r g F
forz € IV and F € &.
A point measure m has the form ), _;¢;,, and is defined on all relatively compact
subsets of I2. The class of such measures is denoted by M,(E), and M, (L) is the smallest

o-field such that the mapping for F' € £

m — m(F), (B.2)

i.e. the evaluation maps, are measurable.

A Point Process on F is a measurable map from a given probability space (Q,.A4,P)
into the measure space (M,(L£), M,(E)). Thus a point process is a random point mea-

sure.
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Let CE(E) be the set of continuous functions from E to RT that have compact
support. A useful topology for M,(F) is the “vague” topology, under which M,(F)
is a complete separable metric space. If p, € M,(FE), then p, — po “vaguely” iff
tn(f) — po(f) Vf € CE(E),in which case we write p, — po.

A Poisson process on (£, &) with mean measure p is a point process £ satisfying for

all F e é&:

erpd— (u(A)* 50
PE(F) = K] = p{=n(A)} =5 fu(A) < (B.3)

0 ifp(A) =00

which has the independent scattering property, i.e. if Fy,---, F, € & are all disjoint,
then £(F1),---,&(F),) are independent random variables. We say that £ is a Poisson

Random Measure with mean measure p, which is abbreviated PRM ().

Now suppose we have an iid sequence {Z;} which satisfies the tail behavior described

by conditions (2.2), (2.3), (2.8). By defining the Levy measure v on R\ {0} as follows
v(de) = apx_a_ll(opo)(x)dx + aq(—x)_a_ll(_oop)(x)dx, (B.4)

we can formulate condition 2.8 of the previous section as

v

nP [a;'Z1 € -] = nF(a, ) —— v. (B.5)

We define the measure p(dt,dz) := dt x v(dz) on (0,00) X (R\ {0}). Then the following

convergence holds true:
o0 - o0
Zg(ﬁ,@) - Zg(tkvjk) (B.6)
k=1 " k=1

on M, ((0,00) x (R\ {0})), where the limit is a PRM (p). We use here the convention

that a point that falls outside the state space does not contribute to the sum.
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Now we cite a result from [16] for linear time series { X;} which satisfy our assumptions

(2.2), (2.3), (2.8):

Zé(%vﬁ) :£> Zzg(tk7¢i]k)7 (B.7)
k=1

an k=1 i€Z

where {(tx, )} are, as above, the points of a PRM (1) on the space (0,00) x (R\ {0}).



Appendix C

Stable Integrals

In this section several topics on a-stable random measures and integrals are presented,
starting with basic definitions and moving to some representation results. This gives the
construction of a-stable processes, e.g., a moving average of sas r.v.’s. All this material

is drawn from Chapters 1, 3 , and 7 of the book Non-Gaussian Stable Processes [64] .

C.1 Stable Stochastic Processes

A stochastic process { X}, is stable iff all its finite dimensional distributions are

stable. We define strictly stable and symmetric stable processes similarly.

Theorem C.1.1. (a) {X,} is strictly stable iff all linear combinations

d

Zkatk b17b27 e 7bd eR (Cl)
k=1

are strictly stable.
(b) Similarly, X is symmetric stable iff all its linear combinations are

(c) If a > 1, then X is a-stable iff all its linear combinations are.

Example : a-stable standard Levy motion Consider the process with the fol-
lowing properties:

(1) X(0) = 0 almost surely
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(2) X has independent increments

1

(3) Xe — X5~ Sa((t—5)~,5,0) 0<a<2.

Notice that when o = 2 this is just Brownian Motion (here 5 = 0). When we stipulate
that § = 0, we obtain symmetric a stable Levy Motion or sas Levy Motion. It
has the property of being L self-similar, i.e. {X.} and {cé{Xt} have the same finite

dimensional distributions.

C.2 Existence of Stable Integrals

We wish to define a stochastic process {I(f): f € F'} as integrals by specifying the

finite dimensional distributions. Let (F, &, m) be a measure space and let
g: b — [-1,1] (C.2)
be a measurable mapping. Choose the space F' to be

e Lo(E,Em) a#1 ©.3)

Flm,0) a=1

where

F(m.B)={f: f € L(E.£,m) and /E |F()() log | f(x)|lm(dz) < 0} (C.4)

Assume without loss of generality that m is o-finite.

Given f1,---, fa € F, define Py ... 4 in R? by characteristic functions:

PfrfalO1 - 0d) (C.5)

s

d o d
=exp{ — /E | ZOjfj(acﬂ 1 —if(z)sign Z 6;f;(x) | tan ; m(dz)
j=1 7=1
if a# 1 and

(bflv'wfd(elv"' 70d) (CG)

d d d
= expd = [ 10 1+ iZ0(wsign | 00,60 | g 3 63, 0)] | e
7=1 7=1 7=1
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ifa=1.

These measures have the characteristic functions of jointly a-stable random variables
on R?. They are consistent and hence, via Kolmogorov’s Extension Theorem (see [21]
), there exists a stochastic process {I(f): f € F'} whose finite-dimensional distributions
have the characteristic functions given above. Then I(f) is the a-stable integral of f;

m is said to be the control measure and ( is the skewness intensity.

We see the following interesting properties from this representation:
(1) For any fi1, fo, - fa € F, we have I(f1),I(f2), -+, 1(f1) are jointly a-stable with the

joint characteristic function given above; moreover they are jointly sas iff 3 = 0.

(2) If f € F, then I(f) ~ So(0¢, By, pty) where

o = ( [ iser mdw>) (c.7)

)<“> ﬂ( ) m(d)

Os= fEIf m(de)
0 a#l
fr =
2 [ f(a) Ale) log| f(a)| m(dz) =1

We have used the notation ¢g<*~ = |g|*sign(g).

(3) I is a linear functional.

C.3 «a-stable Random Measures

Assume an underlying probability space (£, F,P), and let Lo(€2) denote the space of
all random variables on it. Let (F,&, m) be a measure space, and §: E — [—1,1] is a

measurable function. Let & ={A4 € £ : m(A) < 0o} be the sets of finite m-measure.

Now we define the desired measure: let M be an independently scattered o-additive

set function
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such that for every A € &, we have

M(A) ~ S, ((m(A))%, W,o) . (C.9)

Independently scattered means that disjoint sets produce independent random variables,
and o-additive refers to its properties as a measure. Then M is called an a-stable

random measure on (F, &) with control measure m and skewness intensity J .

The first question one might ask is: does it exist? Define the stochastic process
{M(A), A € &} via

M(A):=1(14) (C.10)

for A € &, where I denotes the stable integral defined in the previous section. Thus we

just use indicator functions as a nice simple class of integrands in F’ to define a stochastic

process (one way of viewing a random measure is as a stochastic process indexed by sets).

To check that these functions are in F, observe that
/(1,4)cy dm =m(A) < o0 (C.11)

due to the fact that A € &. We say that M is a sas random measure iff 5 = 0.

Example Take M to be an a-stable random measure on ([0, 00), B(RT)) with Lebesgue
control measure and constant skewness 3(z) = . Define X, := M([0,¢]) for 0 < ¢ < o0,

which is well-defined since m([0,¢]) < ooVt > 0. Then we see that
Xy — X, = M((s,1]) ~ Sal]t — =, 3,0). (C.12)

This process also has independent increments, which follows from the independent scat-

tering properties of M. Thus we see that X is a standard a-stable Levy motion.

C.4 Construction of Stable Integrals

We now wish to define I(f) = [ f(2)M(dx) for appropriate integrands f (e.g. for
f € F ). Let M be an a-stable random measure on (£, &) with control measure m and

skewness intensity 3. Let & denote the measurable sets with finite mass.
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If f(z) =32"_; ¢jla,(z) with A; disjoint in & and ¢; constants, then define

n

1= [ SMdn) = 3 e, (C.13)

=1
The above integral is a sum of independent random variables, due to independent scat-
tering. In fact, I(f) ~ So(os, Bs,pu5) . We extend this definition to more general f € F
via approximating by the above simple integrands (analagous to the Ito integral con-

struction), and by showing convergence in probability (see [64] for details).

Example : Moving Averages Take f such that ffooo | f(2)|" da < oo for 0 < a < 2,
and define

X = /00 ft—2)M(dz) teR (C.14)

where M is a sas random measure with Lebesgue control measure on R. We call this a

sas MA process; it is strictly stationary.

Example : Ornstein-Uhlenbeck Process Take f(z) = e‘”l[opo)(x) in the above
MA process. Then
¢
X, = / e~ MM dae) (C.15)

for any ¢t € R. Note that by the following random variable
¢
Xy —e M9 x, = / e MM (dae) (C.16)

is independent of o{X,,u < s}. Thus the Ornstein-Uhlenbeck process is a Markov pro-

cess.

Example : Sub-Gaussian Process Now consider the decomposition given in sec-
tion 3.2, and consider X; = A%Gt for t € T, where G4 is a Gaussian process and
2
A~ Sa((cosTF)a,1,0) independent of the Gaussians. Such a process is called a sub-
2

Gaussian process. Now let M be a sas random measure on the underlying probability
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space {2, with control measure I (the probability measure); then

{Xt} _d {dalﬂ /Q G(t,w)M(dw)} (C.17)

for d, = (E|Z|*) and Z ~ A(0,1).




Appendix D

Central Limit Theorem

D.1 Introduction and background

Since the pioneering paper of Rosenblatt ([60]) there have been many results on the
Central Limit Theorem (CLT) in the context of random variables satisfying a strong

mixing condition; see e.g. [18] and the references therein.

With respect to a Central Limit Theorem for a triangular array of weakly dependent
random variables there has been work by [65] who considers triangular arrays of sta-
tionary ¢-mixing random variables taking values in general state spaces but with the
¢-mixing coefficients being the same for each row of the array. [67] studied triangular
arrays of random variables with ¢-mixing coefficients being (possibly) different for each
row of the array. In addition, [45] has a Central Limit Theorem under p*-mixing in a
strictly stationary context. Recently, [57] and [49] derived a Central Limit Theorem for
random variables with strong mixing (as opposed to ¢-mixing or p*-mixing) coefficients
being (possibly) different for each row of the array; however, their methods are very
different and the respective sufficient conditions for the Central Limit Theorem to hold

are not immediately comparable.
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[9] was perhaps the first to prove a Central Limit Theorem in the context of a stationary
random fields that satisfy a condition with strong mixing coefficients that depend on the
sizes of the sets considered; see line (D.1) below. However, no result so far addresses the
case of a triangular array of random fields. In this paper, we fill this gap and provide
sufficient conditions for the Central Limit Theorem in the context of a triangular array
of possibly nonstationary random fields satisfying a strong mixing condition that may be
different for each row of the array. To do this, we employ the ubiquitous big block—small

block method of [4]. Also see [45] for a similar result under a different type of mixing.

D.2 Central Limit Theorem

Fix m € N, and consider the real-valued random variables X, ; defined on a common
underlying probability space (£, A,P); here n € Nand i € N™. For simplicity, we assume
that the random variables X, ; have mean zero. The random variables {X, ; for n € N
and i € N} constitute a triangular array of random fields with kth ‘row’ consisting of
the random field {X};,1 € N™}. We equip N”* with the  (taxicab) metric denoted by

p (though any other metric [, for 1 < p < oo would work equally well).

In terms of notation: i denotes a N vector, so i = (i',4%,---,i™). Also i will be the
maximum of the components, i” will be the minimum of the components, and |li| will be
the product of the components (though in other situations | - | will denote cardinality
without possibility of confusion). All vectors will be in bold, with their components

written as superscripts.

Define the strong mixing coefficient corresponding to the nth row of the array by

au(Gslb) = s (P4 B) = FOUR(BIL: (6] < 1IN < kopl0.0) > ). (D)
AC m
where A € 0{X,;:1€ 0}, B € o{X,;:1€ A}, and 0{X,;:1€ O} denotes the o—

algebra generated by the random variables {X,;:1 € O}.
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For d,, € N, let the set D, = {i: 1 <i* < dFf fork =1,...,m}. We will work under
an assumption that requires the set D, to expand in all m directions at an almost uniform
fashion. More precisely, assume that d’ — oo in such a way that D, C Ball(c(|dn|)#),
where Ball(r) is the Euclidean ball of radius r in R™, and ¢ is some positive constant.

We will write d,, = oo to denote this condition.

Theorem D.2.1. Let {X,;,n € N,ie N} be an array of mean zero random variables.
Denote the mixzing sequence corresponding to the nth row of the array by o, (-;1, k), and

define

a-l—k—l a1-|—k1—1 a2+k2—1 am-l—km—l
Sn,k,a = Z Xn,i = Z Z Tt Z Xn7(2'172'27...72'm), (DQ)
i:a i1=a1 i2:a2 im:am
where 1 = (1,1,...,1), and
_1
0'7%71{73 =Var(lk|" 25, x,a)- (D.3)

Assume the following conditions hold, for some 6 > 0 :

1 Xnillypos < A forallnandi (D.4)
0F ka — 0> > 0uniformly'ina (D.5)
m |d"| m— T .

Crr) = 30 1 (s 1 1) = ol 57 (D.6)
an(12?|dn|v|bn|):0(|1n|/|dn|) (D.7)

; 1 .
an(by; [dal/|L. [bo|/Ila]) =0 =) Vj (D.8)
In the above, T := ﬁ, where ¢ is the smallest even integer that is greater or equal

to 2+ 6; A is a finite constant independent of n and 1.
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Note that conditions (D.6) , (D.7) , and (D.8) should hold for some choice of vector

sequences 1,,, by, and d,, in N™ such that 1, = oo, b, = oo, and d,, = oo, and which

satisfy
I b
L P _ D.
A T )
for eachv=1,...,m.
Then:
1 dn L
d,|"2 ZX”J = N (0,02) (D.10)
i=1
as d,, = oo, where 2?2"1 Xni = Sndy1-

Remark Note that if we have stationarity in each row of the array, condition (D.5)

can be replaced by condition (D.11) given below:
U%kml — o?asn — oo (D.11)

for any sequence of vectors {k,} such that k% — cc.
The hypotheses (D.6) , (D.7) , and (D.8) are quite general; below a result is formulated
under a specific choice of all the block sizes.

Corollary D.2.1. Assume the same general model as in Theorem D.2.1, and suppose
that the index set under consideration is an m-dimensional cube with side lengths d!, =

n  Yi. Let the block sizes be
I =[ni] b =[ni]. (D.12)
Assume (D.4) and (D.5), and the following new hypotheses:

Cm(r) = 0(1) (D.13)

3m 3m
4

an(n%;nT,nm) =o(n~

) (D.14)
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Then
n
0N X = N (0,02) (D.15)
i=1
as n — oo, where n = (n,n,---,n).

Note that the corollary follows from the theorem, since (D.13) is clearly stronger than
(D.6) . Also, (D.14) implies (D.7) and (D.8) :

|du]

an(lz; |dn|7 |bn|)m ~ an(n%; nTvnm)nT - 0 (D16)
and also
(b3 |dl/|Lal, Bl /LTl ~ (5075 0% (D.17)

This inequality is due to the fact that strong mixing coeflicients are monotonically de-
creasing in their first argument, and monotonically increasing in the second two argu-
ments (which is easily seen from the definition). It also uses the fact that the «, is

symmetric in the latter two arguments.

D.3 Proof of the Theorem

The proof strategy for Theorem D.2.1 consists of several steps. The overall technique
is to use a multidimensional generalization of the Bernstein big block — small block

technique, combined with the use of the Lyapunov Central Limit Theorem.

D.3.1 Step 0 : Notation and preliminaries

We “chop” each of the m dimensions into big and small blocks (segments) whose
dimensions are given by the vectors b’ and 1, rtespectively chosen to satisfy (D.7).
Let i, be the largest integer k such that (k — 1)(bi, + 1) 4+ b, < d!. It follows that
r' (I, + bl )~ d!, and r b! ~ d’, as well.
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Next, let
Unii= > Xuj (D.18)
JEBn+i¢
where 1 < i* < rf for 1 < k < m, and B, := {a:lgakgbfb,lgkgm},andiois
a vector whose kth component is (i* — 1)(b% 4 1%). So i ranges as an index over all the
big blocks, where B, is the “first” or bottom left corner block. Let V,, be the remaining
random variables (that accounts for the “mortar” between the big blocks). We can

imagine that V,, consists of a large number of little blocks of kth side length 1,*. Thus

Sndnl = Z Ui + Vi (D.19)
i=1
Since 1% > 7 and the mixing coefficients are less than 1,
Cr(r) =Y (k+ D" (k1,17 2> (k+ 1) (k1L 1T > O | — ).
144
k=0 k=0
(D.20)
So by (D.6), we get
) 1 1
cl—— ) - <O (r)- — 0, D.21
(1+5) |d.| ™) |1, |2 (D-21)

and thus

cm (%) = o(|d,)). (D.22)

D.3.2 Step 1 : Estimate of the “mortar”

We will chop the mortar into several chunks; some of these chunks will be asymptoti-
cally independent, thus ensuring that the mean square of the mortar is small. First, we

introduce the following notations:

V, is the normalized sum of all r.v.’s in the mortar. The jth base face of D, denotes

the set of all indices of the form

(01702,“‘ 7aj—1717aj+17"' 7am)' (D23)
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For example if m = 3, these are the hyperplanes through z = 1, y = 1, and z = 1.

Denote a strip of the jth base face by 7. It is a sub-block with dimensions

dl x - x T x It xox A, (D.24)

n

There are rl, of such T;’s within the jth base base, for each j. We won’t bother to
distinguish between the different 7’;’s of the jth base face; even though they have different
distributions, we are only concerned with their second moments, which will be given the

same bound due to our moment bounds and mixing assumptions.

Now imagine breaking each 7} into a multidimensional “checkerboard” which will
consist of several distinct colors. We break it up in such a way that no block shares an
edge or corner with a block of the same color, and the blocks will be of size 1,, i.e. their

. . . 1
dimension is I, x -+ x 1.
Claim The number of colors neccessary for this “checkerboard” is 271,

We prove this claim by induction on m; the case m = 2 is clear, since in this situation
we have a flat strip which we alternately color with two different colors. So suppose
the claim holds true for dimension m. We obtain the next highest dimensional strip
by stacking up v/, m-dimensional strips in direction j (for an appropriate direction j).
Without loss of generality say j = m + 1. The first “new stack,” i.e. the second stack,
must have all new colors, in order for the desired “checkerboard” separation to hold;
for this we need 277! new colors. The next stack after that (i.e. the third stack) will

2m~1 colors, as the first and third layers will be

have the same pattern as the first
separated by distance 11, Then the fourth layer can follow the coloring of the second
layer, and so on. Thus we need a total of 271 4+ 2m~1 = 2.27m~1 = 2™ colors for the

(m + 1)-dimensional strip. This proves the claim.

Since the number of such little blocks in each 77 is
d}l---d%_ld%“---dﬁ B |dn|1%

P VA VA ) WS T

(D.25)
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the number of little blocks within each “color grouping” of T} is 2!~ times the above
number. The normalized sum of blocks within a color grouping will be denoted by R;,
where we again suppress the fact that there are 2”~! of these within each 7;. We will

denote an arbitrary little block by L.

We will need the following lemma, which generalizes an instrumental result by Ibrag-

imov ([30]):

Lemma D.3.1. Let ¢z be the characteristic function of the random variable Z.

H(bzfﬂU’%i"'Y —Osk pr syl S 16 kan(Ans k Bry Vi), (D.26)

1=1"n,1
where Y and Y’ have the same distribution, are measurable with respect to sigma algebras
of size v, and B3, respectively, such that v, > [3,, and are independent of each other.

Also Y’ is independent of the Ué,i ’s, and all blocks are at least A, distance apart.

Proof of the Lemma  Note that the £ = 1 case is just Ibragimov’s Lemma, where we
can replace o, (A, ) by @, (An; B, 1) since we can make this replacement in the covariance
inequalities for U, and Y. Proceeding by induction, we assume the statement is true

for j = k — 1. The following notation will be used: let W; i, be a random variable

1 7i27"'7

with the same distribution as Uy, + Unyi, + -+ -+ Uy, . Thus we have

—I_ H¢W1727... 7k-l—Yv/ - ¢Ek U’ +Y!

1=1"n,t

To the first term we apply Ibragimov’s Lemma to Zle U, and Y, with their inde-
pendent (but identically distributed versions) Wi ;.. and Y’, and discover that the
first part is bounded by 16a,(A,;k B,,7,). For the second term, we use the indepen-
dence to factor a term ||¢y/|| ( which is bounded by 1) from both summands, leaving

. By inductive hypothesis, since Wy 5 ..., and Zf;llUm + Un

H(bwlﬂw“ Kk ¢Ef=1Ur/z,i

are equal in distribution, the term is bounded by

16 (k= 1) an(Ap; (k= 1) Br; Bn) < 16 (k= 1) an(An; K Bnsyn)- (D.28)
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Summing the two parts yields the desired result. i

Now we will proceed to estimate V,:

[T

m ]
Vars (V) <Y Varz [ Y13 (D.29)
7=1 k=1
where we suppress the fact that 7; depends on k for ease of notation. We claim that it
suflices to show that
S (¥ Vars (T)) = o(1). (D.30)

J=1

Applying Lemma D.3.1, we see that

, - Y|d,| Y|d,
o  —oé_ |I<16rla, | bl;r), | |, Id,| (D.31)
EkilTJ EkleJI d%|ln| d%|ln|
4 |d] |dy,
<16r%an(b%;| |,| |) — 0.
L] " {1

The limit at the end is due to (D.8). Here, T is an independent identically distributed

copy of T;. Therefore the difference

DI (D.32)

converges weakly to zero, and hence is op(1) as well. Now the variance of the independent

version is just

iVar(Tj), (D.33)
k=1

so if T; tends to zero in mean square, it also does in probability, and then so will the

non-independent version.

Next, we find that

Vars(T;) < 2" 'Varz(R;). (D.34)
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We claim that all the little blocks within each R; are asymptotically independent; this
is again via Lemma (D.3.1) :

o ld 1
o5 1., — 651yl < 16 (21 ﬁ) o (L5l 1] ) — 0. (D.35)

where the sum is over all little blocks L, within each color grouping R;; as usual, L],
denotes an ¢id (independent and indentically distributed) copy of L,,. The limit at the

end is due to (D.7). This gives us asymptotic independence of different “colors” within

the checkerboard.

Now we expand the little block L,:

L,
L2 =) "Y+) Wy, (D.36)
i=1 i£j

where Yj is the random variable of the “first” little block with coordinates given by the
vector i. Here, 1 # j means at least one coordinate of the two vectors differs. The esti-
mates are the same for every little block in D,,, because the covariances will be bounded
by the mixing coeflicients, which are only a function of distance between variables, not
their absolute location. We take the expectation of this sum to get variances and covari-

ances. The first term becomes:
1, 1, 1 L,
D Varyi =) N[5 <D Vil30s < Y AT = 1] A% (D.37)
i=1 i=1 i=1 i=1

For the second term, consider the covariance between random variables ¥j and Yjyx;
by holding all but the first coordinate fixed, we see that the number of covariances
where the first coordinate of the variables differs by k! is 2 (1L — k!). Repeating for each
coordinate and using the fundamental mixing inequality (see [63]) gives a bound on the

second term:

6

In m
T2/ - K) 10 an(k + -+ k™51, )T A, (D.38)
k>0 j=1
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where we have used p = ¢ =2+ 26 sothat r = 1-2/p = and (D.4) for moment

5
1462
bounds. Also, j > 0 means, of course, that at least one component of j is positive.
Simplifying the above expression gives:

2m-10-|ln|A2ian(k1—|—---—|—km;1,1)1+%. (D.39)
k>0

The latter expression is simplified by counting the number of times a,, (k) occurs in
the sum, for each fixed & € N. The points of the lattice corresponding to this a,, (k) form
a “sphere” under the given metric. So the number of times «,, (k) appears in the sum is
equal to the number of random variables of distance k from a fixed random variable. This
is the number of lattice points on the sphere of radius k. It turns out that the number
of points on this sphere is of the order of (k + 1)m_1. In other words, the number of
solutions in N™ of z; + z3 + - - -+ 2, = k is bounded by K (k + 1)m_1, for some constant

K only depending on m. Thus we obtain:

Zan (K K L )T ST (k4 1) e (ks 1, 1) (D.40)
k>0 k=1

Putting it together, we get

2l AP+ 27 L 10 AT KDY (k4 D)™ (ks 1, 1)7+s (D.41)
k=1
<l - A2 {1+2m-10-1(2(k+ 1™t an(k;1,1)1+%}
k=1
<l - A2 {Qm 10- KD (B4 1) an(ks 1, 1)1%5}
k=0

0
=,|-=-cr | —),
-z o ()

where = := A2.27 .10 - K.
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Thus we get the following estimate for the mortar:

. 1
L - Y TS 1) A N IR § 7
Var2(V)) < rlyzom ) L, 20— D.42
(V) ; (r7,) (Ilnld%) |dn|| | (1+5) (D.42)
TN § 2
=0 ") O (o
Ian%; d’, (1+6)
1
1 (i1t \? § 2
—O0 | — =) e (— | —o.
|dn|%(di) R

Here, V! denotes V,, with the appropriate random variables replaced by ¢id versions,
as described in the two claims above on the asymptotic situation. The limit is due to

(D.22). Thus V! = op(1), s0 V,, = op(1) as well, as required.

D.3.3 Step 2: The Mixing Condition

1 1
Let ¢ and ¢ be the characteristic functions of [d,|"2> {"; Uns and [d,|"23 532, U ;.
Then

16 = Cll < 16+ [ea] - (Ln”; [, [ b)) (D.43)

where || - || denotes the sup norm.

This follows immediately from Lemma D.3.1 (see the previous section) where Y is the
last big block, so that 8, = |b,| = 7,. Also A, = I, and k = |r,| — 1; rounding upwards
gives the desired bound. Now this upper bound goes to zero as n tends to infinity by

(D.7), which establishes the asymptotic independence of the big blocks.

D.3.4 Step 3: Estimate of the Big Block

Much of the computations are the same as for the small block; here we use a trick

found in [18]. So for the given é, let ¢ be the smallest even integer that is greater or
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equal to 24 ¢; let d := 5. Then

bn c bn
B =Yz <E[ Y177 (D.44)
j=1 j=1
bn 74 bn d
—E|(Sn) | =BT w
J=1 j=1 i#j
bn d
o )RS
j=1 i g
d
< Z\!Y2\1d+Z\IYY\!d :
i#j

where Zj is the random variable of the “first” big block with coordinate vector j, and
)

Y = |Zj|ac-_. The first inequality is merely the triangle inequality |z + y|° < |z| + |y|

for 0 < € < 1. The other inequality is the Holder Inequality. The first term is:

-

1

bn
S\d 6 d
ZHYZHd Z(]EIZJ'I2+ ‘ Z (13155 (D.45)

j=1
1

by,
§\a 2446
Z 1Z5[15455)* < Ibaf AT,

and the second term is:

1
D _I¥Yill, =D (EWiW5))7 (D.46)
i£j i£j
1
<So{aM 10 an(fi- jli 1 )= |
i
o)
= AT 107 3 a(fi -l 1, 1),
i
246
where W; := |Z;| 2. Now we use the same type of counting argument on the sum of
mixing coeflicients as in Step 1, and obtain:
D an(li-jl L1 < [bal 2™ K> (k+ 1) (ki 1,1), (D.47)

i#] k=1
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where 7 := (1 ) Therefore we get the following bound:
b 246 d
EY 7| <oA% A% 109 an(fi—jli 1, 1) (D.48)
j=1 i#j
0o d
< A {|bn| + 107 - [by|- 2™ K D (k4 1) (k1 1)7}
k=1
0o d
< A {10d ol <27 K> (k+ 1) tan(k; 1, 1)7}
k=0

= A b, |10 K27 (O ()Y,

where C7(1) 1= 302, (k 4+ 1), (k;1,1). Let Z:= 10 K427, Finally, we get:

Bl b0 = b E (D.49)
< b [T E AT b, 2 (O ()
<A E O],
since |b,|? < |bn|a2-_5

D.3.5 Step 4 : The Lyapounov Condition

1
We wish to show that |d,|72 >, U’ = oN, where N denotes a standard normal

random variable. To this end, we must verify that

246
I'n I'n 2 1 246
3 S oo IE‘ |50 —0. (D.50)

Then we may apply the Lyapounov Central Limit Theorem. It is valid to consider the

independent versions Unj

the same by Step 1. First by (D.5) we obtain:
1 o 2
= — E(U! . D.51
e () = ey et )
L& —L1 ., \?2 2
= g 2 B ) —

of U, j, since their characteristic functions are asymptotically
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Now from Step 3 we have

g-_é
'n n 246
2 (Z Ué,i) E||d.| "2 U (D.52)
j=1 i=1
r r m
= Z Var (Z Uf%i) EU; |2+6
j=1 i=1
244
_246 R _L o, 248
= [ro| [lr n (Z ) > EIb 750
=1
< a7 2 O(1) [ - AT E (O (7))
<ImlFom e
246
= o {le T Crn} T — o,
where the last step follows from (D.6). Thus, by Lyapounov’s CLT,
d, ~3yrn U’
LIPS = N. (D.53)

{Var (|dn| v )}%

Now if we look at the variance we find that

tnl - [bal . 1 S ' 2
Erl 10l - - . —1.02
e |d (Z ) AT A e o] 2 U ?

- (D.54)

Then by Slutsky’s Theorem, we obtain
I'n
472> UL =5 oN. (D.55)

Now we add up the big blocks and the mortar, which goes to zero in probability by Step
1. So again by Slutsky, we obtain:

1477 Sda = 1|75 (UL + Vi) = 0NN (D.56)

i=1

This completes the proof. i

Remark One can also use an [, norm and the same results hold, as the estimate on

the cardinality of the sphere also holds for the sup norm.
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