Taylor & Francis
Taylor & Francis Group

dommsmeie | Journal of Nonparametric Statistics

it Sl

— ISSN: 1048-5252 (Print) 1029-0311 (Online) Journal homepage: http://www.tandfonline.com/loi/gnst20

Hermite expansion and estimation of monotonic
transformations of Gaussian data

Ryan Janicki & Tucker S. McElroy

To cite this article: Ryan Janicki & Tucker S. McElroy (2016): Hermite expansion and estimation
of monotonic transformations of Gaussian data, Journal of Nonparametric Statistics, DOI:
10.1080/10485252.2016.1139880

To link to this article: http://dx.doi.org/10.1080/10485252.2016.1139880

@ Published online: 27 Jan 2016.

N
C)/ Submit your article to this journal &

A
& View related articles &'

PN

(!) View Crossmark data (&

CrossMark

Full Terms & Conditions of access and use can be found at
http://www.tandfonline.com/action/journalinformation?journalCode=gnst20

(Download by: [US Census Bureau], [Tucker McElroy] Date: 28 January 2016, At: 07:57 )



http://www.tandfonline.com/action/journalInformation?journalCode=gnst20
http://www.tandfonline.com/loi/gnst20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/10485252.2016.1139880
http://dx.doi.org/10.1080/10485252.2016.1139880
http://www.tandfonline.com/action/authorSubmission?journalCode=gnst20&page=instructions
http://www.tandfonline.com/action/authorSubmission?journalCode=gnst20&page=instructions
http://www.tandfonline.com/doi/mlt/10.1080/10485252.2016.1139880
http://www.tandfonline.com/doi/mlt/10.1080/10485252.2016.1139880
http://crossmark.crossref.org/dialog/?doi=10.1080/10485252.2016.1139880&domain=pdf&date_stamp=2016-01-27
http://crossmark.crossref.org/dialog/?doi=10.1080/10485252.2016.1139880&domain=pdf&date_stamp=2016-01-27

Downloaded by [US Census Bureau], [ Tucker McElroy] at 07:57 28 January 2016

Journal of Nonparametric Statistics, 2016 Taylor & Francis
http://dx.doi.org/10.1080/10485252.2016.1139880 Taylor &Francis Group

Hermite expansion and estimation of monotonic
transformations of Gaussian data

Ryan Janicki* and Tucker S. McElroy

Center for Statistical Research and Methodology, U.S. Census Bureau, 4600 Silver Hill Road, Washington,
DC 20233-9100, USA

(Received 16 June 2014, accepted 11 October 2015)

This paper describes a semiparametric method for estimating a generic probability distribution using a
basis expansion in L2. We express the given distribution as a monotonic transformation of the Gaussian
cumulative distribution function, expanded in a basis of Hermite polynomials. The coefficients in the basis
expansion are functionals of the quantile function, and can be consistently estimated to give a smooth
estimate of the transformation function. For situations in which the estimated function is not monotone,
a projection approach is used to adjust the estimated transformation function to guarantee monotonic-
ity. Two applications are presented which focus on the analysis of model residuals. The first is a data
example which uses the residuals from the 2012 Small Area Income and Poverty Estimates model. The
Hermite estimation method is applied to these residuals as a graphical method for detection of depar-
tures from normality and to construct credible intervals. The second example analyses residuals from
time series models for the purpose of estimating the variance of the mean and median and comparing the
results to the AR-sieve. This paper concludes with a set of numerical examples to illustrate the theoretical
results.

Keywords: Hermite polynomials; small area; time series; AR-sieve; SAIPE; Hilbert space

AMS Subject Classification: 62G05; 62G07

1. Introduction

The Hermite polynomials have been a popular tool for approximation theory in fields such as
probability, numerical analysis, and physics, due to the fact that this set of functions forms a
complete orthonormal basis for functions with unbounded domains. This property allows for an
expansion of any function in L? using the Hermite polynomials as basis functions.

In the statistical literature, orthogonal series have been used extensively for density estima-
tion, notably by Schwartz (1967), who gave an expansion and simple moment-based estimators
of the coefficients in the series for consistent density estimates in the integrated mean squared
error sense. Madan and Milne (1994) and Jondeau and Rockinger (2001) used Hermite poly-
nomial density estimates for perturbations of a standard Gaussian density to account for excess
skewness and kurtosis for estimation of risk-neutral densities in their options pricing modes.
Polynomial expansions are not restricted to the Hermite family; for example, Babu, Canty, and
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Chaubey (2002) used Bernstein polynomials to obtain smooth cumulative distribution function
and probability density function estimates for distributions with support on [0, 1].

The Hermite expansion has been used to understand the asymptotic behaviour of statistics —
see Taqqu (1975). Recently, the Hermite expansion has been used to develop robust tests for nor-
mal distributional assumptions. Puuronen and Hyvirinen (2011) used Hermite polynomials for
density approximation, and used estimated coefficients to measure the degree of non-Gaussianity
in a sample, which is an important problem in the theory of independent component analysis
(Hyvirinen and Oja 2000). Similar work is that of Bontemps and Meddahi (2005, 2012), who
used Stein’s lemma and the orthogonality of the Hermite polynomials to develop moment-based
test statistics.

In this paper we represent the observed data as a monotonic transformation of standard Gaus-
sian random variables, and expand this transformation function using a basis expansion. This
is quite general, as the transformation function can be written as the composition of the quan-
tile function and the Gaussian cumulative distribution function for any continuous population.
The coefficients in the basis expansion of the transformation that we derive can be expressed
as a functional of the theoretical quantile function. Using the empirical quantile function (eqf)
as a plug-in estimator leads to an L-estimator, that is, a linear combination of order statistics.
There is much literature on the properties and uses of L-estimators; see, for example, Mason and
Shorack (1992) and David and Nagaraja (2003). In this paper, however, we focus on properties
of the eqf for deriving consistent estimates for the Hermite coefficients in the expansion. This
setup seems not to have been previously considered, and we find it to be a useful method for
giving a semiparametric description of non-Gaussian distributions.

Closely related work is that of Menéndez, Ghosh, Kiinsch, and Tinner (2013), who mod-
elled the errors in a nonparametric time series regression model as an unknown monotone
transformation of an underlying latent Gaussian process, expanded in Hermite polynomials. In
contrast to the work in this paper, Menéndez et al. (2013) use kernel smoothing to estimate
the time trend function and to recover latent Gaussian process. They noted the important role
of the first coefficient in the basis expansion in bandwith selection, and gave a consistent esti-
mate of the coefficient for deriving a data-driven bandwidth in their kernel estimator of a time
trend.

Alternatively, a parametric form of the marginal distribution could be specified. But the semi-
parametric form considered here is quite general, and by taking a larger truncation order in the
series expansion, misspecification can be avoided, or at least have its impact diminished. More-
over, having identified the marginal distribution as a monotonic transformation of the Gaussian
marginal allows for straightforward simulation of the data while allowing for atypical structures,
in terms of skewness and kurtosis.

This paper is organised as follows: in Section 2.1, background on the properties of the Hermite
polynomials and methodology for estimating a monotone transformation function based on an
observed set of independent, identically distributed data is provided, and the statistical properties
of this estimate are derived. Using empirical process theory, the asymptotic behaviour of the esti-
mated coefficients is shown in Theorem 2.1, and consistent variance estimates of the estimated
coefficients are given in Theorem 2.2. Section 2.2 extends the results to the case of stationary time
series data. Section 3 describes a projection approach for modifying the nonparametric estimate
of the transformation function to guarantee monotonicity for the case when either the estimate
or the truncation of the transformation function is non-monotone, and the asymptotic behaviour
of the projection estimate is given in Theorem 3.1. In Section 4.1, 2012 Small Area Income and
Poverty Estimates (SAIPE) data is analysed using the Hermite estimation methodology, and in
Section 4.2, application to time series models are investigated as an alternative to the AR-sieve.
Numerical examples are given in Section 5 to illustrate the theoretical results of Sections 2 and 3.
Concluding remarks are made in Section 6.
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2. Methodology

2.1. Thei.id. case

The normalised Hermite polynomials (see Samorodnitsky and Taqqu 1994) are defined as
k
1 (_1)kex2/2d_ 7x2/2

Nl dxt

fork =0,1,2,....The collection of functions {H (x)},>o form a complete orthonormal basis for
L*(d®), where ® (x) is the cumulative distribution function of the standard Gaussian distribution,
so that

Hk(x) = €

0 1 ifk=I,
| mwmwewa=1
oo 0 ifk#I,
where ¢ (x) = )~V 2e=¥/2 Any function g satisfying f g2(x)¢ (x) dx < oo therefore has the
representation

8(0) = > JeHi(v), ()
k=0

where J; = (g, Hy) are the Hermite coefficients, given as an inner product of g with the basis
functions. This inner product is defined via (f, h) = ffooo f@)h(x)¢(x) dx. Since the {H;} form a
complete orthonormal system, the coefficients J; tend to zero as k — oo.

Let X,...,X, be an i.i.d. sample from a population with cumulative distribution function
F, which is assumed to be invertible, where each X; is an unknown transformation of a stan-
dard Gaussian random variable. The transformation function is denoted by g, so that X; = g(Z;),
where the Z; are i.i.d. N(0, 1). For g to be identifiable, we assume that g is a strictly increasing
function. For example, if Z;,i = 1,2 are standard normal random variables, and Y| = g;(Z;) =
—2log(l — ®(Zy)) and Y, = gp(Z,) = —21og(P(Z,)), both Y, and Y, will have X22 distribu-
tions, but g, is increasing while gp is decreasing. As a second example, let Y| = g,(Z)) = 212
and Y, = g,(Z%) = F fl (®(2,)), where F fl is the quantile function for the xlz distribution; both
Y, and Y, will have Xlz distributions, showing that the assumption of monotonicity is important.

Letting Q(u) = F~'(u) = inf{x : F(x) > u} denote the quantile function of X;, we easily see
that g = Q o ®. This paper provides a method for estimating the unique monotonically increasing
transformation function g.

If f g2(x)¢(x)dx < oo we can do a Hermite expansion on g (see Samorodnitsky and
Taqqu 1994) so that g has the series representation (1). Let the normal quantile function be
denoted E, with derivative & (the normal quantile density function, Parzen 1979). It follows that

o] 1
Je =J(Q) = [ O(P () Hi ()¢ (x) dx = /0 Qu)Hi(E(u)) du. 2

As noted above, the J; tend to 0 as k — oo, so it is reasonable to expect that a model for
g can be determined by truncating the infinite summation in Equation (1) at some level m;
however it should be noted that the J; do not necessarily tend to 0 monotonically. For exam-
ple, if F is a distribution function that is continuous and symmetric around 0, then Jy =0
for all k =0,1,2,..., due to the fact that the Gaussian density and the Hermite polynomials
Hy; are even functions, while g(x) = Q(®(x)) is an odd function. That g is odd follows from
the fact that 1 — ®(x) = F(Q(1 — ®(x))) = F(Q(®(—x)))and 1 — ®(x) = 1 — F(Q(P(x))) =
F(—Q(®(x))), due to the symmetry of F and ®.



Downloaded by [US Census Bureau], [ Tucker McElroy] at 07:57 28 January 2016

4 R. Janicki and T.S. McElroy

A nonparametric estimator of the quantile function Q is given by the inverse of the empiri-
cal distribution function (edf), which is equivalent to taking order statistics. Denote the edf by
F(x) = (1/n) Y1, I{X; < x} and the inverse of the edf, that is, the eqf, by Q(u) = F~' (u) =
Xy, if (k—=1)/n<u=<k/nk=1,...,n where X < --- < X, are the order statistics of the
random sample X, ..., X,. Plugging the eqf in for Q in Equation (2) yields an estimate of J; as
follows:

Je=1(0) = ZX(i)ﬁ
i=1 =

This is a weighted sum of the order statistics, or an L-estimator, and the weights can be
determined before the data analysis (they only depend on sample size and the normal cdf).

The asymptotic behaviour of this estimate can be described using empirical process the-
ory and weak convergence results for the empirical quantile process. The main difficulty in
proving asymptotic results for Ji is the divergence the tails of the empirical quantile process,
that is, P(lim,_, o supy_,.; [Q(t) — Q(t)| = 00) = 1, unless F has finite support (Csorgd and
Horvath 1993). To overcome this undesirable tail behaviour, one can consider convergence of
the quantile process on fixed compact sets, which holds under very weak conditions on the dis-
tribution function F (van der Vaart 1998), and then apply a bounded linear functional and the
continuous mapping theorem. Alternatively, the processes

() = /nw(u)(Qu) — Qu)I{1/(n+ 1) < u < n/(n+ 1)}

Eli/n] i/n

Hi(x)$ ) dx =) X / Hi(E (u)) du.
[G~1)/n] = (i=1)/n

for certain weight functions w(u), can be used. Mason (1984) developed conditions on the weight
function w(u) and the quantile-density function g(u) which guarantee weak convergence of r; (1)
to the process w(u)q(u)B(u). Alternative sets of conditions for which the empirical quantile
process converges, as well as further discussion of the properties of the empirical quantile process
can be found in Shorack and Wellner (1986) and Csorgo and Horvath (1993).

Fore > 0, let K. (f) = f:*éf(u)Hk(E(u)) du, and let J{ = K.(Q) and j,f =K. (Q).

THEOREM 2.1 Let Xi,...,X, be independent, identically distributed random variables, with
common distribution function F. Suppose F is continuously differentiable, with strictly positive
derivative f. Then for any fixed € > 0,

1—e
il ) 5 / 4 BG)H,, (S ) du, 3)
where J, = (J¢, ..., J)TJS, = (JE. . ... T, and Hyy(x) = (Ho(x), . . ., Hy(x) is the vector of

Hermite polynomials. The limit in Equation(3) is normal with mean zero and covariance matrix
consisting of terms

l—e 1—e
Vi = / / g)gWH;(E)H;(EW))(u A v —uv)dudy. “)
If, in addition, f'is differentiable, and there exists a constant y > 0 such that,
IF' (@)l
sup t(l —t)——— <, )
0<r<1 F2Q®)
andfork =0,1,...,m,
VH((B(0))' (1 - 1)
K(E@)t=(1 —1) dr < oo, ©)

0 F(Q@)
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then € can be taken to be €, = 1/n, and
1
nen en L -
v, —Jp) = / q)Bw)J (8 w)) du. (N
0

Proof The condition that F is continuously differentiable with positive density f is sufficient
for weak convergence of the quantile process +/n(Q(u) — Q(w)) to g(u)B(u) in [*®[e, 1 — €], for
any fixed € > 0 (van der Vaart 1998, Corollary 21.5), where B is a standard Brownian bridge, and
q = 1/f(Q) is the derivative of Q, also known as the quantile-density function (Parzen 1979).

The functional K, (f) = fgl ““ f(u)Hy(E (1)) du is bounded, and hence continuous, since for
any f € [*®[e, 1 — €],

IA

1—€
K. ()] / I )] | (B ()]

A

< sup [f(] sup [H(EW)|(1—2¢) = C(e,b)lf lloo-

e<u<l—e e<u<l—e

By the continuous mapping theorem, Kg(ﬁ@ —0)) = ﬁ(?,f —J9) =£> K (qu)B(u)) =
fe =< q(u)B(u)H;(E) du. The limiting process in Equation (3) can be shown to be normal with
mean zero and covariance terms V;; in Equation (4) by applying Theorems 2.3 and 2.4 of
Tanaka (1996).

For € to be allowed to decrease with the sample size, more restrictive conditions on the density
f are needed. Condition (5) is sufficient to guarantee the existence of a sequence of Brownian
bridges {B,(x)} such that

sup |V/f (Q)(Q(w) — Q(w) — B, ()| —— 0.,

1/(n+1)<u<n/(n+1)

which implies weak convergence in D[0, 1], the space of functionsA on [0,1] which are

right continuous, and whose left-hand limits exist, of +/nf(Qu))(Qu) — Q)I{1/(n +

1) <u<n/(n+1)} to a standard Brownian bridge (see Csorgd 1983). The additional

condition (6) is needed so that functionals of the quantile process defined on increas-

ing domains can be taken, and allows for application of Theorem 6.4.1 of Csorgdé and
1-1/n

Horvith (1993), which gives [, | Vf Q) (Q(w) — Qu) Hy(E(u)) /f (Q(u)) du = /n(J/"
— 7" = [ qB@HL(E W) du. )

In practice, the choice of € > 0 effectively trims the sample; if € is chosen to be less than 1/n,
then the entire sample will be used for estimation of J;, while if € is chosen to be greater than 1/n,

only Xy, . .., Xu—m), for some M > 1 will be used for inference. A larger € will induce some
bias in the estimate J; of Ji, but will reduce the variance. For € less than 1/n, the difference in J;

and .7;( appears through the differences in the coefficients fe !/ Hi (E(w)du — 01/ "H (B(w)) du

and f(ll:el/n) Hi(E(w))du — fll—l/n Hy (B (u)) du for X(;y and X(,,), respectively, so this bias can be
effectively removed by choosing € such that these differences are negligible.

In order to make use of formula (4), we must estimate the quantile-density g. There is much
literature on the nonparametric and semiparametric estimation of this function (Parzen 1979;
Jones 1992; Chen 1995; Chen and Parzen 1997) but here we adopt an approach that is coherent
with our Hermite expansion of g in Equation (1). The approach is based on the observation that
the quantile-density is integrated, and hence the variance expression can be written in terms of
0, which can be consistently estimated via Q.
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THEOREM 2.2  For € > 0, let M = min{j : j/n > €}. If the conditions of Theorem 2.1 hold, the
estimator

" In—1 I /
Ve = — 2gl=(= =
5 o (< () (=(2)
=M
n—M—1 n—M
+ {;H_/ <a (Z)) K — Xay) Z ——H (a (;)) Xet1) _x(k))}
=M k=41
. n—M n_lH _ [ X X )lil:kH — k X Xe) )
o n T\ \n D =20 AT w1 — Xy

+1

is consistent for V{; in Equation (4).
The proof is given in the appendix.

Remark I The matrix V¢ = {\>i3}:7;=1 is positive definite, and the diagonal terms ‘A/fi simplify to

n—M 2
. In—1 s
Vii= - Xary —Xp) Hi | E| =

—~n n n

=M
n—M—1 n—M
l [ n—k k
+ 2 I_ZM {;Hl (C‘A <;>> (X(l+1) - X(l))k§1 TH[ <C4 (;)) (X(k+1) — X(k))} .

€))

Equation (9) is a positive definite quadratic form in H;(2(k/n))(Xk+1) — X)), so that \A/fl will
always be positive for any € > 0.

While obtaining estimates of J is of interest in its own right, we are principally interested in
obtaining a workable approximation to g. The true function g can be estimated by using the first
m estimated Hermite coefficients and the function g¢,, given by

850 =Y JiH ).
k=0

The choice of m essentially dictates a ‘model’ for g, although we can take the viewpoint that
m = m(n) grows with the sample size, so that the method is semiparametric. The usual trade-
offs between small and large choices of m then apply: small m induces a bias in our estimate
of g, whereas a large m generates more stochastic terms in our estimate, and hence increases
variance. This observation we demonstrate next.

COROLLARY 2.1  Under the conditions of Theorem 2.1, for each x, the estimate g¢,(x) of g¢(x)
has the following limiting behaviour:

V(g0 — g°(0) + Ry, (x) = V/n(@;,(x) — g5,(x)

m I—e
=3 / q()Bw)Hi(E () du - Hy (x) (10)
k=0 "€
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as n — oo, where
R, () = /n ) J{H (),
k>m
so that
V(g5 — 85,(0) == N (0, V5 (). (11)

The variance V;/(x) is H;(x)V‘Hm(x), where H,,(x) = (Hy(x),...,H,()T is the vector of
Hermite polynomials and V¢ is the covariance matrix of the limiting Gaussian distribution in
Corollary 2.1. Conditions (5) and (6) must hold for e = €, = 1/n.

If, in addition, g is j>3 times differentiable, and d/'/d.xj(g(z)q&(z))e"z/4 and all lower
derivatives are in L' (R), then

12
Vi Y ) = (”—_,) (12)
k=M +1

Proof Convergence in Equation (11) follows immediately from Corollary 2.1 and the represen-
tation of the estimate of g in Equation (3). Equation (12) can be proved by adapting the proof of
Theorem 1 of Boyd (1984). First, notice that

d
a n+l(x) =+vn+ 1Hn(x)v

and that for all x and k (Abramowitz and Stegun 1965, p. 787),
He(@)] < we ',
where ¥ &~ 1.0864. Using integration by parts,

Hiy1(x)

dx
VE+1

Jk=/ g H(x)p(x) dx = — / (g (x)
so that

el < (k+ D712 / (P () e Hyn (e /4] dx

<wk(k+1)"72 [ : (g0 () [e¥/* dx = ch‘?

Integration by parts can be repeated j times, giving |Jx| < Cj(k + 1)7/2, where C; is a constant
independent of k and x. We therefore have

a2
Vi |y JiH )| < Vice® MYl = Viie® /42 (m+ e - 0 <mi/z_1>

k>m k>m

for j > 3. |

Since g€ (x) = g(x) forx € (E(€), E(1 — €)), Y pooJEH(x) = Y _i= JuHy(x) on this interval.
The rate of decay of the deterministic bias term R, (x) can thus be approximated by Equation (12).
Equation (12) shows that this bias decreases as m — oo and as the smoothness of the function g
increases.
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The above asymptotics are derived under an assumption of a fixed m. On the right-hand side
of the convergence, the coefficient of Hj(x) is a normal random variable given as an integral of
a Brownian bridge. The variance of the right-hand side could be computed as a function of m;
because the correlation between the terms is positive (due to the properties of Brownian Bridge),
the variance increases as more terms are included. However, there seems to be no practical reason
for computing this variance.

In order to determine m in practice, since we assume that g is a non-decreasing function, we
should restrict our choice to m=2¢g+ 1 for some g = 1,2, . ... One can then utilise Equation (3)
to test the hypothesis that Jo,4; = 0 iteratively over increasing g. Once a quH is found to be not
significantly different from zero, we may set m =2¢g — 1. Since in general it will not be the case
that all the J; = O for all k greater than some m, we can take a semiparametric approach instead,
and view m as increasing in n in order that the bias vanishes.

Remark 2 Noting that F(x) = ®(g~'(x)), a density estimate of f = F’ is given by f x) =
o8, 1(x))(§;1(x))’. This density estimate has a resemblance to the risk neutral density esti-
mates of Madan and Milne (1994) and Jondeau and Rockinger (2001). The validity of f as a true
density requires that the estimate g,, of g is monotone, which is not guaranteed by the previous
methodology. An adjustment guaranteeing monotonicity is given in the next section.

Remark 3 Since Q(u) = g(E(u)), Corollary 2.1 can be used to obtain an estimate of the quan-
tile function. Making the substitution x = E(u) in Equation (10) we have an approximation for
the quantile function. The variance in Equation (11) can be estimated using Theorem 2.2 which
gives a confidence bound for the estimated quantile function.

Remark 4 Suppose that the probability density function of the data in original scale is p(x;0) =
d(g7'(x);0)/g(g~"(x)), where 6 is the vector of model parameters. We can do a Hermite
expansion on g‘l as well, using the same mathematics, and obtain

o0

G
s 0= THQ
k=0
and
00 1
Ge=(g7' Hi) = / B (F (x)) Hi (x) dx = / E () H(Q(w) du.
—00 0

Note that if we tried to devise estimates of Gy, as we did earlier with the Hermite expansion
of g, we would obtain a nonlinear functional of the eqf, which is not convenient. However, this
formulation is more convenient for Bayesian analysis, since we only need put priors on the Gy
coefficients, as well as a prior on the model order (or truncation order of the sum). In this way
we can evaluate p(x; {Gy}, 0) quite easily.

2.2. Dependent sequences

The results of the previous subsection require that the observations are independent and identi-
cally distributed. An extension can be made to accommodate dependence using analogous results
from empirical process theory for dependent sequences. This requires stronger conditions on the
distribution function F and on the degree of dependence. Let {X,,,n > 1} be a sequence of square
integrable random variables defined on a probability space (2, F, P), and let F; and F, be two
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o-algebras contained in F. Define

a(F1,F2) = sup |P(ANB) — P(A)P(B)]
AeF|.BeF,

as a measure of dependence between F; and F,. Let ' = o (X;,n < i < m) be the o-algebras
generated by the random variables X, . . ., X,,, and

a(n) = supoe(f{‘,]—",fik).
k>1
The sequence {X,,,n > 1} is said to be a-mixing if «(n) — 0 as n — oo. Csorgo and Yu (1996)
prove several theorems with different sets of conditions on the mixing rates and on the dis-

tribution function F' for weak convergence of the quantile process, one of which is stated
next.

THEOREM 2.3 (Csorgo6 and Yu (1996)) Let {X,,n > 1} be a stationary sequence of random
variables with common continuous distribution function F. Assume that

(1) Fis twice differentiable on (a, b), where
a=sup{x: F(x) =0}, b=inf{x: F(x) =1}, —oc0o <a < b < o0;

2) F'(x) =f(x) > 0on (a,b);
(3) for some y > 0 we have

sup Fool1 — ey L o 11— O

= =V
a<x<b f2(X) O<r<1 fZ(Q(t))
(4) either AANB > 0, where A = limy . f (x) < o0 and B = lim, », f (x) < 00, or if A=0 (resp.
B = 0), then fis non-decreasing (resp. non-increasing ) on an interval to the right of a (resp.
to the left of b);
(5) {F(Xy),n > 1} is a stationary «-mixing sequence of uniform [0, 1] random variables with

a(n) = O(n™"~") forsome § > 1+ +/2and 5 > 0.

Then
Jf Q) Q1) — Q1)) = B*(t) in D[0, 1], (13)

where DI0, 1] is the space of functions which are right continuous and whose left-hand limits
exist. B*(t) is a mean-zero continuous Gaussian process defined on [0, 1] with B*(0) = B*(1) =0
and covariance function

E(B*($)B* (1)) = s At —st+ Y {Cov(I{F(Xy) < s}, I{F(X) < 1))
k=2

+ Cov(I{F(Xy) < s}, I{F (X)) <th}.

Remark 5 Because F(X;) € A if and only if Z, € ®~'(A) (because g is assumed to be invert-
ible), it follows that {F(X},),n > 1} is e-mixing if and only if {Z,,n > 1} is «¢-mixing, and «(n)
is the same for both processes. It is known that a stationary Gaussian process is «-mixing if
and only if it is completely regular (Ibragimov and Rozanov 1978), which precludes long-range
dependent processes, but includes processes with short-range dependence such as autoregres-
sive and moving average time series. In particular, if {Z,,n > 1} is an autoregressive or moving
average process, then condition (5) of Theorem 2.3 is satisfied.
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Assuming the conditions of Theorem 2.3, an analogous result to Corollary 2.1 can be
obtained by applying the continuous linear functional H (f) = fe e qu)f (wH(E (1)) du to
Equation (13), that is,

1—€
ﬁwﬁdpééf q(u)B* () H, (E () du, (14)
and
m 1—€
V(g0 — g, ) = > / q(u)B* (u) Hi (2 (1)) du - Hi (%) (15)
k=0 v€

as n — 0o, where B*(-) is the Gaussian process defined in Theorem 2.3. The limiting random
variables in Equations (14) and (15) are mean-zero Gaussian random variables. Unfortunately,
the dependence in the sequence {X,,n > 1} makes the covariance of these limiting Gaussian
random variables far more complicated than in the i.i.d. case, so that the methods used to derive
a consistent variance estimator in Theorem 2.2 can not be directly applied.

While an analytical expression for the variance of j,f is not easily obtainable, subsampling can
be used to estimate the variance of the left-hand side of Equation (14). Politis and Romano (1994)
gives the details of subsampling for dependent data, which can be summarised as follows: choose
1 <b<nsuchthatb/n — 0and b — oo, and let B; = (X;,...,Xj1p—1) fori=1,...,.N =n—
b + 1. The subsampling estimator of the distribution of ﬁ(} © —J;) based on the overlapping
blocks B; is

N
o 1 A A
L=< D1 {x/E(J,fk ~Jo < x} , xeR,
i=1
where J i 1s the estimator of J, calculated from the block of data ;. The subsampling estimator

L, (x) can be used to obtain an estimator of the variance of J > which is given by

b1 1 & ’
Varp = | 2o - (‘ Z?i)
n N i=1 N i=1

Let L(x) be the distribution function for the limiting Gaussian random variable in Equation (14).
Under the conditions of Theorem 2.3, the subsampling estimator L,(x) converges uniformly to
L(x) in probability as n — oo (Politis and Romano 1994).

The results of this subsection hold for fixed €. We conjecture that the results hold, as in the i.i.d.
case, with € = ¢, = 1/n. However, the theory for quantile processes of dependent sequences is
not nearly as well-developed as it is for the i.i.d. case, and the results for integrated quantile
processes used in the proof of Theorem 2.1 do not apply when the data is correlated.

3. Non-monotone estimates

Throughout, we have assumed that the function g in Equation (1) is a non-decreasing function.
However, even though g is monotone, it is not necessarily true that the truncated series

2g+1 2g+1
821 () = Y J(QH x) = ) ap (16)
k=0 j=0
is monotone in x. Let ay,y1 = (ay,. .. ,02(1+1)T and Jog11 = (J1(Q), ... ,qu+1(Q))T; the vec-

tors @441 and Jo,4 are related through the linear transformation @y, = Asgyq1J 2441, Where
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Azr1 is a (2¢+ 1) x (2g + 1) non-singular upper triangular matrix with 1s on the main
diagonal. For example, if ¢g=1, a3 = (Jo—Jz/«/ZJl —3]3/«/6,J2/«/§,J3/\/6)T and for
qg=2,as = (Jo — Jo /2 + 3J4/24,J1 — 3J3//6 + 15J5//120,J5//2 — 6J4/+/24,J3//6 —
10J5/+/120, J4v/ 24, J5/+/120).

As described in Section 2, let

2g+1 2g+1
o1 (0 = Y J(QH () = ) a (17)
k=0 Jj=0

be the polynomial estimate of degree 2¢g 4 1 of g(x) based on a sample Xj, ..., X, from a pop-
ulation F, where X; = g(Z;) and the Z; are i.i.d. N(0, 1) (dropping the superscript € for ease of
presentation). Since j 2¢4+1 18 a consistent estimator of Jy.1, if g2441 is not monotone, §2q+1
will not necessarily be monotone, even for large values of n. Furthermore, even if g5, is non-
decreasing, it is possible that for small and moderate values of n, the estimate g»,41 may not be
monotone, which is a problem if we want to work with the inverse function g" .

For cases in which the estimated polynomial >, (x) is not monotone, it is desirable to find
adjusted estimates J 241 = (.7 Lyevns quH )T (the constant term J; plays no role in the monotonic-
ity of the polynomial) which are ‘close’ to the original estimates J 2¢+1, such that the polynomial
based on J 2g+1

2g+1 2g+1

D1 () = Y TiHi(x) = Y @, (18)
k=1

k=1

is monotone. The question is then how to calculate J 2¢+1 and to understand the behaviour of these
adjusted estimates. The discussion that follows describes a projection approach to calculating a
set of coefficients J 2¢4+1 Which guarantee a non-decreasing estimate of g.

The polynomials of degree 2g+ 1 can be identified by the coefficients. Let @y, C R?*T!
be the closed convex cone consisting of the coefficients of non-decreasing polynomials. For any
vector @ = (ay, . .., ax+1)" € R¥ let al, = (Zi‘gl a?)!/?. We can obtain the coefficients
of a non-decreasing polynomial by finding the projection, @, of @,+1 onto Oy, that is,
the point @441 such that ||@g1 — @ogr1ll2 < ll@ — @zg11l2 for all @ € Oyyy. Since Oyyy is
a non-empty closed convex subset of a Hilbert space, the point @, exists and is unique. The
coefficients of the Hermite polynomials can then be found via the inverse transformation J 241 =
Az_q1 +182¢+1- Similarly, if g5,41 is not monotone, the first 2¢ + 1 coefficients, @y, in (16), can be
projected onto ® to obtain a5, ;, which can then be transformed to J5,,, = 4,, ql 10541 We

call J 2¢+1 the projected estimates, and, following the terminology from the misspecified model
literature (Sawa 1978), J 21 +1 the pseudo-true values. Clearly, if gy, is non-decreasing, then
Jogi1 =J2g41.

The polynomial g»,41 based on J 2¢+1 in Equation (18) is non-decreasing, so the derivative
25 41 (%) must be non-negative for all x, with positive leading coefficient. Hence all roots of the
derivative must be complex conjugate pairs, say u; % iv;, so that the derivative can be written

2q q
B () =Y _(k+ Dagix = 2q+ Dazgsr [ [ — lu + ivil) (x — [, — ivi])
k=0 =1

19)
q

= (29 + Dazgs1 1_[()c2 — 2uix + u,2 + v,z).
=1
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The Hermite coefficients J 2¢+1 in Equation (18) can be related to the parameters u =
(uy, .. .,uq)T and v = (vy,... ,vq)T by expanding Equation (19) and matching coefficients to
the derivative of Equation (18); let M (@) denote this mapping, where 0" = W', v",a) and a is
the leading coefficient.

Denote the squared-error loss function by

2g+1

L=L®:0) = Y (M(8) — Ju(Q)). (20)

k=1

The coefficients J 2¢+1 can be found by minimising [l@ — @q411l> over ®y441, or equivalently,
by obtaining the parameter 6 which minimises the loss function L(6; Q) and setting Je = M, (é).
Similarly, let * be the minimiser of L(6; Q) so that J; = M (™). Since the projected estimate
J 2g+1 and the pseudo-true value J ’z‘q 41 are unique, the sets of roots, combined with the lead-

ing coefficients 9 and 6*, must also be unique. For example, if g=1, the reparameterisation
is M3(0) = J3, M2(0) = —6J3u/~/6, and M, (0) = 37J3/~/6 + 3J3(u® + v*)/+/6, and 8* can be
found by numerically minimising Equation (20). If g5 is not monotone, it is easy to show that
the value v* in the minimiser 6* must be zero, so that the projected polynomial, g3, will have a
single real root of multiplicity 2.

This problem is similar to the problem of parameter estimation in misspecified models
(Huber 1967; White 1982), in that misspecification occurs due to the fact an insufficient number
of terms has been included for accurate estimation of g, and the polynomial that is ultimately
estimated is non-monotone. Using the theory of misspecified models, we expect that J 2g+1 18 an
estimator of J5

THEOREM 3.1 Suppose the function gy, (x) in Equation (16) is not monotone. If

oge1 — Jagi1) == Nogs1 (0, V),

the projected estimate .72(1+ 1 is a consistent estimator of J; g+1- If, in addition, the Hessian matrix

Vo V;.FL(O; Q) is non-singular with continuous inverse in a neighbourhood of 6%, ﬁ(]2q+1 -
qu 11) is asymptotically Gaussian.

Proof Let I denote the projection mapping onto ®,,; and let || - ||,, be the operator norm on
the space of (2¢g + 1) x (2g + 1) matrices induced by the vector norm || - ||,. Then

~ 1 1 ~
21 = T34 ll2 = 1(As 0 TToAs L)) o J2g1 — Jog+1)l2

Jogr1 — J2g+1ll2-

-1
=< ||A2q+1 ”op”AZqul ||0p

Since the operator norms of Ay, and A, q1+ | are bounded and J 24+1 18 a consistent estimator of
J 2441, it follows that J 2¢+1 18 a consistent estimator of J }‘q +1- The projected estimate J 2¢4+1 and
the pseudo-true value J ﬁq .1 are unique, so there must be unique sets of roots, # and *, which
minimise L(6; Q) and L(0; Q), respectively. Since J 24+1 is consistent for J §q +1- it follows that

0 is consistent for §*. Furthermore, since ﬁ(j 2g+1 — J2g+1) converges weakly to a Gaussian
random variable, /n(J 211 — Ser1) = 0p(1).
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Since @ converges in probability to 0™, and each M (0) is a polynomial function of , a Taylor
series expansion of M () around 0™ is given by

My (0) — M (0%) = VoM (8)(0 — 0%) + 0,(1).

Note that # minimises L(0;Q) and 0" minimises L(0;Q), so VgL(é,Q) = VoL(0*,0) = 0.
Hence

VoL(8; Q) = VyL(0; Q) — V4L(0";0) = VoV yL(E; 0)(0 — 07) Q1)
for some & between 0 and 0%,

2q+1

VoL(0;0) =2 > (M (0) — Ji(Q))VaMi(6),

k=1
and

VoL(8; Q) = VyL(0; Q) — V4L(9; Q)

2¢+1 2¢+1
=2 (Mk(8) = Ji(Q)VoMi(B) — 2 " (Mi(B) — J(0)) VoM () o)
k=1 k=1
2q+1 R )
=2 VeMi(0)(Q) — Ji(Q)).
k=1

Since § -2 0", ﬁ(]k(Q) —Ji(Q)) = 0,(1), and VoM, () is a continuous function of 6, by
the continuous mapping theorem,

2g+1 2g+1

201 )" VeMi(0)(Ji(Q) — Ji(@) = 2v/n Y VoM(0*)(J(Q) — k(D)) + 0,(1)

k=1 k=1 (23)
= 2nD(J g1 — J2gs1) + 0,(1) == Noys1 (0, W),

where D = D(0%) = (VoM (0%),...,VeMa,11(60*))T and W = W(0*) = 4DVDT. Combining
Equations (21)—(23) gives

V(@ —0") = /n(VeVT4L(E; ) ' VL(8: Q)
= 2/n(VeV L(0%;0) ' DU 241 — J2g41) + 0,(1)
= 2VnHD(J 2g+1 — J2g11) + 0,(1),
so that
Vi = 0%) =5 Ny (0. HWH™).
Let M(0) = (M1(0),...,My (0)T. By the multivariate delta method,
VT aget = T3y00) = V(M @) — M(8%)) => N(O, (VoM (0" )THWH™ (V4M (8%))).

Remark 6 A Lagrange multiplier approach could be used instead when working with
a third degree polynomial; a third degree polynomial is monotone if and only if
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.722 + 3.732 —6J ]j3 / NG < 0. Hence, the Hermite coefficients J 3 can be found through use of the
Lagrangian A(J, ) = ||J3 — J3|> + A(J3 + 3J3 — 6J,J3/+/6). The asymptotic behaviour of J 3
can then be found by following methods similar to those in Silvey (1959). However, for higher
degree polynomials, this method is not tractable, as there is no obvious way to describe mono-
tonicity of the polynomial through a set of functional constraints, so that a Lagrangian cannot be
written.

Remark 7 Due to the orthogonality of the Hermite functions,

m m 2
| @ - aaremae= [ (Z JeHi() — Zika(zo) §(x) dx
- % \k=0 k=0
= > Ge=dodi=T [ Homwee =Y G-
- k=0

k=0

Hence, obtaining adjusted coefficients which minimise the squared-error loss function (20)
subject to a monotonicity constraint is equivalent to obtaining an adjusted estimate of the trans-
formation function by minimising an integrated squared-error loss over the space of polynomials,
subject to a monotonicity constraint.

4. Applications

4.1. SAIPE

The U.S. Census Bureau’s SAIPE programme provides current estimates of income and poverty
within school districts, counties, and states for the age groups 04, 5-17, 18-64, and 65 and
older. The published estimates of the proportion in poverty within each state are model-based,
and employ both the direct estimate of the proportion in poverty from the American Community
Survey (ACS) and regression predictions of poverty based on administrative records and census
data. The model used is the Fay—Herriot model (Fay and Herriot 1979),

yi=Yi +e,
(24)
Y =x'iB + u,
i=1,...,n, where the ¢; are independent N (0, V;) with known variances V;, and the u; are i.i.d.

N(0, 0%), independent of the e;. The state model has n=51 small areas for the 50 states and the
District of Columbia, and the y; are the direct survey estimates from the ACS one-year estimates
of the true proportion in poverty Y;. The covariates x; in the regression part of the model include
the tax return poverty rate, the tax non-filer rate, the Supplemental Nutrition Assistance Program
(SNAP) participation rate, Supplemental Security Income (SSI) recipiency rate, and the residuals
from a regression of the Census 2000 poverty ratios on the previous four covariates.

For known o2, the best linear unbiased predictor of (BLUP) of Y; is given by

Yi= (1= h)y; + hx":p,
where h; = V;/(0? +V;), X = diag(V, +02,...,Vs; +0?), and
B=B0c)H=X"2'x)'xzy.

The BLUP Y; is thus a weighted average of the regression estimate x,TB and the direct survey
estimate y;.
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The variance component o' can be estimated by numerically computing the restricted max-
imum likelihood (REML) estimator (Harville 1977), that is, the value 6> which maximises the
restricted likelihood

Lo*y) = |27 2XTETX| 22— XB)TET v — XB).
The empirical best linear unbiased predictor (EBLUP) of ¥; is
¥i= (1= by + hix":B,

where h; = V;/(6% + V;) and B = B(62).
The empirical Bayes interval for Y;

1€(a) = Vi £ 2,0V} (1 = )2

has the property that
P(Y; e If(@) =1—a+0m™"),

where [P is the probability distribution induced by the joint distribution of Equation (24) (Chat-
terjee, Lahiri, and Li 2008). The validity of the above interval depends on the assumed normality
of the error terms e; and v;. If the error terms have departures from normality, a score other than
Zq/2 should be used.

For evaluating the validity of the distributional assumptions in linear mixed effects models
such as Equation (24), Lange and Ryan (1989) suggested using weighted QQ plots based on the
EBLUP of the area-specific random effects u; as a graphical method for detecting departures
from normality. The BLUP of u; is given by

2

=y 0= %), (25)
and the variance of 1; is
o’ ’ 2 T yTy—lyy—!
(02—+Vz> "+ Vi—x ;(X'V7'X) 'x)). (26)

The EBLUP of u;, denoted by #;, is &; in Equation (25), with o2 replaced by its REML estimate,
&2. Similarly, the variance of i; can be estimated by replacing o with 6% in Equation (26). Under

the model (24), the set of standardised EBLUPs, ;/+/ Var(ii;), are approximately i.i.d. N(0, 1)
random variables.

The reasonableness of the normality assumption for the SAIPE data set can be evaluated by
using the methodology of Section 2. Treating the standardised residuals as a set of i.i.d. random

variables, and writing g(Z;) = u;/ szr(ﬁi), where the Z; are i.i.d. standard Gaussian random
variables, we can estimate the transformation function g by estimating the Hermite coefficients.
The € used in calculating the coefficients was 1077, chosen to be small compared to 1/n, the
inverse of the sample sizes, so that all the data was used and any bias induced with the choice
of € in estimation of the first and last coefficients would be small. If a plot of this estimate
differs from a straight line, the assumption of normality should be questioned and different model
assumptions may need to be made.

Figure 1 shows the third and fifth degree Hermite polynomial estimates of the transformation
function g for the standardised residuals under two different models using 2012 data. The first
is the estimated transformation function of the standardised residuals of the estimates of the
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Figure 1. Third and fifth degree Hermite polynomial estimates of the transformation function of the standardised
EBLUPs for age groups 0—4 and 65 + . The estimated functions are solid black lines and the dashed lines give pointwise
95% confidence intervals. The diagonal line corresponding to a Gaussian distribution is shown in red.

proportion in poverty of children aged 0—4. The second set of plots is for the proportion in
poverty in the 65 and older age group. The solid black line is the estimated function, and the
solid red line shows the straight line corresponding to a normal distribution. The dashed lines
give a pointwise 95% confidence interval based on Corollary 2.1 and the estimated covariance
in Theorem 2.2. Comparing the plot of the estimated transformation function along with the
confidence intervals to the diagonal line can be used as a visual diagnostic for departures from
normality.

The plot of the estimates g3 and g5 in Figure 1 for the 65 and over age group diverge from the
diagonal line for the negative values, due mainly to a few negative standardised residuals that
are large in magnitude. However, the confidence intervals for each of these estimated functions
contain the diagonal, suggesting no strong evidence against the normality of the errors in the
model for proportion in poverty in the age 65 and older group. Compare this to the plots for
the 0—4 age group. The estimated function is close to the diagonal line for negative values of x,
but is beneath the diagonal for positive values of x, suggesting skew in standardised residuals.
Also, the confidence intervals do not contain the diagonal for larger values of x. For comparison,
the sample skewness of the standardised EBLUPs is —0.333 for the 0—4 age group and —0.677
for the 65 + age group. The Kolmogorov—Smirnov, Shapiro—Wilk, and Anderson—Darling tests
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for normality give p-values of 0.901, 0.466, and 0.485, respectively, for the 0—4 age group, and
0.876,0.163, and 0.248, respectively, for the 65 4 age group.

Constructing an estimate of g also allows for the calculation of a confidence interval that does
not depend on the assumption of normality of the error terms in the Fay—Herriot model (24). The
distribution function of the residuals, F, satisfies the relationship F = ® (g~ 1. Critical values x;
and x, can be chosen such that

l—a=Px; <X <x)=PZ<g'(0)—-PZ<g'(x1)

27
=03 () — P(g~ ().
The cutoff points x; and x, can be approximated by first using the sample to estimate g~ with
2.1 (or if the estimate g, is not monotone, the adjusted estimate g,, from Theorem 3.1), and
choosing points x; and x, to satisfy ® (g, (x2)) — ®(g,,'(x1)) = 1 — «. For the age group 0 —
4, the values of x; and x, which satisfy Equation (27) for o = 0.05 and minimise the distance
Xo — X1 aré xp = 1.86 and X1 = —2.07.

4.2. AR-sieve bootstrap

Suppose we observe a sample from a stationary time series {Y;}, and we want to estimate the
sampling distribution of a statistic 7, = 7,,(Y;, Ya,...,Y,). One could proceed by applying an
AR-sieve (Biihlmann 1997) (or the MA sieve of McMurry and Politis (2010)) to the data to
produce approximately uncorrelated residuals X, X», . . ., Xj,. Suppose the residuals satisfy X; =
g(Z,) for i.i.d. Gaussian variables Z;; we can construct g,, using the methodology of Section 2,
that is, estimate the Hermite coefficients in ascending order, only stopping when they are no
longer significantly different from zero, and obtaining the corresponding estimate of g.

Next we describe a procedure analogous to the parametric bootstrap (Shao and Tu 1995).
Given an estimate of g, a pseudo-sample can be obtained by drawing » i.i.d. standard normal
variables, and letting

X =g,z

for t=1,2,...,n and J > 1. Then each sample can be re-correlated by reversing the sieve,
in this manner producing pseudo-samples YI(J), Y9, ., YY), Then the statistic can be calcu-
lated via TY) = T, (Y 1(]), YZ(J), ..., YY) and the collection of these evaluations over various J
is TV, T, .. .. These quantities then form an estimate of the sampling distribution of 7,. This

procedure is essentially a modification of the AR-sieve, but instead of sampling from the empir-
ical distribution of the model residuals, we sample from a smoothed distribution by estimating a
transformation function.

There are some cautions about this approach. First, it is only feasible for stationary time series.
Second, an appropriate AR-sieve must be identified — which requires some crude time series
modelling — and the series must be de-meaned. This only removes second-order dependencies in
the time series. The method is only useful for non-Gaussian time series — else one can proceed
with a simpler approach — which cannot be reduced to independence by a de-correlation. Note
that the identification of an AR-sieve is tantamount to modelling the time series, since in either
case one attempts to find a ‘whitening transformation’ (McElroy and Holan 2009). Third, one
applies the quantile methodology of Section 3 by assuming the data to be independent, or weakly
dependent, as in Section 2.2. Of course, g is a statistical estimate of g, so further error enters in
our generation of the pseudo-samples.

Given these provisos, how useful is the method in practice? The method is likely to be reason-
ably effective with weakly correlated time series with highly non-standard marginal distributions
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— for example, with much skewness and/or kurtosis. For example, one might employ the tech-
nique for heavy-tailed data (but so long as the mean exists) for which the bootstrap works
badly (Athreya 1987). The method resembles a parametric bootstrap, where the parent distribu-
tion is nonparametrically estimated. In order to evaluate the technique, we present results from
numerical experiments.

The models we consider are

MI1:
48
X = Z ¢iXi—i + &,
i=1

where ¢; = (—=1Y*t17.5/(G+ 1)3 forj=1,...,48, and ¢; are i.i.d. 13/4/3, and
M2:

X[ == O.8X[71 - 0.58[71 + Et,
where ¢, are i.i.d. 3/4/3 random variables.

Models M1 and M2 are from Biihlmann (1997), with the exception that Bithlmann (1997) used
N (0, 1) errors in model M1 and a mixture of N(0, 1) and N (0, 100) errors in M2.

For the simulation studies, sample sizes of n=64 or 512 were used, with 500 bootstrap
replications. For each example, 250 simulations were run. As with the SAIPE example in the
previous subsection, a value of € = 10~7 was chosen, so that all data would be used in the
estimation of the coefficients, and any bias in the first and last coefficient estimates would be
minimal. For each model, two cases were considered: when the statistic of interest is the mean
T,=n"! Z:‘l=1 X; or the median 7,, = med{X{, ..., X,}, and a bootstrap is needed to estimate the
variance of T,,. The true value of 6> = n * var(T,,) was found by simulating each model 10,000
times. All computational work in this paper was done using R (R Development Core Team 2011).

Table 1 presents results for 7, = n~' Y, X;. In this table, (0,7)* = n * var*(T?), the boot-
strap variance estimate of the mean, and RMSE = MSE((O'HZ)*) /o,f is the relative mean square
error (MSE) of the bootstrap variance estimate. Four bootstrap methods are compared: the AR-
Sieve (AR) of Biithlmann (1997), a bootstrap using third degree Hermite polynomials (H3), a
bootstrap using fifth degree Hermite polynomials (H5), and a bootstrap for which the degree of
the Hermite polynomial used is data driven.

We see in Table 1 higher accuracy of variance estimation using Hermite polynomials to
approximate the distribution of the residuals compared to sampling from the empirical distri-
bution in terms of RMSE, particularly for smaller sample sizes for both models. There is not a
major difference between a third degree polynomial compared to a fifth degree polynomial or
a data-driven polynomial degree choice, although we generally see a reduction in bias with a
higher-degree polynomial at the cost of increased variance.

Table 2 presents the same set of results as does Table 1, with the exception that here we are
interested in estimating the variance of the median. As can be seen in Table 2, there is little
advantage to smoothing the distribution of the model residuals via polynomial expansion — the
AR sieve was slightly better in model M1 for n = 64, while the Hermite bootstraps were slightly
better in M2 for n =64, and there was almost no difference using either procedure for either
model for n=512. A simpler bootstrap for the distribution of the median is most likely more
useful since the median is more robust to outliers or heavy tails than the mean. However, when
the statistic of interest is the mean, and there is the possibility of extreme observations due to
heavy tails which can greatly influence the statistic, smoothing the distribution of the residuals
may give better performance, as the interpolation due to the estimated transformation function
allows one to sample deeper in the tails of the distribution in the bootstrap procedure. We note that
in other numerical examples where the error terms are Gaussian, there was little or no benefit to
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Table 1. A comparison of the AR sieve bootstrap with a bootstrap using the Hermite estimation procedure.

Model Method a? E[(6})*] SD[(0})*] RMSE

Ml n=64 AR 13.47 10.43 11.25 0.75
H3 9.64 9.43 0.57

H5 9.84 9.71 0.59

HN 9.70 9.52 0.58

n=>512 AR 12.02 13.64 5.86 0.25

H3 12.91 4.73 0.16

H5 13.10 5.03 0.18

HN 13.04 4.97 0.18

M2 n=64 AR 6.02 372 4.78 0.77
H3 3.39 3.93 0.61

H5 3.44 4.02 0.63

HN 3.40 3.93 0.61

n=>512 AR 5.56 5.19 2.62 0.23

H3 4.93 2.09 0.15

H5 5.02 2.22 0.17

HN 4.99 2.21 0.17

Notes: H3 and H5 use polynomials of order 3 and 5, respectively, while HN indicates that the order of the polynomial to
be used was estimated. The statistic of interest is T, = > ¢ | X;/n, and 02 = n* var(T,). The last three columns show the
mean, standard error, and relative MSE of the bootstrap estimate of o;>.

Table 2. A comparison of the AR sieve bootstrap with a bootstrap using the Hermite estimation

procedure.
Model Method a? E[(02)*] SD[(c2)*] RMSE
Ml n=64 AR 9.46 8.70 7.72 0.67
H3 9.33 8.04 0.72
H5 8.97 7.94 0.70
HN 9.28 8.08 0.73
n=>512 AR 9.69 10.59 3.32 0.13
H3 10.67 3.42 0.13
H5 10.56 3.33 0.13
HN 10.65 3.36 0.13
M2 n=64 AR 4.13 2.81 2.97 0.62
H3 2.97 2.86 0.56
H5 2.67 2.78 0.58
HN 291 2.87 0.57
n=>512 AR 4.07 3.73 1.40 0.12
H3 3.65 1.44 0.13
H5 3.57 1.41 0.13
HN 3.62 1.43 0.13

Notes: H3 and H5 use polynomials of order 3 and 5, respectively, while HN indicates that the order of the polynomial
to be used was estimated. The statistic of interest is 7, = med{X, ..., X,}, and 0"2 = n* var(T,). The last three columns
show the mean, standard error, and relative MSE of the bootstrap estimate of 0”2.

smoothing the distribution of the model residuals compared to using a bootstrap procedure with
samples drawn from the edf.

Table 3 shows the number of times out of 500 simulations a polynomial order was used in
procedure (HN), in which the order of the polynomial approximation was data driven, and chosen
by sequentially testing the significance of each coefficient. Generally a low-order polynomial of
degree 3 or 5 was sufficient to approximate the transformation function, a result which seems
consistent with other simulation studies, including those shown in Section 5. However, as the
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Table 3. For procedure HN in Tables 1 and 2, the number of times a polynomial of
each order was selected under models M1 and M2 with sample sizes of n =64 and

n=>512.
Polynomial order
Model n 3 5 7 9
Ml 64 178 60 10 2
512 164 72 9 5
M2 64 195 48 7 0
512 163 78 4 5

observed sample size increases, higher-degree polynomials are more frequently used for accurate
approximation.

5. Numerical examples

In this section, numerical examples are presented to investigate the finite sample properties of
the estimators and to verify the theoretical results of the previous sections. For each exam-
ple, 100,000 simulations were performed, and the bias and MSE of the estimators jk for
k=0,...,5 are presented. Also, for each simulation and each k, the 95% confidence interval,

Ji +1.96,/ Vi /n is calculated, where Vj is as in Equation (8), and the proportion of times this
interval covers the true value Ji, as well as the average lower and upper endpoints of the con-
fidence intervals is reported. Because the Beta distribution has compact support, the estimated
coefficients and variance estimates can be computed with € set to 0.

Table 4 shows the results of a simulation study with samples X;, j = 1,...,n from the
Beta(5, 1) distribution for different values of n. The transforming function for the Beta(5, 1)
distribution is g(x) = ®(x)'/. Since this function g contracts a standard Gaussian random vari-
able from one with range over the entire real line to a random variable with range concentrated
on (0, 1), the estimates J; converge quickly as there is little bias or MSE with an observed sample
of only n=100. However, a larger sample size is needed to get confidence intervals coverage
rates close to 95%.

The Beta(5, 1) distribution is an example of a distribution for which the transforming func-
tion g(x) = ®(x)'/° is monotonically increasing, but for which the first 4 coefficients, Jy =
0.8333,J; = 0.1334,J, = —0.0445,J3; = —0.0045 lead to a non-monotone polynomial. From
these true values Jy,.J»,J3, the pseudo-true values can be found numerically using the method
described in Section 3 and are J{* ~ 0.1338, /] ~ —0.0416, J5 ~ 0.0056. The asymptotic covari-
ance matrix for the projected estimates J 1,f2 and j3 can be found using Theorem 3.1, the
pseudo-true values J{, J5 and J5 and the asymptotic covariance matrix for Ji,Jp and Js

0.01286 —0.00549 —0.00129
Vi = 0.00705  —0.00298 |, (28)
0.00446

and is

0.0131 —0.0048 0.0010
Vi= 0.0071  —0.0021 |. 29)
0.0006



Downloaded by [US Census Bureau], [ Tucker McElroy] at 07:57 28 January 2016

Journal of Nonparametric Statistics 21

Table 4. Performance of the estimates jk when g(x) = D)5,

n k Bias AV Average CI % Coverage
100 0 0.0001 0.0197 (0.8060, 0.8607) 0.9442
1 —0.0019 0.0126 (0.1104, 0.1525) 0.9121
2 0.0027 0.0067 (—0.0555, —0.0280) 0.8478
3 —0.0033 0.0038 (—0.0181, 0.0024) 0.8452
4 0.0031 0.0020 (0.0013, 0.0203) 0.9135
5 —0.0020 0.0014 (—0.0108, 0.0067) 0.9505
500 0 0.0000 0.0200 (0.8210, 0.8456) 0.9480
1 —0.0004 0.0129 (0.1232, 0.1428) 0.9410
2 0.0006 0.0070 (—0.0508, —0.0368) 0.9205
3 —0.0009 0.0044 (—0.0106, —0.0002) 0.8937
4 0.0010 0.0027 (0.0046, 0.0129) 0.8977
5 —0.0010 0.0017 (—0.0048, 0.0028) 0.9318
1000 0 0.0000 0.0198 (0.8246, 0.8420) 0.9492
1 —0.0002 0.0129 (0.1262, 0.1401) 0.9460
2 0.0003 0.0071 (—0.0492, —0.0391) 0.9334
3 —0.0005 0.0045 (—0.0089, —0.0012) 0.9124
4 0.0006 0.0029 (0.0053, 0.0113) 0.9036
5 —0.0006 0.0019 (—0.0033, 0.0020) 0.9234
5000 0 0.0000 0.0200 (0.8294, 0.8372) 0.9490
1 0.0000 0.0129 (0.1302, 0.1365) 0.9487
2 0.0001 0.0071 (—0.0467, —0.0421) 0.9453
3 —0.0001 0.0045 (—0.0065, —0.0028) 0.9383
4 0.0002 0.0030 (0.0064, 0.0093) 0.9275
5 —0.0002 0.0021 (—0.0014, 0.0010) 0.9247
10,000 0 0.0000 0.0199 (0.83006, 0.8361) 0.9491
1 0.0000 0.0129 (0.1311, 0.1356) 0.9502
2 0.0000 0.0070 (—0.0461, —0.0428) 0.9487
3 —0.0001 0.0045 (—0.0059, —0.0033) 0.9432
4 0.0001 0.0031 (0.0067, 0.0088) 0.9358
5 —0.0001 0.0022 (—0.0010, 0.0007) 0.9275

Notes: The column AV shows the variance of ﬁ(jk — Ji) over the 100,000 simulations (compare to (28)in Section 5). The final columns
show the average lower and upper endpoints of the 95% confidence intervals, and the proportion of times the intervals covered the true
values. The MSE of the estimated coefficients are nearly zero for each sample size and each k, so are not shown.

Table 5. Estimated coefficients of the projected transformation function.

n=100 500 1000 5000 10,000

k=1 Bias —0.0019 0.0000 —0.0002 0.0000 0.0000
AV 0.0128 0.0132 0.0131 0.0132 0.0131

k=2 Bias 0.0031 0.0001 0.0004 0.0001 0.0000
AV 0.0064 0.0070 0.0070 0.0071 0.0070

k=3 Bias —0.0006 0.0000 —0.0001 0.0000 0.0000
AV 0.0004 0.0004 0.0005 0.0005 0.0005

Notes: The column AV shows the variance of ﬁ(fk — J;) over the 100,000 simulations (compare to Equation (29)in Section 5). The
MSE for each of the estimates is nearly zero so is not shown.

Table 5 shows the bias and MSE of the projected estimates J;, as well as the variance of \/n(J; —
J{) (AV). Since the estimates Ji are accurate for small values of n, and the values of V3 are not
large, it is not surprising that the projected estimates converge rapidly to the pseudo-true values.

The second example uses the logistic distribution, which like the standard normal distribution
has mean zero and is symmetric around zero, but has heavier tails than the normal distribution.
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Table 6. Performance of the estimates jk when g(x) = log(®(x)) —log (1 — P (x)).

n k Bias MSE Average CI % Coverage
100 0 0.0006 0.1814 (—0.3517, 0.3529) 0.9468
1 —0.0327 0.1573 (1.4902, 2.0572) 0.9012
2 —0.0003 0.1375 (—0.2116, 0.2110) 0.8779
3 —0.1028 0.1470 (—0.0728, 0.1942) 0.5366
4 0.0001 0.0655 (—0.1257, 0.1259) 0.9342
5 —0.0898 0.1032 (—0.2336, 0.0376) 0.7942
500 0 —0.0002 0.0815 (—0.1590, 0.1585) 0.9479
1 —0.0071 0.0707 (1.6644, 1.9342) 0.9362
2 —0.0001 0.0662 (—0.1179, 0.1178) 0.9247
3 —0.0321 0.0667 (0.0426, 0.2203) 0.7531
4 0.0000 0.0454 (—0.0605, 0.0606) 0.8369
5 —0.0492 0.0578 (—0.1149, 0.0001) 0.5918
1000 0 —0.0003 0.0574 (—0.1126, 0.1121) 0.9492
1 —0.0038 0.0500 (1.7062, 1.8989) 0.9429
2 0.0001 0.0473 (—0.0873, 0.0875) 0.9356
3 —0.0188 0.0475 (0.0739, 0.2155) 0.8167
4 0.0000 0.0360 (—0.0497, 0.0497) 0.8482
5 —0.0342 0.0428 (—0.0821, —0.0027) 0.5526
5000 0 —0.0001 0.0257 (—0.0503, 0.0502) 0.9491
1 —0.0009 0.0223 (1.7620, 1.8490) 0.9493
2 0.0000 0.0215 (—0.0412, 0.0413) 0.9439
3 —0.0052 0.0213 (0.1210, 0.1956) 0.9010
4 0.0001 0.0187 (—0.0302, 0.0303) 0.8987
5 —0.0130 0.0203 (—0.0431, 0.0008) 0.6542
10,000 0 0.0000 0.0181 (—0.0356, 0.0355) 0.9505
1 —0.0003 0.0157 (1.7752, 1.8369) 0.9492
2 0.0000 0.0153 (—0.0295, 0.0295) 0.9464
3 —0.0029 0.0150 (0.1332, 0.1880) 0.9204
4 0.0000 0.0137 (—0.0233, 0.0234) 0.9122
5 —0.0082 0.0145 (—0.0341, 0.0014) 0.7228
50,000 0 0.0000 0.0081 (—0.0159, 0.0159) 0.9502
1 —0.0001 0.0071 (1.7924, 1.8201) 0.9500
2 0.0000 0.0068 (—0.0133, 0.0133) 0.9500
3 —0.0008 0.0067 (0.1499, 0.1756) 0.9411
4 0.0000 0.0065 (—0.0118, 0.0119) 0.9337
5 —0.0026 0.0066 (—0.0209, —0.0007) 0.8410

Notes: The final columns show the average lower and upper endpoints of the 95% confidence intervals, and the proportion of times the
intervals covered the true values.

The transforming function is g(x) = log(® (x)) — log(1l — ®(x)), and the true values of the coef-
ficients are Jo = J, = J4 = 0,J; = 1.806,J3 ~ 0.164, and J5 ~ —0.008. As was done with the
examples in Section 4, € was set to 1077 so as to be small compared to 1/n, so that all observed
data would be used in the estimation of the coefficients and their variances. Table 6 shows the per-
formance of the estimates J;. The convergence is much slower than the example using the Beta
distribution, with much larger bias and MSE, particularly for Js. Also, a much larger sample size
is needed for accurate coverage of the confidence intervals.

While the estimates Ji, Vi, and J; are of interest in their own right, the primary goal is to
obtain an estimate of the function g. For each example and sample size, after each simulation,
the estimate g, (x) of g was calculated. Figures 2 and 3 plot, for different sample sizes, the true
function g in red against plots of the mean and 5th and 95th percentiles of g, for each value of
x. A reasonable approximation of g in each of the presented examples is given by either gz or
g5 for small values of n =100 or 500. For samples of n= 1000 or 5000, the estimated functions
agree nearly exactly with g in the range |x| < 3, with some variation in the tails |x| > 3.
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Figure 2. Summary plots of the estimates of the transformation function leading to a Beta distribution. The left column
uses a third degree Hermite polynomial estimate and the right column uses a fifth Hermite degree polynomial estimate.
The true transformation function is shown in red, the pointwise mean of the 100,000 estimated functions is the solid
black line, and the 5th and 95th percentiles are given as dashed lines.

23

This paper presents a method for estimating continuous, monotone transformations of Gaussian
random variables. The setup is very general, since any random variable X with a continuous
distribution function F will be equal in distribution to g(Z) = F ~1(®(2)) for a standard Gaussian
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Summary plots of the estimates of the transformation function leading to a logistic distribution. The left

column uses a third degree polynomial estimate and the right column uses a fifth degree polynomial estimate. The true
transformation function is shown in red, the pointwise mean of the 100,000 estimated functions is the solid black line,
and the 5th and 95th percentiles are given as dashed lines.
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random variable Z. The use of Hermite polynomials allows for a basis expansion in L?(d ®) of
the transformation function g, and after a polynomial degree is chosen, the coefficients can be
consistently estimated. We have also proposed a method for estimating the degree of the Hermite
polynomial to use, which sequentially checks each estimated coefficient for difference from zero.
While this method is somewhat heuristic, it is intuitive and easy to implement. For situations
in which the estimated transformation function is not monotone, we have shown that projection
methods can be used to adjust the estimated coefficients in a minimal way to produce a monotone
estimate. Furthermore, having a monotone estimate of g immediately gives a smooth estimator
of the distribution, density and quantile functions.

To be useful in practice, the observations need to be identically distributed. The examples
presented in this paper focus on the analysis of model residuals, which should approximately
satisfy this requirement for correctly specified models. The proposed procedure also allows for a
graphical method for detecting departures from normality, which is an important problem in the
theory of independent component analysis (Hyvirinen and Oja 2000).

This paper only considers the analysis of univariate data. Multivariate extensions of the meth-
ods presented in this paper are challenging for two reasons. First, a multivariate quantile process
must be defined, and a limit process found. In contrast to the univariate setting, there is not a
universally accepted definition of a quantile for multivariate data. Einmahl and Mason (1992)
discuss some possibilities for multivariate quantile processes, in terms of classes of sets, and
prove functional central limit theorems for the associated processes. The second challenge is in
selecting a vector version of the Hermite polynomials which, like the multivariate quantile pro-
cess, is not uniquely defined. Holmquist (1996) gives a description of a class of vector Hermite
polynomials, which are orthogonal with respect to the multivariate normal density. These poly-
nomials depend on the covariance matrix, and can be defined as differentials of the multivariate
normal density. However, exact expressions for these polynomials are complicated. For a par-
ticular multivariate quantile process it may be possible to find an associated set of multivariate
Hermite polynomials, and to extend the results of this paper to the analysis of multivariate data
sets. Due to these difficulties, it was suggested by a referee that for multivariate analysis, it may
make sense to consider instead more flexible parametric models, such as mixtures of multivariate
skew distributions (Lee and McLachlan 2013, 2014).

The choice of Hermite polynomials is arbitrary. One could use Appell polynomials instead,
which generalise away from the Gaussian distribution — see Taniguchi and Kakizawa (2000).
Although this may have advantages for certain situations, part of the appeal of the Hermite
approach is the easy simulation of the Gaussian distribution. If using an Appell polynomial
instead, a distribution that is easy to simulate — such as an exponential or student ¢ — should
be selected.
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Appendix. Estimation of the variance of J

Let hy(u) = Hi(E(u)). From the covariance Vf‘j in Equation (4), we obtain

1—e€ v
Vf/- = / f uq(u)h;(u) du g(v)hj(v)(1 —v)dv
1—€ 1—e€
+ / / (1 — w)gq(u)h;(u) dug(v)h;j(v)v dv
l1—e l1—e
=eQ(l —e)hi(1 —¢) / vg()hi(v) dv — / vg(Whi(v)Ui(Q,v) dv

1—€ 1—e

— €Q(e)hi(e) [ (1 =w)qhj(v)dv — / (1 =w)ghj(v)Li(Q,v) dv

via integration by parts, where

Li(Q.v) = /v O(u) d[uhi(w)] and
1—e

Ui(Q.v) = Q@) d[(1 — whiw)].

v
Using the fact that L;(Q,€) = 0 = U;(Q, 1 — €) and integration by parts again, we obtain

I—e

Vii=RQ.e) + QW) d[rj(v)(VUi(Q.v) + (1 = v)Li(Q,v)]dv,

€

where

R(Q.€) = —€2Q(€)Q(1 — €)(hi(1 — ©)hj(e) + hi(€)h;(1 — €))
+e(1 — €)(Q(e)*hi()hj(€) + (1 — €)*hi(1 — k(1 — €))
— Q1 — ) (hi(1 — )Li(Q. 1 — €) + h(1 — )Li(Q. 1 — €))
+€0(6) (hi()Uj(Q. €) + hj(€) Ui(Q. €)).
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Substituting Q for Q into this expression and simplifying the integrals appropriately gives, fore <v <1 —e,

U,-(Q, V) = X(—m+1)(€hi(1 — €) — (1 —max(1 — M /n,v))h;(max(1 — M /n,v)))

- B - Dn()-(- 5 (5Y)

I=[vn]+1
+ X (1 = M /m)hi(M /n) — (1 — min(e, v))h;(min(v, €)))I{v < M /n},

Li(Q.v) = Xar)(min(v, M /n)h;(min(v, M /n)) — ehi(€))

[vn]
1 l [—1 [—1
# 2 xo{(0)n () - (5)m(50)
I=M+1
+ Xt—m+1y(min(v, 1 — €)h;(min(v, 1 — €))
— (= M)hi((n — M) /n)/m)I{v = | — M /n},
R(Q.€) = —€*Xon Xu-m+1) (hi(1 — ©)hj(e) + hi()h;(1 — €))
+e(l = Xy hi()hi(€) + X3y yhi(1 — )hi(1 — €))
— Xpemr+n (hi(1 — OLI(Q, 1 — €) + hi(1 — OLi(Q, 1 — €))
+ eXan (hi(©)Ui(Q, €) + hi(e) Ui(Q. €)),

and

1—e

O) dlA; () (WUH(Q,v) + (1 — v)Li(Q,v)]dv

€

= —ehj(€) X Ui(0, €) + ehj(1 — ) Xm+ 1) Li(0, 1 — €)

nM IN(L. (1 i L
- Z(X(Hl) *X<l))hj <;> <2Ui (Q, Z) + <1 - ;) L; (Q~ Z)) .
=M

Combining the above terms and simplifying the expressions gives

n—M

. In—1 I I
V=2~ Kupy = Xo)*H; <ﬂ <;>> H <n <;)>
=M

n—M—1 l / n—M ek X
CE )0 3 a2
vl BC n n n
L Py

I k=Il+1
-1

< l k k
+ ) = " Hj<5 <;>>(X<z+1>*x<z>) > ;HI(E <;>>(X(k+l) X(k))}.

1=M+1 k=M

From the weak convergence of the quantile process and the continuous mapping theorem, we can deduce that Vf -V

Op(n~1/%).
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