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1. INTRODUCTION

In Jach et al. (2012), it was claimed in Theorem 4 of Appendix B that subsampling (Politis et al., 1999) is valid
under the 6-weak dependence condition. Both the statement and proof of Theorem 4 are incorrect. We provide
a corrected statement and proof in what follows. The authors are indebted to S. Bai, M. Taqqu and T. Zhang for
alerting us to the errors in a personal communication (Bai et al., 2015a).

More specifically, Theorem 4 is not true without additional assumptions, such as Lipschitz continuity of the
statistic of interest. This corrigendum has three objectives: (i) we discuss the gap in the general result; (ii) we add
additional assumptions such that the general result holds; (iii) we make application to the subordinated Gaussian
process of Jach et al. (2012), with the sample mean’s particular studentization. Note that recent work of Bai et al.
(2015b) also establishes this last result, albeit using a different strategy: instead of utilizing 9-weak dependence,
they proceed directly to a maximal correlation inequality that holds for subordinated Gaussian processes.

(;gnsider a statistic 6,,, which is an estimator of an unknown parameter 6, with a studentization &, such that
7,(6 —0) /5, converges weakly to some limit random variable with cumulative distribution function (cdf) denoted
by L. Let the sampling cdf be denoted by L, which is computed from a sample of size n drawn from a stationary
0-weakly dependent process (Doukhan and Louhichi, 1999)) with coefficients ;.

The 6-weak dependence condition is convenient for long-range dependent processes, because some of these pro-
cesses (e.g. Gaussian long-range dependent processes) may not be strong mixing; see the discussion in Doukhan
et al. (2011). In order to establish the validity of subsampling, it is necessary to have some sort of covariance
inequality, which relates the covariance of certain functions of the data (e.g. statistics and pivots) to mixing coef-
ficients. The strong mixing inequality is very generic, as it does not depend upon the structure of these functions;
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however, the inequality for 8-weak dependence requires a Lipschitz continuity condition, which somewhat limits
the types of statistics that can be studied. This is the approach used in Ango-Nze et al. (2003).

The proof of Theorem 4 in Jach er al. (2012) is flawed, because the studentized pivot 1, (6 — 0)/G,, is falsely
presumed to be Lipschitz in the data. Moreover, that result was applied to the studentized pivot of Jach et al.
(2012), which is not Lipschitz in the data. In particular, the application involves 0 being given as the mean of a
subordinated Gaussian process {X,}, and 6,, given by the sample mean X ,,. The studentization is given by

Gn =\ Ma(2) + DM, (p)

n
_ — \2
My =n""Y " (X; - X,)
=1 (D
Ln® ] n—Ih| /e

DMa(p) = | 3 (= 1aD™" 3 (X Xewn = X,)|

|h|=1 =1

with 7, = /n. The studentized pivot is a function of § and X1, X»,..., X,;; when each X; = 6 + « for any
k # 0, then the pivot equals /nk divided by zero. Thus, it is not Lipschitz continuous and the techniques of
Ango-Nze et al. (2003) are not directly applicable. However, both X, and M,,(2) are Lipschitz continuous in the
sample (shown later), and hence, it is possible to establish subsampling consistency for the inference problem of
Jach et al. (2012), once the impact of the statistic L/,l\\/[n (p) is accounted for.

Later, we add additional assumptions to Theorem 4 of Jach et al. (2012) to extend the results of Ango-Nze et al.
(2003) to studentized pivots. As we later demonstrate, nonlinear statistics can be entertained, but certain conditions
relating the Lipschitz constants of estimators and studentizers to the rate of 6-mixing are needed. As a second
result, we show that the Lipschitz conditions are satisfied for the inference problem of Jach et al. (2012).

2. RESULTS
We first describe the subsampling distribution estimator. Let @b, r and 0p ¢ > 0 denote statistics computed on the
samples X;, ..., X;4+p—1, where b is a sequence depending on n chosen such that b/n + 1/b — 0 as n — ooc.

(In the case that G, is given by equation (1), the subsampled studentization is computed via calculating M ;(2)
and Ij\\/[b, +(p).) Let g = n—b + 1 be the number of such available subsamples. Then the subsampling distribution
estimator is

q

~ o1
Luo® =07 Y 10, 3,,-9,) /50 <x)
=1

Let the lower 1 — p quantile of this empirical distribution be denoted by ¢,, (1 — p), and denote the lower 1 — p
quantile of L(x) by £(1 — p).

A key assumption is that the sampling distribution converges. However, we also require that the studentization
converges jointly with the pivot’s numerator.

Assumption A. As n — oo, assume that L, (x) — L(x). In addition, suppose that [, (5,1 —0),8,0,] :£>
[Z, W] jointly, for some positive sequences {«;, } and {6,,} such that 7, = «,,/8,, and for Z and W nondegenerate
random variables such that W is positive with probability one. Finally, if x is a continuity point of L, then it is
assumed that the cdf of Z — xW is continuous.

Regarding the last point of Assumption A, we note that 1 — L(x) = P[Z —xW > 0], so that the cdf of Z/ W is
related to that of Z — x W, for any x. If we know that the joint characteristic function of Z and W is continuous in
a neighbourhood of (0, 0), then the joint probability density function (pdf) pz w exists. Also, if the joint Fourier—
Laplace transform (Fitzsimmons and McElroy, 2010) is continuous in some neighbourhood of the origin, then the
joint pdf exists. In such a case, for any x and y
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o0
P[Z —xW < y] =/ P(Z <y + xw|W =w] pw(w)dw
0

(because W is nondegenerate and the conditional pdf exists when the joint pdf does), which is differentiable with
respect to y; in particular, the pdf of Z — xW is

o0

Pz—xw(y) =/ Pziw=w(y + xw) pw(w) dw =/ pzw(y +xw,w)dw.
(0] (0]

In summary, if the joint characteristic function (or joint Fourier—Laplace transform) of Z and W is continuous
in a neighbourhood of the origin, then Z, W and Z — xW are nondegenerate.

In order to state our result, we need to introduce the concept of Lipschitz continuity of a statistic. A statistic is
some function g(X1,..., X,) of the data. Let || - ||; denote the IL; norm on R”. Then let

. g(x)—g)
Lip(g) = sup —V————
xyerr x =yl

and if this is finite, we say that g is Lipschitz continuous (with respect to the data). The constant Lip(g) can depend
upon n. Let £ denote the set of Lipschitz continuous functions. Definition 2.1 of Ango-Nze et al. (2003) defines
(0, L, Vq)-weak dependence via the covariance inequaliity

|Cov(f(Xl'1a-'~7Xiu)’g(Xj1""’va))| = ‘Ijl(fvg’u’v) Er, (2)

forany f, g € L, {&,} the mixing sequence, and i} < -+ < iy <r + iy < j1 <--+ < jyp. Finally, ¥ takes the
form

Wy (f. g u,v) =uLip(f) + v Lip(g).

With these concepts in place, we can state our general theorem.

Theorem 1. Suppose that {X,} is strictly stationary and (6, £, ¥|)-weakly dependent with rate &, = O(r—%)
for some a > 0. Assume Assumption A, with rates such that ap /oy — 0, 7/t — 0,and b/n + 1/b — 0 as
n — oo. Suppose that 8, and G,, are Lipschitz continuous, and set k,,(x) = 1, Lip(8,) + |x|Lip(G,) for any
x € R. Given some { < a A 1,if b 8p kp(x) = O(b®) for any x € R, then the following hold:

~ P
(i) If x is a continuity point of L, then L,, ,(x) —> L(x).

(ii) If L is continuous, then sup |/L\n,b (x) — L(x)| 2, 0.
(iii) If L is continuous at £(1 — p), then as n — oo

P [Tn (/én - 9) /0n < Lnp(1 —P)] —>1-p.

Remark 1. A subsampling theorem for Lipschitz statistics (or pivots) is given in Doukhan ef al. (2011), and
they consider both overlapping and non-overlapping blocks. Our theorem considers the Lipschitz conditions for
test statistic and studentization separately and thus allows for applications where the studentized statistic is not
Lipschitz.

Remark 2. In the case of slowly decaying weak dependence (e.g. long-range dependence) — say with a less than
unity and close to zero — the Lipschitz continuity of both the studentization (through &) and the estimator (through
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Kkp(x)) must be greater, corresponding to smaller Lipschitz constants, because ¢ is required to be smaller. As seen
in the proof, the size of ¢ has a direct impact on the variability of the subsampling distribution estimator.

Proof of Theorem 1.

The proof of (i) splices Theorem 11.3.1 of Politis et al. (1999) with an extension of Lemma 3.1 of Ango-Nze et al.
(2003); then (ii) and (iii) will follow as in the proof of Theorem 3.2.1 of Politis ef al. (1999), utilizing the assumed
continuity of L at x. For any € > 0, and for all x,7 € R, let s, (¢) = 1y <x) and

+e—t
hx.e(t) = hx(l) + (%) 1{x<15x+e}' (3)

Hence, Z,, »(x)=¢q7! th=1 hy (Tb (/0\1,,, - ,Q\n)/?c\b,,). It is straightforward to show that the functions /. ¢ (¢)

are Lipschitz with respect to both x and ¢, with Lipschitz constant e ~!. The method of proof proceeds by approx-
imating L,, »(x) via replacing each &, function by &  so that we can use the 6-weak dependence covariance
inequality (which requires Lipschitz functions of the data). First, we follow the arguments in the proof of Theorem
11.3.1 of Politis et al. (1999), to replace 9 by 0 in Ln »(x), with the resulting substitution denoted as

Lu(x) ="' f h (% (85 = 0) /s -

This argument utilizes Assumption A and does not rely on the mixing assumptions or Lipschitz continuity. Next,

observe that
Tp </§b.t — 9)

Ob.t

<x;p = {Olb (/Q\b.z - 9) <x&p 31:.1}

so that
i (w0 (9.0 = 0) [5ou) = 5,5, (@0 (960 = 6)).
So L, (x) is an average of such over ¢t = 1,..., g, and the expectation equals
7] (/H\b,l — 0)
P fo —P[Z/W <x] = L(x)

as b — oo (i.e. as n — 00). So it remains to show that the variance of L, (x) tends to zero. Letting y (k) denote
the autocovariance function of the stationary sequence %y (rb (Ob,, — 0) /Eb,,), it suffices (because b/q — 0
and y (k) is bounded) to show that g=! >"7_, y(k) — 0 as n — oo. So for k > b,

y(k) = Cov (hx (Tb (/éb,t - 9) /31:,;) s e (Olb (/Q\b.t - 9)) iy (Tb (b\b,t-i-k - 9) //U\b,t-i-k))
+ Cov (hx 8ba\b't.€ (Olb <§b,t_ 9)) s hx (‘Eb (5},,;_;_/(—9) /8;7,,4_,() — hx 8bgb.t+ks€ (Olb (5/,514_/(—9)))
+ Cov (hx(sb/O‘\b'f,€ (Oth (,éb,t — 9)) ’hXSbEY\b,Hk,G (C(h (,e\b,t_i_k — 9))) .
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The first two terms are bounded by constant times P[0 < Z — xW < €] (for n sufficiently large) using the
Cauchy—-Schwarz inequality and the following calculation: by equation (3), for any ¢

el (o () -, o s -))]
<P [x 8p0pyr < ap (/9\1,,, - 9) <x8p0ps + e]

=P [0 < ap (/9\1,,, — 9) —x8p0pys < e]
—->P0<Z—xW <¢€.

Because of Assumption A, this probability can be made as small as desired by shrinking €. For the third term in
the decomposition of y (k) earlier, we wish to use the covariance inequality of Definition 2.1 in Ango-Nze et al.
(2003), recognizing in equation (2) we have u,v = b and r = k, and with f and g given accordingly. To obtain
Lip(f), where f(X;,..., Xp41—1)=h (ap(0p.r — 0)), we compute

—~
X8pOp.€

hesyzone (0 (000 =0)) =k y 50, (o (80 - 0)))|

P, 500.e (a” (é(z) B 9)) s (“” (@(Z) - 9»)
< (w ‘é(y) —5(1)‘ + 1315 16() ~5(2)1)

lfOiseo s yp) = f(21. 0 20 <
+

where the notation for the statistics denotes that they are either evaluated at y = [yy,...,yp] orz = [z1,....2»]"
It follows that Lip(f) < €' 8, kp(x). Clearly, the same expression holds for Lip(g), and hence, in this case,
Wi(f.g.u,v) = 271 b8y kp(x), so that the overall bound on the covariance is 2¢ ! b 8 kp(X) ek +1—p. Sum-
ming k from b to ¢ and dividing by ¢ yields a bound C € ~! b¢ d,,, where C > 0 and d,, is given by n=¢, logn/n,
or n~! depending on whether @ < 1,a = 1 ora > 1. It follows that d, = o (n_z) for any value of a, and

2
)C/

hence, the covariance upper bound is o (6_1 b/ n){); setting € to be of order (b/n implies that a bound of

0 ((b / n)Z/ 2 ) is obtained. Putting everything together, the variance of Ly, (x) tends to zero as n — o0o. (The final
arguments draw on comments of Zhang (2016).) 0

We wish to apply Theorem 1 directly to the statistics and processes studied in Jach ez al. (2012), but the self-
normalization is not Lipschitz, because of the inclusion of LM ,(p) — although the statistic M, (2) is indeed
Lipschitz continuous. Using the convergence in probability of LM, (p) to a positive constant, we are able to extend
the application of Theorem 1 to the studentization (1).

Let {X;} be the heavy-tailed long memory (HTLM) process given by

X, =0,G; + 1,

where 7 is the mean, {o;} and {G,} are independent, the {0, } are i.i.d. positive random variables with cdf in the
domain of attraction of an «-stable distribution with & € (1, 2) and {G,} a long memory process of parameter 8 €
(0, 1). Furthermore, G; = g(V;) for some causal long memory Gaussian process { V; }, where g is Lipschitz and has
unit Hermite rank. Proposition 1 of Jach et al. (2012) establishes that {G,} and { X, } are §-weakly dependent, while
Theorem 3 of that work establishes the joint convergences required by Assumption A under some assumptions on
the rates of convergence of the sample mean and the studentization.

Theorem 2. Suppose that {X;} is the HTLM process described earlier and that the conditions of Theorem 3 in
Jach et al. (2012) hold. Also suppose that the mixing rate is &, = O(r~¢) for some ¢ > 0 such that 1 —a <
a~ ' v (B +1)/2if a < 1. Then the conclusions of Theorem 1 hold.
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Remark 3. In the case of small a (a slower rate of decay for the weak-dependence coefficients), the theorem
requires that either & be smaller or 8 be concomitantly greater. This means that processes with strong long memory
are not precluded (especially if they are quite heavy tailed), although the condition that 1 —a < a™' v (8 4+ 1)/2
is typically not verifiable — as a, « and 8 will be unknown in practice. By Lemma 8 of Doukhan et al. (1999), the
mixing coefficient of the Gaussian long memory process {V;} can be chosen equal to the autocovariance, so that
a = B; in this case, 8 > 1/3 is a sufficient condition for the mixing coefficients to decay quickly enough.

Proof of Theorem 2.

Before applying Theorem 1, we show that the subsampling distribution estimator /I:n,b(x) corresponding to
the studentization (1) has asymptotically negligible discrepancy with subsampling based upon the alternative

normalization
Gn =\ Mn(2) + 6,72 Dy,

where Ijll\/[,,(p) i) D, which is positive by assumption. Let ?n,b., = ap (51,,, —/9\,,) /[8p0p.¢] and Zn,b,t =
ap (/0\1,_, —,9\,,) /[850p.¢]. Then forany € > Oandany? =1,...,q,

On.b.t — on.b.t

l{gn,b,tﬁx} = I{Zn.btfxa\n‘b‘t/a-n,b,t} ' 1{%<1+$} + 1{/";'.’).[>1+§}

On.b.t

I{Zn‘btfx(ldl'é)} + 1{%>1+g}'

Let the subsampling distribution estimator based upon the Z,, 5 ; be denoted by L, »(x). Setting R, (£) to be

the average over ¢ of the indicators 1~ i G <1dEy WE obtain
Yn.b., n.o.lr=

Lup() < Lup (2 [1+ED + 1= Ru(§). “)
Similarly,
I{Zn,b,tix/(l+$)} = 1{/Z\,l,b,§x} + 1{6;1‘17‘1 >l+&‘},
On.b.t
which implies that

Lyp(¥) = Ly (x/ [1+E]) = R (=E/ [1 +£]). ®)

Using the Markov inequality and the fact that G, p.¢ /G p.¢ N 1, we see that R, (§) £ and R, (—£/[1 +
) 2, 0, for £ > 0. Together with equations (4) and (5), for any n > 0 with probability tending to one

Lop(x/[L+E) =10 = Lyp(x) < Ly p(x[1 + ) + 1.

So if we can show that ]:n,b(y) i> L(y) (for y a continuity point of L), then we may apply this for y =
x[1+ &]and y = x/[1 + &] (choosing & such that these are continuity points). Letting ¢ tend to zero, we obtain
L(x)=v < Lup(x) < L(x) +v
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for arbitrary v > 5, with probability tending to one; hence, Z,,,b (x) i> L(x), if we can show that Z,,,b () i>
L(y) at continuity points y of L. To do this, we verify the assumptions of Theorem 1.

There exists a rate ¢, such that o, = n/c, and 8, = /n/cp, so that t,, = /n. The rate c¢;, up to a slowly
varying function, is the maximum of n'/% and n‘#+1/2 Assumption A follows from Theorem 3 of Jach et al.
(2012), with Z corresponding to a linear combination of an a-stable and a Gaussian random variables, whereas
W corresponds to the square root of the sum of an «/2-stable random variable plus D ; the joint Fourier—Laplace
transform is continuous in a neighbourhood of the origin.

Next, observe that 6,, is the sample mean and hence is Lipschitz with constant n~!. The studentization is also
Lipschitz (using the notation y = [y1, ..., y,] orz = [z21,...,2x] for evaluations of the statistic):

[ S 0y =)+ 852 Do =T T (2 =) = 8,2 Dy

lo(y)—a(2) =
\/n_l i i =T’ + 872Dy + \/n_l i1 @i —Zn)® + 872Dy
- ‘"_1 S i =V =T Y _Zn)2’
T Y 0 =3 T S G- T
- T Vi =2 = Va + Tal i =Tl T Y v —2i =T + Tl 120 =T

S G = 0% T Y G-z
\/n_' S i =z =V +70)° \/n_l i i = Va)?
\/”l_] S i =V \/n_' iy @i —zn)?
N \/”1_1 S i—2i =V, +Zn) \/n_] S (2 —Zn)?
\/’l—] Y i =V \/’1_1 i (zi —Zn)?

n
<n V2N |y —2i =V, + 2l
i=1

—1/2
<2072y —z|,

using respectively D, > 0, the inequality |y? —z%| < |y —z| (|y| + |z|), the Cauchy—Schwarz inequality and the
triangle inequality. Hence, setting k, (x) = n~1/2(1 + 2|x|), we obtain b 8 kp(x) = bc, ' (1 4 2|x]) = O(b%)
forany ¢ > 1—(a~! V(B +1)/2). We can apply Theorem 1 provided that ¢ < a A 1; this is automatically satisfied
ifa < 1,butif a < 1, we require the additional condition that 1 —a < a~lv B+1/2. 0
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